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1. GUBEDeterminantal Point Processnd
its Elliptic Extensions

Random N-point process, N € N={1,2,...}, on aspace S € R? is a statistical
ensemble of nonnegative integer-valued Radon measures

N
E() — Z(SXJ'(')?
j=1
provided that the distribution of points {X; }é\le on S is governed by a prob-

ability measure P.

We assume that P has density p with respect to the Lebesgue measure
dx = vazl dx;, i.e.,
P(X € dz) = p(x)dz, xcS".



e For the point process (=, P), n-point correlation function of aset {x,...,x,} €
S", 1 <n<N,is defined by

N

1
p({xlv SR 73;?1}) — —/ dq/j p(a;lv ces s Ll e :LN)
(N — ’I’L)! SN—n j;{;l

e Then, for any set of observables y,,¢ = 1,2,..., N, we have the following
useful formulas for expectations,

E

/ HXE(W)E(CZJIE)] = / H {dﬂfeXe(ﬂif)}ﬁ({% s @nt), n=1,2.. N.
STL le STL gzl



e If any correlation function is expressed by a determinant in the form

p{z1,...,2,}) = det [K(x;,xp)]

1<j,k<n

with a two-point continuous function K (x,y), r,y € S, then the point process
1s said to be determinantal and K 1s called the correlation kernel.

e A typical example of determinantal point process is the eigenvalue distri-
bution on S = R of Hermitian random matrices in the (Gaussian unitary
ensemble (GUE) studied in random matrix theory. The probability mea-
sure is given as

N
~ Al ]. - :
PCYEN (X € dx) = ptVEY (z)dx = CGUEN | | e H (a1 — ;) de.
(=1 1<j<k<N

which is normalized as (1/N!) [, p““5¥ (x)dz = 1.



e It is not obvious that one can perform integrations

for

GUEy ( H 2 H 2
p () CGUEA ¢ (@ — ;)

1<j<k<N

and obtained results are generally expressed by determinants as

p({ml?"'?mn ) = det [[((mj:xk)}

1<7.k<n



e The verification is, however, not difficult, if we have the following prelimi-
naries.

[P1] The factor [[,_,_,n(2r—2;) in p“"*¥(x) obeys the Weyl denominator
formula for the classical root system Ay_q,

det [x]7'] = H (2 — ;).

1<5,k<N
1<j<k<N

[P2] By a basic property of determinant, without change of value, we
can replace the entries :U‘}i_l in LHS by any monic polynomials of z,
with order j — 1. Here we choose them as the monic Hermite polyno-
mials 2-0"VH, | (x) = 270" Ye*" (—d/dx)’'e~*", and obtain the following
equality including the square roots of Gaussian weights in p“"t~(z),

N
|| —x2/2 J—1 {—(j—l) —x3/2 17 - }
] — et e Tk . .



The reason of this choice is that they satisfy the orthogonal relation,

/ {2—(j—1)€—m2/2Hj_1($)} {2—<k—1)6—x2/sz_1(x)} dv = h;6;,.  j k€N,
R

where h; =2-U-D(j — 1)1\ /7.

e Then integrals are given by determinants with the correlation kernel,

N
‘ 1 :
KOUEN (3. y)) = E : - {2—(71_1)6—12/4]{1%_1@)} {2—(11_1)6—1,2/4 Hn—l(y)} . z,y€R.

n=1



e In [RS06]|, Rosengren and Schlosser extended the Weyl denominator formu-
las for classical root systems to the Macdonald denominator formulas for
seven types of irreducible reduced affine root systems,

Ry = AN—I; By, B]\\/Ia CN, CJ\\J/r, BCN, Dy.

e They expressed the result using the theta functions and stated that they
are elliptic extensions of the classical results.

e In this talk, we use their result as an elliptic extension of the preliminary [P1].

[RS06] Rosengren, H. and Schlosser, M., “Elliptic determinant evaluations
and the Macdonald identities for affine root systems,” Compositio Math.
142, 937-961 (2006).
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A, = Aj 0—*-0
BC,=B(} 0——0

A=A (122) 4 Yo
B, (I23) :>o—ow—o—o=%=o
B} (I1=3) >0-—%---—o——o=€—o

C, (1z2) O>=0——0— ++» —O——0=%0
Gy (1z22) O—4=0—0— -+ —O0—O0—>=0
BC,=BC]} (I1=2)

D,=D; (I24) :>O—0—Ao——o<

Macdonald 1.G., Affine root systems and Dedekind’s n-function, Invent. Math. 15 (1972), 91-143.
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e We report in this talk an elliptic extension of the preliminary [P2], and
then construct seven new types of determinantal point processes in the
elliptic level,

(28~ P/ t € (0,t.)), Ry = An_1. By, BY,, Cn, CY., BCy, Dy, N € N.

e This means that their correlation kernels are expressed by the orthogo-
nal theta functions and, if we take appropriate limits of parameters, they
are reduced to the classical ones expressed by trigonometric and rational
functions.
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e Once the N-point systems have been proved to be determinantal, by taking
proper scaling limit associated with N — oo limit of the correlation kernels,
we can define the determinantal point processes with an infinite number of
points.

e Remark that any N — oo limit of the probability measure P“V*~ is meaningless,
since as shown by

N
_— o 1 a2
PO (X € da) = pUPN (@)de = o [[ e [T (0 - wp)de

(=1 1<j<k<N

it is absolutely continuous to the Lebesgue measure of N dimensions, dx =

H?]:l dv;, and N — oo limit of dx cannot be mathematically defined.

12



e From

1
n=1 hn

KCUEN (7 y) = {2—(71_1)6—172/4}171_1@)} {2—(71_1)6—@,2/4}[11_1@)} . x,yeR,

by taking the scaling limit called the bulk scaling limit, we obtain the
following kernel from

sin{mp(x —y)}

Ky = —0—)

x,y € R,

e This is called the sine kernel and it governs the determinantal point process
on R with an infinite number of points, which is spatially homogeneous on
R with constant density of points p > 0.

13



® Our elliptic determinantal point processes have two positive parameters

ly and r.

® We demonstrate that in the limit
ty — 00,

our seven types of determinantal point processes in the elliptic level are
reduced to the four types of determinantal point processes in the trigono-
metric level, in which the correlation kernels are expressed by sine functions.

e If we take the further limit
r— oo,

they are reduced to the three types of sine kernels.

14



e The bulk scaling limit is realized in our systems by taking the double limit

N — oo, r — oo with ratio — fixed.
r

e We construct four types of determinantal point processes in the elliptic
level with an infinite number of particles.

e The reductions of them in the limit 7, — o¢ to the classical infinite deter-
minantal point processes are also shown.

15



e The determinantal point process of GUE, (Z¢VEy PYVEN) g related with an
interacting particle system consisting of N Brownian motions (BMs) on R,
N e N.

e It is a system of BMs conditioned never to collide with each other (noncol-

liding BMs).

e The transition probability density of the one-dimensional standard Brow-
nian motion (BM) from a point v at time s to a point » at time ¢ is given
by

—(z—v)?/{2(t—s)}
e
pPM (s, vt 1) = ., 0<s<tvxeR.

16



e Consider the Weyl chamber,

e For v.x € Wy, the total probability mass of N-tuple of non-intersecting
Brownian paths, in which the j-th path starts from v; at time s and arrives
at x; at time t > s, j =1,2,..., N, is given by a determinant

/

det [p(S; v; t, m)} :

BM (

Here p(s, v;t, ) is the Nx N matrix whose (j, k)-entry is given by p”" (s, v;; ¢, 21 );

(p(st v t: 58)) " — pBM(S; Uj; t: xk)t j k < {1 29 R N}
J

This is known as the Karlin-McGregor—Lindstrom—Gessel-Viennot (KMLGV)
formula.

17



e Here we consider the situation such that N BMs start from a given config-
uration v € Wy at time 0, execute noncolliding process, and then return to
the configuration v at time ¢, > 0.

e Such a process is called the N-particle system of noncolliding Brownian
bridges from v to v in time duration ¢,

e The probability density at time ¢ of this N-particle process is then given by

pU= (g 1,) — det[p®M(0, v; ¢, zc)} det[p®M(t, z; L., v)}q
L det[pPM(0, v: 1. v)] '

xe Wy, te(0,t).

18



e We can prove that the limit v — 0 = (0,...,0) € RY exists (see [Katori—
Tanemura, JMP (2004)]), and we obtain

N

1 2 _
p?ﬁo(m‘t*) — C(N . ) He 'Et*/{Qt(t* t)} H (CU,IC—CUJ')Q? T © WN? t € (Ot*)
U te) y 1<j<k<N

with a normalization factor C'(N,t,t,) which does not depend on .
o If we put t, =2 and t =1,/2 =1, p?7°(x;t,) coincides with p“VE~ (x).

e In other words, the N-particle system of noncolliding Brownian bridges
from 0 to 0 with time duration t, realizes a one-parameter extension of
determinantal point process of GUE.

19



g 4 ~y
S
5 e

W L
Hr‘m o - AN
oy g *'HM«"’-“"":"' i
™y T e e
bl NM‘.M”“'M\

. f\..«,\w,f"v”"“*v
O
2 fw_rm&;:v ;
'»ﬁ“h"m

o

'

oy .,-""xw. f’ww“,“'l o,
ey 'WHN"MMM

20



'L

Rl Y

&e

i

e

P

o
it

HAS

34

ww.

o

’

B

)
j

1

0.4

21



Each type of elliptic determinantal point processes reported in this talk
makes a family with one continuous parameter t € (0,7.) (in addition to a
discrete parameter N € N).

We can show that, (Z4v-1, PfN_l ,t € (0,t,)) is realized as an N-particle system

of noncolliding Brownian bridges on a circle with radius r.

For Ry = By, BY,, Cx, CX., BCn, (2™ P t € (0,t,)) are realized as N-particle
systems of noncolliding Brownian bridges in an interval [0, 77| with absorb-
ing boundary conditions at both edges.

And (EPv PPY t € (0,t,)) is realized as noncolliding N-Brownian bridges in
0, 7] with reflecting boundary conditions at both edges.

These Brownian bridges are specified by the pinned configurations v’V at
the initial time ¢t = 0 and at the final time ¢ = ¢,.

22



N=35

[Ay] NAY=N=5

[By] NBv=2N-1=9
[B,Y] N B =2N=10
[Cy] N =2(N+1)=12
[CV] N O =2N=10

[BC\] N By=2N+1 =11

nr

2Ty

99—
999
904

[Dy] NDP¥=2(N-1)=8 ¢—¢—¢—¢
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2. Orthogonal Theta Functions

e Let
Z — BU’KZ’ q — 6T7TZ

where v,7 € C and 37 > 0. The Jacobi theta functions are defined as follows,

Vo(v;7) = Z(—l)” P 22 )" e cos(2nmv),

nez n=1
U 7' — Z n (n 1/2)? 2n 1 — 9 Z n 1€T7r:i(n—1/2)2 SiIl{(Zn . 1)7_{_7]}7
nel n=1
7_) _ Zq(n—l/2)2z2n—1 —9 Z 6'r7ri(n—1/2)2 COS{(Z?’L o 1)7TU}7
nez n=1

= Z q " =142 Z T cos(2nmu).

nez n=1

e We see the asymptotics

Do(v;T) ~ 1, O(v;7) ~ 2™ *sin(mv),  alv;7) ~ 2674 cos(mv),  Os(v;T) ~ 1,
in 37— 4oo (ie., = —0).

24



e The Macdonald denominators for the seven types of irreducible reduced

(&1,

.....

En) € CV, are written using the

1T (o =) J

det

j—l}
1<,k<N

[5%
1<j<k<N

V1(& — & )01 (6 + §j;’f)}7

affine root systems, W~ (¢£), & =
Jacobi theta functions as follows.
WAN-1(g:7) = H U1 (&r — &5 7),
1<j<k<N
WB]\ 5} Hﬁl 54?, H
1<j<k<N
WY (¢;7) = Hm(z&;zﬂ 11
=1

N

W(gr) =] 2e7)
=1

11

1<j<k<N

11

N

W &) =] v (fe; %)
=1

WBC“ (&:;7)

|z2

WP (g) = H

1<j<k<N

where 7 € C, 37 > 0.

1<j<k<N

D (& — &5 m)0 (& ‘|‘£j§7_)}7

U1 (§e — & )0 (& + ijT)}»

1<j<k<N

[{71(6:myon(2sis2n)

(& — &I (G + &5 |,

[T {n-gnme+gn}.

1<j<k<N

(6 — &)V (G + &) |

25



e Rosengren and Schlosser [RS06] introduced the notions of Ay_;-theta func-

tion of norm o and Ry-theta function for Ry = By, By, Cy, C¥, BCy, Dy.

e Then they proved that, if ff”‘l?j = 1,2,...,N are Ay_;-theta function of

norm «, then

1<j. k<N

N
det [fjAN_l(fk;T)} = OV (1), (Z §o + &) WAN-1(€:7)
(=1

with o = ¢2™@ and if ff“‘}j =1.2,..., N, are Ry-theta functions, ,

det [ijJ\(é-ij)} = CYRN(7’)]/[/RN(£;,7_)7 Ry = BN; Bj\<f, CN; Cj\\/r, BC’N7 DN;

1<j k<N

where C"¥ (1) depend on 7 and N but not on .

e The factors OV (7) are explicitly determined in Proposition 6.1 in [RS06]

and the above equalities are called the Macdonald denominator formulas.

[RS06] Rosengren, H. and Schlosser, M., “Elliptic determinant evaluations
and the Macdonald identities for affine root systems,” Compositio Math.
142, 937-961 (2006).
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e Assume that 0 < r < oc.

o Let i =/—1, and put

X 1t
(W) =) = g, ) =T(07) = 5o
and
(N, Ry = An_1,
IN — 1. Ry = By.
NRJ\':<2Nv RN:B]\\/TCXT
2(N—|— 1), Ry = CN,
2N—|— ]_7 RN — BON7
2(N—1),  Ry=Dy.

e We consider the following seven sets of functions of (z,¢) € R x [0,00),
{J\JJRN(:IE t)}L,, which are defined using the Ay_;-theta function of norm
o = e?™IN with

N NT(t)/2, if N is even,
G —
(1+ N7(t))/2, if N is odd,

and the Ry-theta functions, Ry = By, By, Cy, Cy, BCn, Dy, of Rosengren and
Schlosser as
M () = [N (VR E@RNT(D), =12 N,

J

27



e The explicit expressions of the Rosengren-Schlosser’s theta functions in our
version are given by follows,

hy ;‘N—l (2, t) = MY (2t r)

AT, (NI () € )} V) ).
]\/[]-RN (x,t) = M-RN(;C t:r)

DS (NI ()r(E) + € (V) (1))

= By, (NS LI (G)r(n) — )} (N)()), for Ry = By, BY,

MfN (2,t) = ]\/fRN(:C tir)
2 DSy, (NN (j)7(8) + ()} (V)2 (1))

— o Iy (NR“{JR“( )7(t) = €($)};(NRN)2T(75)), for Ry = Cy. Cy.

MjDN (x, t) = M (2, t;7)
2N DSy (NPYLIPN () (1) + €()ys WD)

+ 7O (WL () () = € (NPT ().

where
j-1/2, Ry = An_1, OV,
JRN(j): j_]-, RN:BNSB]\\/UDN:
; Rx = Cy. BCy.

BCy,

28



e In our setting, the Macdonald denominator formulas of Rosengren and
Schlosser are-wwritten as follows. L
det [v) ] = H () — ;).

An 1<j,k<N :
det [M N 1(1},?5)} 1<j<k<N
1<jk<N L 7

4

\

N
R ), (Zﬂxn;w\flﬂﬂ) WA €l A7),
j=1
if N is even,

N
NN 2 (1) (Zf(afj);NA“T(t)) WA (&) N 7 (),
Jj=1 :
‘ if IV 1s odd,
det [ M (2, 1) | = 0™ (1) WS (¢(@): NF¥7(t)), “for Ry = By, BY, Dy,
1<5,6k<N L i

det _MJRN(:Uk,t): =i N BN (RN (¢(2); NEY 7 (1), Iar Ry = Cy, O, BCy.

1<9.k<N L

\- RHS are products of
theta functions

29



(1) = g () Mgy )
o) = 20N O] D o)

¥ (1) = (NP7 (1)) N gy (B () (2NB?<T( )=,
1 (1) = gV (1) /4q (N (1) 7V,

O¥(8) = g r{e) VN (O 1)) N Fr() 2D
U5 1) = AN 1) NN AP ()N AP (1))
A (1) = dg(N PV () VYD gy (D (1) N2

30



Brorthogonality

Lemma 2.1 Assume 0 < 1, < oco. Foranyt € (0,t.), if j,k € {1,2,..., N}, then

2mr

M  t — MUY (, t)de = m ™ (8) 8

J

MRN — ) MY (2, t)dx = m5 N (t,),,.  for Ry = By, BY.. Cx, CY.. BC'n, Dy,

J

where
mB (1) = 27 (NRNJRN ()7 (t); (NRN)QT(;;*)), jell,2,... N},
fOT RN - AN—lv CN? C]\\% BCN7

. Ry — By. BY.
P s (N (e W ). e sy, T PO

7(

)
47?7“292( '(NDN)QT(t*)), J=1
mP (1) = { 2170, NDNJDN(j)T(t*),(NDN)2T(t*)>, jel2,3,... N1},
\47?7“192%]\/@” — 1)7(t,); (NDN)2T(t*)>, j=N.

(4 Eo- (NEx )2 t*)> j=1.
4
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Remark 1. In RHS of

MY (1) = fh (NRﬂ'g(:c);NRNT(t)), i=1,2.....N,

J

the setting of the first variable be N¥¢(x) instead of {(x) is essential for
establishing the biorthogonal relations.

Remark 2. When t =t,/2, the functions {]\/ijN(CU,t*/Z)}il form orthogonal
sets with respect to the inner product

(flg) = / Fo)g(e)de

with L = 27r for Ry = Ay_; and L = 7r for Ry = By,By,Cn,Cy,BCN,Dy.
For the case Ry = Ay_1, this fact was announced on page 217 in [For10].

[For10] Forrester, P. J., Log-Gases and Random Matrices (Princeton University
Press, Princeton, NJ, 2010).
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3. Elliptic Determinantal Point Processes
3.1 Main results

e Consider the following Weyl alcoves,

WES,’QWT)E{;E:(CEl?CUQ...?CUN)ERN:OSZE<5U2<"'<xN<27TT}7

WE?[’ME{:c:(:z:l,:@...,:UN)GRN:O§:E1<:UQ<---<:I:N§7TT}.

e By the basic properties of the Jacobi theta functions,

N
Vs (Z{(:Cj);NANlT(t)) >0 for s=0,3,if 0 <1t < o0,
j=1

and the definitions of Macdonald denominators imply that

WA (@) N 17() > 0, ifxe W™ 0<t < oo,
WS (e(); NV () 2 0, if 2 € W™, 0 <t < oo, for Ry = By, BY., Cy, C¥, BCx. Dy.

33



e Now we introduce

g™ (x) = det [M-RN(xk,t* — t)] det [MERN(xm,t)} o e 0L

1<j,k<N J 1<l,m<N

e By the basic properties of the Jacobi theta functions, this product form
guarantees the follows.

Lemma 3.1 ]ft < (O,t*% qtRN(az) > 0, T < RN7 fO?“ RN = AN—17 BN7 Bj\\/], CN7 Oj\\?, BCN, DN-

34



e Moreover, we can verify the following.

Lemma 3.2 Fort e (0,t,),

N
An_1 . An_
/V\V[O'Q”T) Qt (zc)da: - 11 mnN 1(t*)7

N

N
/[O ] g™ (z)dx = H mP¥(t,), Ry = By,By,Cx,Cy,BCy,Dy.
W ,TTT

N n=1

Proof Let S4v-1 = W™ [Av-1 = 27y, and SEY = W™, LEY = 7 for
Ry = By, B]\\/], Cn, C]\\;, BCy, Dy. By the Heine identity,

1<j5,k<N

AN
/ MI™ (z,t, — )M (2, t)d | -
0

/ ¢ (x)dz =  det
SEN

By the biorthogonality given by Lemma 2.1, this is equal to detlgj,k,SN[ijN (Bs) Pl
and hence the statements are proved. j
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e Then the seven types of one-parameter (¢ € (0,t.)) families of probability
measures P/ are defined as

( AN_1
@ @) e for Ry = Ay,

PIY(X € dx) = pI'™ (z)da = {
a (x) de, for Ry = By, BY, Cx, CY. BCx, Dy.

e They are normalized as

/ p'i(a)de =1,

WI0.27r)

/ pRN(a:)dZE: 1, Ry= BN,BJ\\/T,ON,C]\\/I;BON;DN-
W0, 7]

36



e Under these probability measures P/"¥ with one parameter ¢t € (0,t,), we
consider seven types of point processes,

[1]

N
() =376 ax () on S =[0.2mr).
=17

N
=N()=> dan() on S=[0,m]. for Ry = By, By.Cy,Cx,BCx. Dy.
j=1
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e Given the determinantal expressions for the probability measures associated

with the biorthogonal functions, we can readily prove the following fact by
the standard method in random matrix theory.

Theorem 3.3 The seven types of one-parameter families of point processes, (21N Pf’N NS

e

(0,t.)), Ry = Anx_1, By, By, Cn, C¥, BCy, Dy, are determinantal with the corre-
lation kernels,

N
1
K T, Y te, 7)) = —_—
(@ y ) ZmﬁN(t*)
v,y € [0,27r), for Ry = An_1,

v,y € [0,7r], for Ry = By, By, Cy, CxN, BCy, Dy.

MEN (2 )M (y. t, —t), te(0,t),

n=1
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3.2 Temporally homogeneous limit
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