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Spherical Ensemble

[Krishnapur 2006, 2009, Forrester—Krishnapur 2009, Haagerup—Schultz 2007]
B A, B : independent Ginibre (n x n iid N¢(0, 1) entries)

AB™!

B Entries of AB~! are dependent and heavy-tailed
B Matrix complex Cauchy distribution (take n = 1)
B d?z
SRR TCERFDE
B Characteristic polynomial and eigenvalues

P,(z) = det(zl, — AB™') = ﬁ(z —Ank)
k=1
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Spherical Ensemble : goals

B High-dimensional fluctuation of spectral radius

= max |A
Pn 1§k§n| n,k
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L Spherical Ensemble

Spherical Ensemble : goals

B High-dimensional fluctuation of spectral radius

max |Ap, d (max L)
P = T k>1 /T
B CLT for linear statistics
n n
Ln(f) =) f(Ank) where L,=) &,
k=1 k=1

B Exact solvability and universality (arXiv:2510.18669)
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Spherical Ensemble : density

B Joint density @n n(21,...,2,) of eigenvalues (An k) crcp

[TE=a (1 + [26*) =+

2
A |z — 2]

1<J

(#1,...,2,) €C" >
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Spherical Ensemble : density

B Joint density ¢, n(21,...,2,) of eigenvalues (An x); e,

[TR—y (1 + |2 )+

(z1,...,2,) EC" > z |2 — ]
n L
1<J
B Reverse stereographic projection 7 1(2) = %z‘j_hll)
(xla"':xn) " _HH%—%HE@
i<y

5/22



Aspects of the Spherical Ensemble
L Spherical Ensemble

Spherical Ensemble : density

B Joint density ¢, n(21,...,2,) of eigenvalues (An x); e,

[TR—y (1 + |2 )+

(z1,...,2,) EC" > z |2 — ]
n L
1<J
B Reverse stereographic projection 7 1(2) = %z‘j_hll)
(xla"':xn) " _HH%—%HE@
i<y

B - Chordal gas on S?

5/22



Aspects of the Spherical Ensemble
L Spherical Ensemble

Spherical Ensemble : density

B Joint density ¢, n(21,...,2,) of eigenvalues (An x); e,

[TR—y (1 + |2 )+

(z1,...,2,) EC" > |2 — ]
s L
1<J
B Reverse stereographic projection 7 1(2) = %z‘j_hll)
(xlz"':xn) " _HHmZ x]”]%%3

U]

B - Chordal gas on S?
B - 2D analogue of Circular Unitary Ensemble (Haar on U,)

5/22



Aspects of the Spherical Ensemble
LSpheriCal Ensemble

Spherical Ensemble : density

B Joint density ¢, n(21,...,2,) of eigenvalues (An x); e,

[TR—y (1 + |2 )+

(z1,...,2,) EC" > |2 — ]
s L
1<J
B Reverse stereographic projection 7 1(2) = %
(xlz"':mn) " _HHml x]”]%%3

U]

B - Chordal gas on S?
B - 2D analogue of Circular Unitary Ensemble (Haar on U,)

B -~ 1D complex compact manifold (Riemann surface)
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Stereographic projection
I3

T + iz
¢ = ComplexCauchy(C) = Uniform(S?) o 7!

T(z1, 22, 23) = if 23 # 1 and T'(e3) = o0
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Spherical Ensemble : two views

No edge + Full support and heavy-tail
Spherical symmetries «» Planar Mdobius symmetries
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Spherical Ensemble : Coulomb gas structure
B Coulomb gas with potential Q(z) = %1log(1+ |z|?)

‘Pn,n(zlx R zn) & exp(_z(n+1) Z Q(zk Z].Og — |)
k=1 1£] 7
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B Coulomb gas with potential Q(z) = 3log(1 + |z|?)
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B Function of the empirical measure £, = % >r—10z
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Spherical Ensemble : Coulomb gas structure
B Coulomb gas with potential Q(z) = 3log(1 + |z|?)

Onn(21,...,2,) X exp(—2(n+1) Z Q(2) Zlog — |>
k=1 iZj ]

B Function of the empirical measure £, = % Z [ ézk

exp(—2n? n+1/QdZ +2// e®2])
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Spherical Ensemble : Coulomb gas structure
B Coulomb gas with potential Q(z) = 3log(1 + |z|?)

Onn(21,...,2,) X exp(—2(n+1) Z Q(z) Zlog — |>
k=1 iZj ]

B Function of the empirical measure £, = L 37, 6,

exp(—2n2[n:1/Qdén—i—;//;é(—ﬁr)_ldl%ﬂ)

B -~ Laplace/LDP via T [Hardy 2012] : speed n? and rate

- o} ity ae

. . . o M o d2z o
B -~ Equilibrium measure argminé = 5% = Tty = M

B - LLN: L, &) wa.s. (and guess for GFF CLT!)
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Spherical Ensemble : determinantal structure
B k-point density with respect to u®*

n —k)!
onilon-r2) = " aet (K2 5 )
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Spherical Ensemble : determinantal structure
B k-point density with respect to u®*

n —k)!
onilon-r2) = " aet (K2 5 )

B Kernel (finite dimensional orthogonal projection)

Kn(z: ’LU) = k;o Pn,k(z)Pn,k(w)a Pn,k(z) - Cn,kﬁ
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Spherical Ensemble : determinantal structure
M k-point density with respect to u®*

n —k)!
onilon-r2) = " aet (K2 5 )

B Kernel (finite dimensional orthogonal projection)

n—1 k

z
Kn(z,w) = Z Pr(2)Pog(w), Pni(z) = cpp———57
pr (1+]22)=

B Mean empirical spectral distribution (no biais)

EL, : Kn(2,2)
=pu since @,1(2z) =
n n

=1
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Spherical Ensemble : determinantal structure
M k-point density with respect to u®*

n —k)!
onilon-r2) = " aet (K2 5 )

B Kernel (finite dimensional orthogonal projection)

k

n—1
z
Kn(z,w) = Ppi(2)Prr(w), Ppi(z)=chp———7%
n( ) kZ_:O n,k( ) n,k( ) nk( ) nk(1+|z|2)%
B Mean empirical spectral distribution (no biais)
Eln _ 4 since gy (2) = 22(2:2)
n n
B CLT via cumulants [Rider-Virag 2007]

La(f) — ELa(f) =5 N (0, LIIfI3:) (GFF)

=1
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4, N(0,1)

n—oo

B L,(fy) =log|det(AB~1)| = log|det(A)| — log | det(B)]
B Wishart/Laguerre Hermitization + Choleski/Bartlett facto.

n
| det(A)|? = det(AA*) £ [ [T, Tx ~T(k,1) indep.
k=1
® Var(Lo(h) = % + 2 (% - HY) = B2 4 0, oo(1)
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Logarithmic singularities : definition and examples
B CLT for L,(f,), 2 # 0 ? Even beyond f, ?

Definition (Logarithmic singularities)

f:C\{p1,...,px} — R, weights c;,...,cx € R\ {0}
Di # 00 : 2z — f(z) — ¢;log |z — p;| has smooth extension at p;
p; =00 : 2z — f(1/2) — ¢;log|z| has smooth extension at 0

B Examples

> w > f(w) = log|w — z| (two singularities : at z and o)

» w i logy/1+ |w|?> = —log d(w, 00) (one singularity at co)

» w — log d(w, p) (one singularity at p € C)
B Reformulation

k
f=h+) cilogd(:,p)
1=1
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CLT for logarithmic singularities

Theorem (CLT for logarithmic singularities)

Iff:C\{p1,...,px} — R has logarithmic singularities at
points p1,...,Dpx with wetghts ci,...,cx € R\ {0} then

Ln(f) - ELn(f) d
1 log(n)

s N(0,cZ +---+ c).

B A sort of residue CLT
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B Decorrelation at log-scale via kernel off-diagonal decay
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B Smooth part via Var(L,(h)) < 3||hlf;, (4 or GFF CLT
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Chordal distance and Green function
M (Half) chordal distance for z,y € S?
l—z-y 1-—-cos(f)
2 2

d(z,y) = Lz — yllgs, d(z,9)*=
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Chordal distance and Green function
B (Half) chordal distance for z,y € S?
s l—z-y 1—cos(6)
R
B Complex stereographic coordinates : for all z, w € C,

d(:l:, y) = %HIE - y||R3, d(I, y)

|z — w] 1

JarEmaren’ YOS e

d(z,w) =
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B (Half) chordal distance for z,y € S?
s l—z-y 1—cos(6)
R
B Complex stereographic coordinates : for all z, w € C,

d(:l}, y) = %H(E - yHRS) d(l:) y)

d(z,w) = |z — vl d(z oo):;
’ VA T2P) (A A+ [w?)’ ’ V1t |z]?
B Distance relation or factorization
d(z,w)
d(z,00)d(w, )

fz(w) - gz(w) - goo(w) + c;

|2 —w| =

B Green function

1
9p(q) =logd(p,q) = —5 ~ G(p,a), —F =G +A
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Half-chordal and planar-Euclidean distances
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CLT for linear statistics of Green function

Corollary (CLT for linear statistics of Green function)

Ln(gp) —+ % d

(Cp) C
1 n—oco peC
zlog(n) /&

where ((p),c¢ s a centered Gaussian white noise

E(ngq) = 1p=g

B Multiple points via c1gp, + - + CrGp,
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CLT for linear statistics of Green function

Corollary (CLT for linear statistics of Green function)

(_Ln(gp) - %) ——>n_d>°o (Cp)peE
zlog(n) ) -

where ((p),c¢ s a centered Gaussian white noise

E(Cqu) = 1p=g

B Multiple points via c1gp, + - + CrGp,
B Single point also via Kostlan and Fréchet—Shohat cumulants
CLT : k1(Ln(9p)) = =3, #2(Ln(gp)) =

lim kn(La(g5) = 2 " (~1)"(m ~ D(m ~1), m >3,
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CLT for logarithmic potential or log|charpoly]|
Corollary (CLT for the logarithmic potential)

& (gz)zec

(Ln(fz)—glog(1+|z|2)) a
zeC

3 log(n) -
where (€.),cc 15 a centered Gaussian process with

1+ 11—

E(Ezgw) = 9

B Relation to g, via f, = g, — goo + C;

17/22



Aspects of the Spherical Ensemble
LSingular CLT

CLT for logarithmic potential or log|charpoly]|
Corollary (CLT for the logarithmic potential)

n—oo

(Ln(fz)—glog(1+|z|2)) a
zeC

%log(n) — (gz)zec

where (€.),cc 15 a centered Gaussian process with

1+ 11—

E(Ezgw) = 9

B Relation to g, via f, = g, — goo + C;
B Multiple points via c1gp, + - + CrGp,

17/22



Aspects of the Spherical Ensemble
L Singular CLT

CLT for logarithmic potential or log|charpoly]|

Corollary (CLT for the logarithmic potential)

& (gz)zec

(Ln(fz)—glog(mzm) a
zeC

3 log(n) -
where (€.),cc 15 a centered Gaussian process with

1+ 11—

E(Ezgw) = 9

B Relation to g, via f, = g, — goo + C;
B Multiple points via c1gp, + - + CrGp,

B oo in all f, produces non-white noise
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Correlation of (gp), .z and of (f;),cc
Theorem (Log-correlated random fields)

Forallp# qeC, and all z # w € C,

H,,
Vax(Lu(gy)) = 22
Cov(Ln()s In(90)) = — — 5 108 4(P, 6) + on0(1)
2
Var(Ln(£,)) = —bg(lg 121 H”2+ Lt onee(l)
log|lz —w| H,+1
Cov(Ln(fz), Ln(fu)) = — 5 + 4 + Op—oo(1)

B Spectrum of Berezin transform, spherical harmonics for K, & g,
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Correlation of ( gp)peﬁ and of (f,),cc

Theorem (Log-correlated random fields)
Forallp# qeC, and all z # w € C,

H,
Var(Ln(g,)) =
Cov(Ln()s In(90)) = — — 5 108 4(P, 6) + on0(1)
2
Var(Lo(5)) = —BEHED  Fn D o )
log|lz —w| H,+1
Cov(Ln(fz), Ln(fu)) = — 5 + 4 + Op—oo(1)

B Spectrum of Berezin transform, spherical harmonics for K, & g,
B Kostlan observation usable only for antipodal (p, q)
B Archimedes sphere and cylinder, Legendre polynomials
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LSingular CLT

CLT universality

Theorem (CLT universality)

If AB™1! is in the universal spherical ensemble, then the
previous singular CLT and covariance estimates remain.

B Reduction to f, or A and Hermitization, replacement principle
B Interpolation, cumulants expansion, moment matching
B Related : [Cipolloni-Erds—Schréder 2023], [Cipolloni-Landon 2026]
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Other singular test functions

Lemma (Powers and indicators)

L(ll™) - nagy o &, s T(k-2)
. — 2 - —Ttm ) 0<s<?2
nz n—00 kz::l( (k) ) s
Ln(1p(o,r)) — d . R
e e MO )

B Follows from Kostlan observation (determinantal structure)
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[NIC
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0,R)
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B Follows from Kostlan observation (determinantal structure)
B Heavy-tail from domination of spectral radius!
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B Heavy-tail from domination of spectral radius!

Lo(l1%) £ Ln(1]°) and Ln(1po,m) £ n — La(1po.a-1))
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Other singular test functions

Lemma (Powers and indicators)

Ln(|_|—3) _ nsin(wi) d 0 _ s F(k — E)
; — Iy - : 0 ’
nz n—00 kz::l( k P(k) ), =0
2
Ln(1p(o,r)) — 1fR§n d , N(O L)
nfi n—oo ' ﬁ(l + RZ)

B Follows from Kostlan observation (determinantal structure)
B Heavy-tail from domination of spectral radius!

sy d d
B Lo(l°) = La(I1°) and Ln(1p(o,r)) = n = La(lpo,r-1))
B Terra icongnita : correlation and universality
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Other aspects

B FH asymptotics and GMC
Related: [Webb-Wong 2019], [Bourgade-Dubach-Hartung—Keles
2025], [Cipolloni-Landon 2026], [Chatterjee 2025, 2026],
[Byun—Forrester|Kuijlaars-Lahiry 2025], [Byun—Yang—Yoo 2026]
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B Geometric universality
Heuristics for compact Riemann surfaces
Key is kernel off-diagonal decay and convergence
Related: [Berndtsson 2003], [Berman 2024], [Bourgoin 2024]
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aspects

FH asymptotics and GMC

Related: [Webb-Wong 2019], [Bourgade-Dubach-Hartung-Keles
2025], [Cipolloni-Landon 2026], [Chatterjee 2025, 2026],
[Byun—Forrester|Kuijlaars—Lahiry 2025], [Byun—Yang—Yoo 2026]

Geometric universality

Heuristics for compact Riemann surfaces

Key is kernel off-diagonal decay and convergence
Related: [Berndtsson 2003], [Berman 2024], [Bourgoin 2024]

Beta universality

Beyond determinantal structure, plausible !
Related : [Leblé-Serfaty 2018],
[Bauerschmidt-Bourgade—Nikula—Yau 2019], [Forrester 2023]
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Green field on the sphere (Ln(gp)),cse With n=5K

Thank you for your attention!
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