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When holomorphy beats convexity
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ABsTRACT. These notes accompany a 1h30 minicourse. We prove the Poincaré inequality (PI)
for the Gaussian via Hermite polynomials and via the Bakry—-Emery criterion, we explain a
Gaussian splitting of the center of mass, and we use it to get the optimal PI with equality cases
for the Gaussian Unitary Ensemble (GUE) and for the complex Ginibre ensemble (GinUE),
following mostly [15, 11| and [27].

2k

Overdamped Langevin dynamics associated to GinUE with n = 66, started from a centered
discrete circle and ending with particles approrimately uniformly spread over the unit
disc, as predicted by the high-dimensional phenomenon discovered by Jean Ginibre [19].
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1. POINCARE INEQUALITY FOR LANGEVIN DYNAMICS

Following [24], a probability measure p on RY satisfies a Poincaré inequality when there exists
a finite constant ¢ > 0 such that for all f € H'(u)

Var, (1) = [ P - / fu) < [ 1972 (1.1)

Both sides measure non constantness of f. The best constant, namely the smallest, is the Poincaré
constant of y, denoted cp. Unlike continuity of the embedding H'(x) C L?(u), (1.1) controls the
centered L? norm by the gradient seminorm alone. We specialize to Boltzmann—Gibbs measures

p=272"te Edx (1.2)
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where 0 < Z = [e Fda < co. Sections 1-3 assume E € C*°(R?,R), the singular supports below
use their conservative Dirichlet forms. It is the invariant law of the overdamped Langevin diffusion

dX; = V2dB; — VE(X,)dt, (1.3)

with generator L = A — VE - V and semigroup P; = et .

In particular P;(f)(z) = E*(f(X:)), in other words P:(-)(z) = Law(X; | Xo = z). The
integration by parts states that for all f,g € C2°,

/ f(=L)gdp = / V- Vgdu. (1.4)

We use the nonpositive self-adjoint generator L associated with the closure of £ on CZ°. Its form
domain is H'(u), generally larger than its operator domain D(L). This is the Markov triple
(R%,L, p) or (RY, €, ), see [3].

Theorem 1.1 (Convex monotonicity, Poincaré inequality, exponential decay, spectral gap). For
f € L?(n) and t > 0, the variance has convexr monotonicity:

O Var, (P f) = =26(P; f,P, f) <0 and 0} Var, (P, f) = 4/(LPt £)2du > 0. (1.5)

Moreover, for all ¢ > 0, the following three properties are equivalent:

(1) Poincaré inequality: Var,(f) < cE(f, f) for all f € H' (1)

(2) Ezponential decay: Var, (P, f) < e2!/¢Var,(f) for all f € L?*(u) and t >0

(3) Spectral gap: the spectrum of —L is included in {0} U[1/c,+00), and its kernel consists of
the constants

Proof. The monotonicity/convexity comes from Var,(P; f) = [(P; f)?du — ([ fdu)? which is a
consequence of the invariance of u, together with the evolution equation 0; Py = L Py.
(1)=(2). Set v(t) = Var,(P; f). Then (1) for P; f gives v'(t) = =2E(Py f, Py f) < —71)( ) hence
(2) by the Gronwall lemma. Conversely, differentiating (2) at t = 0 gives —2E(f, f) < —2 Var,(f).
(1)<(3). In PI, by translation invariance (by constants) and homogeneity, we can assume that
f is centered and of unit L? norm, and PI is then equivalent to the Rayleigh quotient on H*(u):

1 inf (1, ). (1.6)

cp [ fdp=0,[ f2du=1

By the spectral theorem, this Rayleigh-quotient bound is exactly (3). (]

(i) If {|[VE(z)]> — 3AE(z) — +o0 as |z| — oo, then —L has compact resolvent, hence an
orthonormal eigenbasis with finite-multiplicity eigenvalues tending to +o0, by the ground-
state transform f — e~ F/2f and the compact-resolvent criterion for Schrédinger operators.

(i) If (—L)ex = Agek, where 0 = Ag < A1 < Ay < --- and (ex)x>0 is an orthonormal basis of
L?(p) with eg = 1, then Py f =37, o e ([, e )e,

Var,(f) = Y I [ 1V5Pds= Y Mel(feens enli) = 1 (1.7)

k>1 k>1
(iii) Testing (1.1) on a linear function f(z) = (0, x) gives
cp (1) 2 [|Cov(p)llop- (1.8)

The Kannan—Lovasz—Simonovits (KLS) conjecture says that for log-concave measures,
meaning when FE is convex, there is equality up to a universal constant. This major
conjecture of geometric functional analysis was proved recently after a long and rich ex-
ploration by several mathematicians, see [6] and references therein. It is quite natural to
conjecture that the optimal ratio is 4, achieved for the product one-sided exponential law!

(iv) If p satisfies (1.1) then its image by a s-Lipschitz map satisfies (1.1) with constant cx?,
e.g. k= |Xlop for  — Xz.

(v) When E(x) = >0, V(wi) + >, ., W(zi — z;) and R? = (R¥)", then u is a two-body
interaction gas of n particles in R¥. This includes GUE (k = 1) as well as GinUE (k = 2).
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2. (GAUSSIAN CASE: ORNSTEIN-UHLENBECK VIA HERMITE POLYNOMIALS
Let va = N(0, 1), B(z) = 25, L= A — 2. V (Ornstein-Uhlenbeck).

Theorem 2.1 (Nash [23], Hérmander [21], Brascamp-Lieb [9], Chernoff [16]). For all d > 1 and
f e H (va), Var,,(f) < f |V f|2drya, with equality iff f is affine. Dimension-free: cp(vq) = 1.

By scaling, we get cp(N(0,021;)) = 02, and the extremal functions are affine. In partlcular
N(0, %In) has constant %, while N¢(0, %]n) N(0, inzn) on C" = R?" has constant -

Proof. Hermite polynomials. Since f = ) aoH,, where (H,) are the Hermite polynomials7

chosen orthonormal with respect to N(0, I;), we have — L H, = |a|H,, and
Var,, (f Z lag|? < Z lol|an|? = /|Vf|2d'yd, with equality iff f is affine. (2.1)

|| >1 || >1
Mehler kernel. Since Py f ff (e7tx+vV1—e~ 2ty)d'yd( ), we get VP, f = e P, Vf. By the
semigroup interpolation Varv . fo O ( f Pi(f QdVd) dt, Jensen and invariance of 4, we get
(oo} oo

Var., (f) :2/ /|VPtf|2d~yddt§ 2/ e_Qtdt/|Vf|2d7d :/|Vf|2d7d. (2.2)
0 0 0

3. STRONGLY LOG-CONCAVE MEASURES: BRASCAMP-LIEB, BAKRY-EMERY, CAFFARELLI

Assume E smooth with V2E = 0. The key is the Bochner commutation formula

~VLu=—-LVu+ V?EVu = (—L+V2E)Vu, (3.1)
which gives, by (1.4) applied twice, for all u € C2°,
/(L u)?dp = — / Vu-VLudp = /(HV%LH%{S + (V2EVu, Vu))dp. (3.2)
Theorem 3.1 (Hérmander [21], Brascamp-Lieb [9], Helffer—Sjostrand [20]). For all f € H'(u),
Var, (1) < [(V2B) VA,V )d (3.3)

In particular, if V2E = ply with p > 0 then cp(u) < 1/p.

Proof. Take centered f € H'(u) with finite right-hand side, otherwise the claim is trivial. Consider
the resolvent approximation u. = (¢ — L)~!f. By the spectral theorem, — Lu. — f in L?(u) as
€} 0, since the kernel of L consists of the constants. Integration by parts and Cauchy—Schwarz for
the scalar product induced by V2E give

- [ rvudi= [(vr.vuans ([ (V2B V) / (V2EVu., Vudu) . (3.4)

The last factor is at most ([ (Luc)?du) 1/2 by (3.2), whose lower bound extends to D(L) by graph-
core approximation and lower semicontinuity. Letting i O yields

1/2
[ < ([emvrvna) ([ 2a) " (3.5)
Dividing by || f||z2(,), unless f = 0, proves the claim. O

Remark 3.2 (Witten Laplacian). The Bochner formula (3.2) does not give L? > V2E since L? acts
on functions, whereas V2E acts on vector fields. On L?(u, RY), the Witten Laplacian on vector
fields (or 1-forms) is A®Y) = —L+V2E. Also AV = V2E > 0, since —L > 0 componentwise.
Moreover, the Bochner formula (3.2) reads || Lu||%2(u) = (Vu, ADVu) 2.

From et =1+ tL +% L2 +0,_,0+ (t?), we get the asymptotic expansion

Pi(f*) = Pu(f)? = 2P, T(f) = 26 Ta(f) + 00+ (7). (3.6)
The functional quadratic forms I' (carré du champ) and Iy are

I(f) = %(L(fQ) —2fLf)=|VfP (3.7)
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and, with T'(f,g) = (Vf, Vg) and the pointwise Bochner commutation formula,
1
P2(f) = 5(LI(S) - 20(f, L f)) = IV?fllfs + (VZEV [, V). (3.8)

Theorem 3.3 (Bakry-Emery criterion [2, 3]). For all p > 0 the following properties are equivalent:
(1) p-converity: V*E = ply
(2) Curvature criterion: T'y > pT'
(3) Gradient bound: |V Py f|* < e 2P, (IVf|?) for all t and f
(4) Strong gradient bound: |V Py f| < e P Py(|V f|) for all t and f
(5)

—2pt

Local PI: P(f?) — Py(f)? < keT P.(|Vf|?) for all t and f

(6) Local LSI: P¢(f%log f?) — Pi(f?)log Pi(f?) < 21767_2{” P:(|IV£|?) for allt and f

In particular, if V2E = ply, p > 0, then cp(p o< e=F) < 1/p, with equality in the case of O.-U.

Proof. Differential calculus. The diffusion property is the chain rule: for 1) € C2(R™) and smooth
f=( 1, fm), it veads Lyp(f) = 370, (0) () L fi + 320521 (054)(F) T(fi, f;), where the po-
larized carré du champ is I'(f,g) := 3(L(fg) — fLg — gL f) = (Vf,Vg). We recover the carré
du champ for m = 1 and +(u) = u?. The basic interpolation is ¥(s) = P;T'(P;_, f), for which
U'(s) =2P3T2(Pi_s f). Thus I'y > pI’ and Gronwall give the gradient bound, while its expansion
at t = 0 gives back the curvature criterion. The strong bound follows from the derivative flow
estimate | D, X} |lop < e P*. For variance, the interpolation identity is

t
P(f2) — Pu(f)? = 2 /O P,T(P,_, f)ds,

obtained by differentiating s — P4((P;_s f)?). Interpolation gives local LSI, linearization gives
local PI, whose expansion at ¢t = 0 recovers curvature. Integration in time gives global PI/LSI. O

(i) Further formulations use admissible local ®-Sobolev and Bobkov inequalities and pairwise
Wasserstein contraction, see [3].

(i) O.-U. is the equality case of p-convexity, or constant Bakry-Emery curvature case. On a
complete Riemannian manifold, Is(f) = |[|[V2f|}g + (V2EVf,Vf) + Ric(V £,V f), lead-
ing to a Ricci-Bakry-Emery curvature. Comparison theorem a la Lichnerowicz-Berger—
Gromov, the Gaussian case of O.—U. playing the role of the sphere.

(iii) The theorem extends to the situation where p € R (beyond the scope of this section), with
1=e*"" 1oad as 2t when p = 0, the equality case being Brownian motion.

(iv) By using the variational formulation of the spectral gap of L, we get that the Poincaré
inequality cp < 1/p is equivalent to the integrated curvature criterion: for all f,

Jraodu= [wrranzp [195Pau=p [T(an (3.9)

(v) The global Poincaré inequality follows in one line by semigroup interpolation:

Var,(f) = /OOO at/Pt(f)zdudt2/000/|VPtf|2d,udt§ Q/Owezptdt/Wde,u. (3.10)

Theorem 3.4 (Caffarelli [10]). If V2E = ply, p > 0, then the (? optimal transport map T from
N(0,14) to p satisfies | T||Lip < 1/\/p- In particular cp(N(0,15)) =1 gives cp(pu) < 1/p.

Proof sketch. By the Brenier theorem, T' = Vi with ¢ convex. Assume first that F and ¢ are
smooth and that the maxima below are attained. Since T4 = 1, by the Monge-Ampére formula,

2
logdet V2p(z) = E(Vo(x)) — % +C. (3.11)
Fix a unit vector e. At a maximum point of .., set A = V?p. The maximum principle gives
Vee =0 and A.. = 024 = V2., <0, so twice differentiating yields
0>tr(A " A..) —tr(AT A AT AL) = (V2E(V) Ae, Ae) — 1 > p|Ael* — 1. (3.12)

Since @ = (Ae,e) < |Ae| by Cauchy-Schwarz, .. < 1/,/p at its maximum. This holds for every
e, hence [|V2¢llop < 1//p. For approximation and localization, see [10, Theorem 11]. O
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4. THE SPLITTING: (GAUSSIAN FACTORIZATION OF THE CENTER OF MASS

Lemma 4.1 (Tensorization). For all f € L*(u1 ® p2),

Varu o (f) < / Vary (£())dpa(y / Vary, (£(z, ))dpm ). (4.1)

Hence cp(p1 ® u2) = max(cp(u1), cp(p2))-

Proof. With g = [ f(z,y)du(z), we have Vary, g, (f) = [ Vary, (f(-,y))dua(y) + Var,, (9),
and Var,,(g) < fVaru2 f(z,-))dpi(x) by convexity of h + Var,, (h) (Jensen). The lower bound
on cp comes from functions of x only or of y only. |

Lemma 4.2 (Splitting with Gaussian factor). Suppose that E(x) = §|z|* 4+ ®(x) where p > 0 and
® : RY — RU{+o0} satisfies ®(z+y) = ®(z) for allx € R? andy € F, where F C RY is a nonzero
linear subspace. Then p is the image of N(0, %IF) @ v by (y,w) — y +w, where v oc e P dw
on F+. In other words, if X ~ u, then projz(X) ~ N(0, %IF) is independent of projp.(X) ~ v.
Moreover cp(p) = max(%, cp(v)). Furthermore, if ® is convex then both p and v are log-concave.

Proof. For x = y+w, y € F, w € F+, we have |z|?> = |y|?> + |w|? and ®(z) = ®(w), hence
e Bl = e*§|y|2e’E(“’), and the Lebesgue measure on R? is the product of the Lebesgue measures

on F and F'. The claim on Poincaré comes from the tensorization Lemma 4.1, the Gaussian
Theorem 2.1 with scaling, and the isometry |V f|*> = |[Vpf|> + |V f|2. O

For gases with quadratic confinement, F' is spanned by the center of mass direction, and the
interaction @ is translation invariant along F'. The splitting says that the center of mass is exactly
Gaussian and independent of the rest, and reduces the PI to the measure v on F-.

5. GAUSSIAN UNITARY ENSEMBLE AND BETA HERMITE ENSEMBLES

The PI and LSI bounds of Theorem 3.1, Theorem 3.3, and Theorem 3.4 remain valid if £ = 400
outside an open convex set D and E is smooth on D and blows up at 9D, by approximation with
smooth convex potentials on R?. This is used in [15] to get the best PI and LSI constants for GUE.

Let 6>0,D={x €R": 21 > - >x,}, and

e—E(w)

Zn

Hn = 1p(z)dz, E(z)= |:E|2—|—(I>( BZIOg

1<J

(5.1)

For § = 2 this is the law of the ordered eigenvalues of the GUE, with density proportional to
e~ 3Tr(M?) on Hermitian n x n matrices. Functions on D identify, by permutation extension, with
symmetric functions off collisions. The DysonfOrnsteinfUhlenbeck dynamics [1§]

dX! = \/2/ndB! — X’dt—i—ﬁ Z

J#z

XJ , (5.2)

with generator L1, is reversible for p,,. PI with constant 1 means spectral gap 1. For 3 > 1 there
are no collisions. For 0 < B < 1, collisions occur, but there are solutions [15].

Theorem 5.1 (Poincaré for GSE [15]). For all 3 >0, n>1, f € H (), with S = x1 +- -+ x,,

1
Var, (1) < 3 [ 194Pdun, (5:3)
with equality iff f = aS + b for some constants a,b € R.

Proof. Since D is convex and ¢t — —logt is convex on (0, 00), it follows that ® is convex, hence F
is convex with at least the curvature of the Gaussian part: V2E > nl,,. The PI follows then from
the Bakry-Emery Theorem 3.3 or the Brascamp-Lieb Theorem 3.1 or the Caffarelli Theorem 3.4.
From the splitting lemma 4.2, f = aS + b is extremal since Var(S) = 1 and |VS|? = n. For the
equality case, the Brascamp—Lieb argument gives

Var,, (f) < / (V2E)"'V £,V f)djin < / IV P

0:40-0:50. Give
curvature,
splitting, and
equality cases.
Skip the three
comments.
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Since ker(V2E — nl,) = F, equality forces Vf € F almost everywhere. The connectedness of
DN F* gives f = g(S), Gaussian equality then gives f = aS +b. An alternative approach is based
on a I'y sum-of-squares formula for the deficit, see [15], see also the rigidity concept in [12]. O

(i) The same method gives the optimal log-Sobolev inequality Ent,, (f%) < 2 [|Vf[?du,,
with equality iff f = ce®®, a,c € R, see [15].

(ii) The interaction and in particular 8 is not felt by the spectral gap. The PI constant is
identical to the one of N(0, %In) and of its ordered version, obtained by setting 5 = 0.

(iii) By analogy with the Hermite approach for the standard Gaussian, we could use the fact
that the generator of the Dyson—O.—U. dynamics preserves symmetric polynomials, and the
Hermite-Lassalle symmetric polynomials (Py), indexed by partitions k; > --- > k,, > 0,
form an orthogonal basis of L?(u,) with —X L Py = |k|P, see [22, 1. The spectrum is
N as for O.—U., and the eigenvalue 1 is simple, with eigenfunction S. Combined with the
splitting, this gives cp(vy,) = 5= for n > 2, attained by |z|? — %2 up to a constant.

(iv) In the cases 8 € {1,2,4}, we could also get the optimal PI (and LSI) from a matrix
Gaussian by projection of the matrix Gaussian lift (GOE/GUE/GSE). This projection/lift
approach remains valid at the level of the Dyson—Ornstein—Uhlenbeck dynamics [8].

, 6. COMPLEX GINIBRE ENSEMBLE
0:50-1:25. Main

proof in full. The eigenvalues, in uniform random order, of a matrix with iid Ng(0, 1) entries [19] have law

Start this section RS |

no later than k=1 1%k Va(z

s apa(2) = S ey - sz = 2O ) v = [[ee-2). )
j<k n i<k

where now vy, = N¢(0, 11,,) o e="*dz on C" = R?" and ¢, = f |V, |2dy,,. This is

pn < e E with  E(2) = n|z|> + ®(2) = QZlog (6.2)

j<k T Zk'
(i) For n > 2, since log ﬁ on R? has Hessian eigenvalues =+ |-| "2, E is not convex and the
Bakry-Emery curvature is —oo. There is no analogue of D in C. Moreover 1ogﬁ is

harmonic on C \ {0} and superharmonic' on C since Alog|-| = 276.

(ii) The measure 1 1s reversible for a planar Coulomb overdamped Langevin dynamics with
generator = L. For n > 2, this is not the eigenvalue process of the complex matrix O.-U.
diffusion: 1ts eigenvalue quadratlc variations involve eigenvector overlaps [7].

Theorem 6.1 (Poincaré for GinUE [11], independently Suzuki [27] and Rosenzweig [26]). For all
n > 1 and all symmetric f € H'(u,,R),

1
Var,, (f) < %/C" IV £|2d i, (6.3)

with equality iff f = N(aS)+b, a € C, bER, where S =21+ -+ zy,.

Here H'(p,,) is the closure of C3°(C™) for the weighted Sobolev norm, and the L? spaces below
are complex. Symmetrization and a smooth symmetric correction of the mean reduce the proof to
centered, real, symmetric f € C3°.

Proof. Let us first prove the Poincaré inequality, in four steps. -
Vandermonde transform?. Since Vj, is holomorphic and, for real-valued f, |V f|> = 4 >k 10k fI2,

JIZEEES Sl XA T (64
& k=1
Moreover, since f is symmetric, U : f ~— V,,f/+/cl, is an isometry® from L2 (fin) onto L2 (7).
Gaussian 0 gap. Let F,, be the Bargmann—Fock space of entire functions in L?(v,,) [4].

"nstead of being sub-harmonic, the trace weakening of convexity.
2Here z), = z), + iy, and Oy, J), = (3% F iy, ).
3In the mathematical physics jargon, this is a ground state transform, with respect to a holomorphic weight.
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Lemma 6.2 (Hormander-Berndtsson estimate |21, 5]). For all g € C2*(C™,C),

Z ||5kg||%2(,yn) 2 TLdiStL2(,Yn)(g,.Fn)2. (65)
k=1

Both sides measure the lack of holomorphy of g.

This is the Gaussian case of the complex analogue of the Brascamp-Lieb estimate (Theorem 3.1),
where plurisubharmonicity (psh) plays the role of convexity, see [21, 5] and [17].

Proof. An integration by parts gives that the adjoint of ax = O in L2(v,) is a = —0k + nZ,
and [aj,af] = ndjk, [aj,ar) = 0. Let Hy, = [[,(af)®20*, p,q € N™ (complex Hermite polyno-
mials). Since az? = 0, the commutation relations give ajarH,, = ngpHp, and ||ajHy 4|12

n(qx + 1)||Hp4l|?. The H, , are products of one-variable functions, and in one variable H, , is an
eigenfunction of a*a with eigenvalue ng and has weight ¢(?~9? under the rotation z — ez, which
preserves each factor of +y,. Since (p — ¢, ¢) determines (p, q), the H, , are orthogonal. Moreover
H,, = nl4l2Pz9 + lower degree, so they span C|z, 2], which is dense in L?(v,) (Section 2, after

scaling). Thus H,, = H,,/|/Hpl is an orthonormal basis, and F, is the closed span of H,
With ¢, 4 = (9, Hp.q), we get (arg, Hp ¢) = (9, a5 Hp.q) = /1(qk + 1)Cp gtes, and by Parseval
n
D langl® =D nlaliepal® = n Y lepl® = nllg — projz, gll*. (6.6)
k=1 P,q p, g#0 0

Applying Lemma 6.2 to g = V,,f in (6.4) gives
4n .
[ 195 = 2 distiag, (V. 5 (6.7

Divisibility. Set G = projz (V,,f). Since f is symmetric, V,, f is antisymmetric. Since the pro-
jection commutes with permutations, G is antisymmetric. Thus G = V,,h for an entire symmetric
h, and

FIV = I} entire symmetric : V,h € Fpo} = U= (F N L2 (m)) C L2 (), (6.8)

is a closed subspace containing the constants. By isometry, h = proj zaiv (f), and

diStLQ(,yn)(an, ]_-n)2 = ||an — Vnh”%ﬁ(%l) = C/n”f — h”%z(#n) = C/n diSth(Mn)(f, fsiv)z. (69)

Rotation. Rotations z — €'z preserve p,, and fgiv, hence commute with the projection. Write
the Taylor series of h as h(z) = >, <,hm(z), where hy, is homogeneous of degree m. The
degree-zero term is the projection of f onto the constants, so it vanishes since J fdu, = 0. Since
(h,h) = f h? du,,, rotational invariance lets us average this integral over rotations. For each fixed
2, the angular average of h(el?z)? is zero: its Taylor series has no constant term. Fubini applies
since the rotational average of |h(el?z)|? integrates to ||h[|2 12(u,)- Thush L h. Forr = f—h—h, the
projection identity gives f —h L hin L?(u,). Since f is real-valued, we get f = f, so conjugating
this identity gives f — h L h. Together with h L h, these identities yield 7 L h and r L h, and
therefore, denoting ||-[| = ||| 12 (,,, ),

: iv [
dist(f, F)* = |f = BII* = [B]* + |Irl|* = ==——— = Il fI* (6.10)
Combining (6.7) and (6.9) with the preceding estimate,
/|Vf|2dpn > dndistr(,) (f, FnV)? > 20| f|Z2(,,,) = 2n Var,, (f)- (6.11)
Optimality. Since ® is invariant along F' = C(1,...,1), the splitting Lemma 4.2 with p = 2n
gives S ~ Ng(0,1), independent of z — £(1,...,1). Hence Vary, (R(aS)) = ‘a‘ 7| VR(aS)[?

proving optimality. By (6.4) and closedness of the Gaussian 0 form, the spectral 1dent1tles extend
to H'(py,). Keeping track of the losses gives, for all symmetric centered real f,

/\Vf\Qd;Ln —2nVar,, (f) = 2n|r|* +4n Z -1) ||gm||L2 () (6.12)

m>2
where g¢,,, is the orthogonal projection of U f on the closed span of the H, , with |g| = m, namely
the eigenspace of )", ajay for the eigenvalue nm (and not the part of degree m in Zz, since Hy, 4

State the Hermite
basis and
polynomial
density without
proof.
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contains lower order terms zP~7z777). In particular, equality forces 7 = 0 and g,, = 0 for m > 2.
Then f =h+h and V,h =V, f — V,h L F, lies in the closed span of the H, ;, with |¢| = 1, killed
by all ajag, so V,0;0ch = 0, hence h, affine, symmetric and centered, is aS and f = R(2aS5). O

(i) Symmetry is needed: for f = Rz, [|Vf|*dp, = 1 while Var,, (f) = 3E|z > = %L In

Tdn
terms of dynamics, the spectral gap of —% L on symmetric functions is exactly 2, uniformly
in n, while it is at most ni—&-l on all functions.

(ii) For the generator L /n, the center of mass satisfies dS; = v/2 dB,gQ) —28;dt. If |So| < +/n,
this marginal has a total variation cutoff at ilog n with an O(1) window, giving a mixing
lower bound for the unlabelled process. A full cutoff needs a matching upper bound
controlling the centered configuration, the curvature hypothesis of [12] does not hold here.

(iii) For real g, the linear statistic L,(g) = >, g(zx) satisfies |[VL,(g)]* < nllg||7;,, hence
Var(L,(g)) < 3| g||12Jip for all n, consistent with the CLT without normalization [25].

(iv) This is compatible with concentration at the n? scale. For i, = L3, 4., the preceding
bound gives Var( [ gdfin) < [lg7;,/(2n?), while [13] prove nonasymptotic concentration of
11, around the circular law in Wasserstein distance at this same scale.

(v) See [11] for other proofs and extensions, including an LSI for radial test functions, sum-of-
squares deficit formulas, polynomial eigenfunctions, etc. See [14] for a Lean formalization.

(vi) At fixed diffusive inverse temperature, [26] gives LSI uniform in the particle number. This
does not give uniform GinUE LSI: GinUE corresponds to inverse temperature 2n there.
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