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Freeman J. Dyson (1923 - 2020)

A Brownian Motion Model for the Eigenvalues of a Random Matrix
Journal of Mathematical Physics 3 1191-1198 (1962)
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Dyson Ornstein Uhlenbeck process DOUg

B Interacting particle system th’l, o X" on R
Py = bqzp, né: Py = AP + div(P{'V H)
B Configuration energy with Coulomb repulsion (singular)
2
z
_nz:V:I:z +ﬁZlog V(m):?
1<J
B Convergence to equilibrium X;* ti) P" x e H(@)qg
—00
e H(2) = e’"i [Tz - z;)P
1<J

B We take § =0 or B > 1 (preserves order z, < --- < 1)
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B Universality wrt 8 : spectrum, Poincaré, log-Sobolev
B Exact solvability : eigenfunctions of L = OP for P™
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B Cutoff = property of particle system = diagonal estimate
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B McKean—Vlasov evolution equation

o0 [ saus = - [ ar'(@uan) [[TELZLL)

B Cauchy-Stieltjes transform (Im z > 0)
d
si(z) = peldz)

zT—z
B Complex Burgers equation (take f(z) = -1-)

T—z

Otst = st + 20,5t + 518, st
B Free OU process and free Mehler formula

Kt = dﬂe—t,u,o H dllmlu.oo

: scaling in t

pe(dz)p(dy)

B 4o = SemiCircle[—+/28, /28] = dil\/ESemiCircle[—2,2]
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9/33



Cutoff for Dyson Ornstein Uhlenbeck process
LThe model

Numerical experiments

10

—-10 F

0 5 10 15 20
n =3, p = 2 : confinement and repulsion (DOU)

9/33



Cutoff for Dyson Ornstein Uhlenbeck process
LThe model

Cutoff for OU : Hellinger distance dist(Law(X/*) | P")

dist
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06/
04

0.2

| L L L | L L L ! t
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n =50, B =0, 8L = 1 10g(50) ~ 3.91
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B Markovianity and convexity : if v < u then

dist(v | ) = [ #(3)du

u? -1 if dist = x?
ulog(u) if dist = Kullback
Hu—1 if dist = TV

(1 —y/u) if dist = Hellinger”
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Cutoff for DOU : projection

M Theorem : If Z, := 27, X" then
(Zt)450 ~ OU
B Proof : Stroock—Varadhan local martingale
M = 50X - 70%) - [ LF(X)as
(M= [ T((X)as

Lf=—f when f(z) =m(z) =21 + -~

18/33
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LNon-interacting case

Cutoff for OU : General case (Wasserstein)

B Theorem : if § = 0 then for all € € (0, 1)
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Cutoff for OU : General case (Wasserstein)

B Theorem : if § = 0 then for all € € (0, 1)
» if lim, , |zf| = co then cutoff with ¢, = log(|zJ]) :

lim Wasserstein(Law(X,), P") =

n— 00

oo ift,=(1-¢)cy,
0 ift,=(1+¢€)cy
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Cutoff for OU : General case (Wasserstein)

B Theorem : if § = 0 then for all € € (0, 1)
» if lim, , |zf| = co then cutoff with ¢, = log(|zJ]) :

oo ift,=(1-¢)cy,
0 ift,=(1+¢€)cy

n— 00

lim Wasserstein(Law(X,), P") = {
» if lim, o |2f!| = o € [0, 00) then no cutoff : for all ¢ > 0,

lim Wasserstein®(Law(X/"), P") = 1+3(a®~1)e" 2 —/1 — e~ 2t
n—oo
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Cutoff for Dyson Ornstein Uhlenbeck process

LNon-interaCting case

Cutoff for OU : General case (Wasserstein)

B Theorem : if § = 0 then for all € € (0, 1)
» if lim, , |zf| = co then cutoff with ¢, = log(|zJ]) :

oo ift,=(1-¢)cy,
0 ift,=(1+¢€)cy

n— 00

lim Wasserstein(Law(X,), P") = {
» if lim,_, o |2§'| = o € [0, 00) then no cutoff : for all ¢ > 0,
lim Wasserstein®(Law(X/"), P") = 1+3(a®~1)e" 2 —/1 — e~ 2t

n—o0

B Reminds behavior of second moment m; (eigenfunction)
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Cutoff for Dyson Ornstein Uhlenbeck process
|—Non-in‘cerac‘ting case

Cutoff for OU : Proof 1/2

If Pl = N(p,l, 21) and Pz = N(p,z, 22) in ]Rn then with m = mip — Mg .

» —1 —lg—1_s—2y .
X T2) = e s | ;'zweézz I
17— 44
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Cutoff for OU : Proof 1/2

If Fl = N(p,]_, 21) and Pz = N(p,z, 22) in Rn then with m = mip — Mg .
2 | X2 I Y1422 es o2 Yymem
' | Ty)=4/ ———————e2%2 " 1 %2 2 -1
XD = e e
2Kullback(l'; | T'2) = 85 'm - m + Tr(2; 781 — I,,) + log det (2227 1)
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Cutoff for Dyson Ornstein Uhlenbeck process
LNon-interacting case

Cutoff for OU : Proof 1/2

If Fl = N(p,]_, 21) and Fz = N(p,z, 22) in Rn then with m = mip — Mg .

X0 o) = o '_’3;'%22,”&22’ oyt ey e
2Kullback(l'; | T'2) = 85 'm - m + Tr(2; 781 — I,,) + log det (2227 1)
Fisher(T'; | T2) = |25 'm|® + Tr(2;°2: — 2851 + 27Y)
=227 m)? + Tr(27%(22 — 51)°877)

2Wasserstein®(I';, I'z) = |m|* + ’I‘r(Z}l + 3, —2 \/2122\/21>
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Cutoff for Dyson Ornstein Uhlenbeck process

LNon-interacting case

Cutoff for OU : Proof 1/2

Iy = N(p1,21) and T'y = N(u2, B2) in R then with m = my — my :
|22, |_Z;|%251| P
2Kullback(l'; | T'2) = 85 'm - m + Tr(2; 781 — I,,) + log det (2227 1)
Fisher(T'; | T2) = |25 'm|® + Tr(2;°2: — 2851 + 27Y)
=227 m)? + Tr(27%(22 — 51)°877)

X*(T1 | T2) =

2Wasserstein®(I';, I'z) = |m|* + ’I‘r(Z}l + 3, —2 \/2122\/21>
= |m[* + Tr((VE1 — vE2)?)
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Cutoff for Dyson Ornstein Uhlenbeck process

LNon-interaCting case

Cutoff for OU : Proof 1/2

If Fl = N(p,]_, 21) and Fg = N(p,z, 22) in Rn then with m = mip — Mg .
|Z2] $55 Mtemy ey - my men 4
28 — 23857
2Kullback(l'; | T'2) = 85 'm - m + Tr(2; 781 — I,,) + log det (2227 1)
Fisher(['; | T2) = |25 'm|® + Tr(25°8: — 2825 + 27Y)
=27 m|? + Tr(23°(82 — £1)°27 )
2Wasserstein®(I';, I'z) = |m|* + Tr(Z}l + 3, —2 \/2122\/21>
= |[m|* + Tr((vE1 - VE2)?)

\/det(X:X2
Hellinger®(T'y,T'2) = 1 — & xp( — 2B+ D) 'm m)

det(Z122)

X*(T1 | T2) =
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Cutoff for Dyson Ornstein Uhlenbeck process

LNon-interaCting case

Cutoff for OU : Proof 1/2

If 'y = N(p1, 81) and I'y = N(p2, &2) in R" then with m = m; — my :
|Z2] e L Y
28 — 23857
2Kullback(l'; | T'2) = 85 'm - m + Tr(2; 781 — I,,) + log det (2227 1)
Fisher(['; | T2) = |25 'm|® + Tr(25°8: — 2825 + 27Y)
=27 m|? + Tr(23°(82 — £1)°27 )

X*(T1 | T2) =

2Wasserstein®(I';, I'z) = |m|* + Tr(Z}l + 3, —2 \/2122\/21>
= |m|* + Te((VE:1 - VE2)?)
\/det(5:5
Hellinger®(T'y,T'2) = 1 — & xp( — 2B+ D) 'm m)

det(Z122)

|t — v||Tv < v/2Kullback(v | u)
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Cutoff for Dyson Ornstein Uhlenbeck process

L Non-interacting case

Cutoff for OU : Proof 1/2

Iy = N(p1,21) and T'y = N(u2, B2) in R then with m = my — my :
|Z2] $55 Mtemy ey - my men 4
28 — 23857
2Kullback(l'; | T'2) = &5 'm - m 4+ Tr(2;' 21 — I,,) + log det(Z227 1)
Fisher(['; | I'2) = |25 'm|> + Tr(Z5°8: — 285, + 271)
=27 m|? + Tr(23°(82 — £1)°27 )

2Wasserstein®(I'1, ') = |m|* + Tr(Z}l + 3 — 2\/\/2122\/21)

|m|* + Tr((vVE1 — vE2)?)

@ xp( — %(21 + 22)_1m ’ m)

det(izlgzb)

X*(T1 | T2) =

[

Hellinger®(I';,T2) =1 —

|t — v||Tv < v/2Kullback(v | u)

Hellinger®(u, v) < ||u — v||vv < Hellinger(y, 1/)\/2 — Hellinger(u, v)?
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Cutoff for Dyson Ornstein Uhlenbeck process
LNon-interacting case

Cutoff for OU : Proof 2/2

If =0 and X = ' then X" ~ N(zfe™", (1 —e™")1I,) and

1
n
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Cutoff for Dyson Ornstein Uhlenbeck process

LNon-interacting case

Cutoff for OU : Proof 2/2

If #=0and X§ = zf' then X{" ~ N(zfe™",2(1 — e *)I,) and
—2t

2 n ny __ 1
X (Law(X7) | P )—Wexp(nw o) 1

Kullback(Law(X;") | P™) = (n|m0 [Pe " —ne * — nlog(l — e72t))
. n n 2| n2_—2t , e ¥
Fisher(Law(X;") | P") = n®|zp|°e "+ n T o
. 5 N n n|$61|2 —2t n 1—e 2t
Helllnger (LaW(Xt ), P ) =1- exp( — Zm “+ Z ].Og (4m))

Wasserstein®(Law(X{"), P") = 1+ (|zg'|> — 1)e™* — /1 —e~2t
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LNon-interacting case

Cutoff for OU : Proof 2/2

If #=0and X§ = zf' then X{" ~ N(zfe™",2(1 — e *)I,) and
—2t

2 n ny __ 1
X (Law(XF) | P") = o gayors e (mlad o) 1

Kullback(Law(X;") | P™) = (n|:1:0 [Pe " —ne * — nlog(l — e72t))
—at
2

. n n MPe™ L
Fisher(Law(X/") | P*) = n®|zf|?e * + n ——

. 5 N n n|$6n|2 —2t n 1—e 2t
Helllnger (LaW(Xt ), P ) =1- exp( — Zm “+ Z ].Og (4m))
Wasserstein®(Law(X{"), P") = 1+ (|zg'|> — 1)e™* — /1 —e~2t

Melted noise and dimension : dX;* = \/gdBt — X/'dt in R"
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Cutoff for Dyson Ornstein Uhlenbeck process

LNon-interaCting case

Cutoff for OU : Proof 2/2

If #=0and X§ = zf' then X{" ~ N(zfe™",2(1 — e *)I,) and
—2t

2 n ny __ 1
X (Law(XF) | P") = o gayors e (mlad o) 1

Kullback(Law(X;") | P™) = (n|:1:0 [Pe " —ne * — nlog(l — e72t))
Fisher(Law(X/") | P") = n®|zf|?e %" + n2i
¢ =" |Z 1 _e-2t
. 2 oy n|zyPe™ n 1—e 2
Helllnger (LaW(Xt ), P ) =1- exp( — Zm “+ Z ].Og (4m))
Wasserstein®(Law(X{"), P") = 1+ (|zg'|> — 1)e™* — /1 —e~2t

Melted noise and dimension : dX;* = \/gdBt — X/'dt in R"
log(n) cutoff for dist(Law(X{") | P™) : n versus e '
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Cutoff for Dyson Ornstein Uhlenbeck process
I—Ranclom matrix case

Plan

Random matrix case
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Cutoff for Dyson Ornstein Uhlenbeck process

LRandom matrix case

Cutoff for DOU: Random matrix case

B Theorem : Assume that g € {1,2,4}. Let (ay) be such
that inf(a,) > 0. Then for all € € (0, 1)

. . n ny _—_
nll_}IIolo _ sup dist(Law(X/") | P") =

{max ift,=(1—¢€)cy
zl €[—an,an]"

0 ift,=(14+¢€)cn
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LRandom matrix case

Cutoff for DOU: Random matrix case

B Theorem : Assume that g € {1,2,4}. Let (ay) be such
that inf(a,) > 0. Then for all € € (0, 1)

lim sup  dist(Law(X/") | P") =

g €[~ an,an]"

max ift, =(1—¢€)cy,
0 ift, =(14+¢)cy

_ flog(y/nay) if dist = Wasserstein
" llog(na,)  if dist € {Kullback, TV, Hellinger}
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Cutoff for Dyson Ornstein Uhlenbeck process

LRandom matrix case

Cutoff for DOU: Random matrix case

B Theorem : Assume that g € {1,2,4}. Let (ay) be such
that inf(a,) > 0. Then for all € € (0, 1)

nll_)IIéo _ sup dist(Law(X/") | P") =
To 6[_anraﬂ]n

max ift, =(1—¢€)cy,
0 ift, =(14+¢)cy

where

log(+/nay) if dist = Wasserstein
C,, —
" log(nay) if dist € {Kullback, TV, Hellinger}

B Proof : OU sandwich (trace Z, matrix M) + dist contract.
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Cutoff for Dyson Ornstein Uhlenbeck process

LRandom matrix case

Cutoff for DOU: Random matrix case

B Theorem : Assume that g € {1,2,4}. Let (ay) be such
that inf(a,) > 0. Then for all € € (0, 1)

nll_)IIéo _ sup dist(Law(X/") | P") =
To 6[_anraﬂ]n

max ift, =(1—¢€)cy,
0 ift, =(14+¢)cy

where

log(+/nay) if dist = Wasserstein
C,, —
" log(nay) if dist € {Kullback, TV, Hellinger}

B Proof : OU sandwich (trace Z, matrix M) + dist contract.
B Cutoff should be controlled by |z§* — p"| instead of |z
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Cutoff for Dyson Ornstein Uhlenbeck process
|—General interacting case

Plan

General interacting case
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Cutoff for Dyson Ornstein Uhlenbeck process
LGeneral interacting case

Cutoff for DOU: general case

B Theorem : Assume that § =0or g > 1. Let (ay) be such
that inf(a,) > 0. Then for all € € (0, 1)

max ift, =(1—¢)c,
0 ift,=(14+¢€)cn

n— 00 0 €= nyan]”

lim sup  dist(Law(X/") | P") = {
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Cutoff for DOU: general case

B Theorem : Assume that § =0or g > 1. Let (ay) be such
that inf(a,) > 0. Then for all € € (0, 1)

lim sup  dist(Law(X/") | P") =

23 €[~ an,an]"

max ift, =(1—¢)c,
0 ift, =(14+¢)cy

_ Jlog(y/nay) if dist = Wasserstein
log(na,)  if dist € {T'V, Hellinger}
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Cutoff for DOU: general case

B Theorem : Assume that § =0or g > 1. Let (ay) be such
that inf(a,) > 0. Then for all € € (0, 1)

lim sup  dist(Law(X/") | P") =

23 €[~ an,an]"

max ift, =(1—¢)c,
0 ift, =(14+¢)cy

Cn—

_ Jlog(y/nay) if dist = Wasserstein
log(na,)  if dist € {T'V, Hellinger}

B Lower bound : Contraction to OU Z
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Cutoff for Dyson Ornstein Uhlenbeck process

LGeneral interacting case

Cutoff for DOU: general case

B Theorem : Assume that § =0or g > 1. Let (ay) be such
that inf(a,) > 0. Then for all € € (0, 1)

max ift, =(1—¢)c,

lim su dist(Law(X/) | P™) =
P (Law(X;) | PT) {0 if t, = (1+€)cn

n—oo ISE[—an,%]n

where

_ Jlog(y/nay) if dist = Wasserstein
" \log(na,)  if dist € {TV, Hellinger}

B Lower bound : Contraction to OU Z

B Upper bound : LSI, regularization, coupling (~ exclusion)
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Cutoff for Dyson Ornstein Uhlenbeck process
|—Genera1 interacting case

Cutoff for DOU : Proof for general case (1/2)

z 2
B Optimal log-Sobolev for P = e~H(2) — ¢ (n!5-+C(2)

1
Kullback(v | P") < %Fisher(u | P™)
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Cutoff for Dyson Ornstein Uhlenbeck process
LGeneral interacting case

Cutoff for DOU : Proof for general case (1/2)

z 2
B Optimal log-Sobolev for P" = e=H(2) — ¢~ (n'5-+C(2)

1 1
Kullback(v | P") < %Fisher(u | P™) = —E/log(f)LfdP”

B Exponential decay

Kullback(Law(X/*) | P™) < e~?*Kullback(Law(XJ") | P™)
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Cutoff for Dyson Ornstein Uhlenbeck process

LGeneral interacting case

Cutoff for DOU : Proof for general case (1/2)

z 2
B Optimal log-Sobolev for P" = e=H(2) — ¢~ (n'5-+C(2)

1 1
Kullback(v | P™) < %Fisher(u | P") = —E/log(f)LfdP”

B Exponential decay
Kullback(Law(X/*) | P™) < e~?*Kullback(Law(XJ") | P™)
B Regularization Y™ of X™ (smoothed Yon’i > X(;z’i = mon’i)

Kullback(Law(Y;") | P") < C(n|zl|?> + n?log(n))e %
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Cutoff for Dyson Ornstein Uhlenbeck process
I—General interacting case

Cutoff for DOU : Proof for general case (2/2)

B Coalescent coupling preserving order Y;"* > X"

dYtnﬂ — \/7(1Ynz¢Xn det + 1 nz n,de;)

TL 7 13 t
At ) v gt
j;éz t T4t
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Cutoff for Dyson Ornstein Uhlenbeck process

LGeneral interacting case

Cutoff for DOU : Proof for general case (2/2)

M Coalescent coupling preserving order Y;"* > X"

dYtnﬂ — \/7(1Ynz¢Xn det + 1 nz n,deg)

dt
yiiaey P D omi gt
j;éz Yt - Yt |
B Coupling control with “Area”
|Law(Y") — Law(X{")|[rv < P(Y{" # X{")
<P(r:=inf{s >0: A7 =0} > t)
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Cutoff for Dyson Ornstein Uhlenbeck process

LGeneral interacting case

Cutoff for DOU : Proof for general case (2/2)

M Coalescent coupling preserving order Y;* > X/"*

dYtnﬂ — \/7(1Ynz¢Xn 4,th + 1 nz n,deg)

dt
yiiaey P D omi gt
Yn v Yn,j
j;éz t t
B Coupling control with “Area”
|Law(Y") — Law(X{")|[rv < P(Y{" # X{")

<P(r:=inf{s >0: A7 =0} > t)

M “Area” A; = 3", (Y/"* — X*") is an AR sort of OU
dA; = —Adt + dM;
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Cutoff for Dyson Ornstein Uhlenbeck process

LGeneral interacting case

Cutoff for DOU : Proof for general case (2/2)

B Coalescent coupling preserving order Ytn’i > th’i

d.}/.tn,Z = (1Yn zan 7,th + 1 n1 n,deZ)

TL 7 ﬁ t
At D) oyt
j;éz Yt - Yt
B Coupling control with “Area”
[Law(Y;") — Law(X})|lrv < P(Y{" # X*)
<P(r:=inf{s >0: A7 =0} > t)
B “Area” Ay =S (V)" X Xt"’i) is an AR sort of OU
dA; = —A.dt + d M,
2
B Doob stopping for submartingale in [0, 1] e M54
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Cutoff for Dyson Ornstein Uhlenbeck process

|—Genera1 interacting case

-2

-3

C™, —log || not convex
Limited exact solvability : spectrum, eigenfunctions
Poincaré, log-Sobolev, cutoff at log(n) ?
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Cutoff for Dyson Ornstein Uhlenbeck process

LGeneral interacting case

Open problems

B Problems

» V : Exactly solvable cases (Hermite/Laguerre/Jacobi)
» V : General strong convex case (Bakry—Emery or KLS)
» Better initial conditions (p"), other distances (Fisher, ...)
» Non-convex interactions (such as planar DOU dynamics)
» Concentration around profile (Aldous, Salez)

B Bibliography
» Dyson, Anderson—-Guionnet—Zeitouni, Erdés—Yau

Voiculescu, Rogers—Shi, Biane

Lassalle, Baker—Forrester

Lachaud, Barrera—Jara

Ané et al, Bakry—Gentil-Ledoux, Villani

Saloff-Coste, Méliot, Lacoin

C.-Lehec, Bolley-C.—Fontbona, Lu-Mattingly

Boursier—C.-Labbé (main reference for this talk)
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Cutoff for Dyson Ornstein Uhlenbeck process

LGeneral interacting case

Leonard Salomon Ornstein (1880 — 1941)
George Eugene Uhlenbeck (1900 — 1988)

On the theory of Brownian Motion
Physical Reviews 36 (5) 823-841 (1930)
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Cutoff for Dyson Ornstein Uhlenbeck process

LGeneral interacting case

Paul Langevin (1872 — 1946)

Sur la théorie du mouvement brownien

Comptes-rendus de |'’Académie des sciences (9 mars 1908)
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