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Dyson Ornstein Uhlenbeck process DOUg

B Interacting particle system X! ..., X" on R

/2 1
.Xon = :1:61, dth = gdBt — ;VH(th)dt

B Configuration energy with Coulomb repulsion (singular)

~ 1 2
H(z)=n)_ V(zi)+BZIOgm__m_, Viz) =
i=1 1<j ? J

B Convergence to equilibrium X" ti> P" x e H2)dy
—00
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Dyson Ornstein Uhlenbeck process DOUg

B Interacting particle system X! ..., X" on R

/2 1
.Xon = :1:61, dth = gdBt — ;VH(th)dt

B Configuration energy with Coulomb repulsion (singular)

~ 1 2
H(z)=n)_ V(zi)+BZIOgm__m_, Viz) =
i=1 1<j ? J

B Convergence to equilibrium X" ti> P" x e H2)dy
—00
LI
e 7o —e 7 [ (@i —2)°
1<g

B We take 3 =0 or B > 1 (preserves order z, < --- < 1)
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Gaussian unitary invariant random matrices

B Random matrix cases € {1,2,4} : matrix OU
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Gaussian unitary invariant random matrices
B Random matrix cases € {1,2,4} : matrix OU
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» Symmetric/Hermitian/Symplectic n x n matrices
Real/Complex/Quaternion off-diagonal entries : RF
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B Random matrix cases € {1,2,4} : matrix OU
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th - EdBt - Mtdt

» Symmetric/Hermitian/Symplectic n x n matrices
Real/Complex/Quaternion off-diagonal entries : RF

M, ti> GOE/GUE/GSE e "Trace(M*)q 17
—00

» Dyson : (spectrum(M,g))tZO 4 DOUg

5/31



Dyson Ornstein Uhlenbeck process
|—’I‘he model

DOU semigroup and generator

B Markov semigroup

E(f(X]) | X3 =z) = (e'Vf)(2)
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B Infinitesimal generator
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DOU semigroup and generator

B Markov semigroup
E(f(X{) | X3 = z) = (e'"f)(z)

B Infinitesimal generator

_VH.
L:A VH -V
n

1 n ) n ) B 1
Y-y (xi)—ﬁzxi_xj}am

=1 1=1 7#1

0y — Og.

_en poU Py %a 0%

@171 z; +2n]‘Z¢i T, — T

B Universality wrt 3 : spectrum, Poincaré, log-Sobolev
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Wigner theorem and semi-circle law : scaling in n

B Empirical measure and exchangeability
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L"I‘he model

Wigner theorem and semi-circle law : scaling in n

B Empirical measure and exchangeability
1 & 1 &
n_ - . n o - 7,1 — pnl
e = Zl 6th,, and Epl, ” Zl P P
1= 1=

B Wigner theorem and semi-circle law

U — Heo = SemiCircle[—+/2[3, /2]

n—oo

B Long-time behavior & mean-field limit (when ug v o)

Hy Hoo
3 3
I
8 8
e - oo> Hoo

t—00
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Mean-field limit and free probability : scaling in ¢

B McKean-Vlasov evolution equation
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Mean-field limit and free probability : scaling in ¢
B McKean-Vlasov evolution equation
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B Cauchy-Stieltjes transform (Im z > 0)
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Mean-field limit and free probability : scaling in ¢
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B McKean-Vlasov evolution equation

0: | e = [ ()naldo)+
B Cauchy-Stieltjes transform (Im z > 0)
_ e (dz)

si(z) = | —~

T —2z

Y

B Complex Burgers equation (take f(z) = -1)

z

atst = S + zazst + Bstazst
B Free OU process and free Mehler formula

Wt = dﬂeft Ho H dllm}loo

B”f@%ﬁ%w

we(dz)us(dy)

B ., = SemiCircle[—/2B, /2] = dil\/ESemiCircle[—2,2]
2
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Numerical experiments

10 |

—-10 +

0 5 10 15 20
n =3, p =0 : confinement and independence (OU)
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Numerical experiments

10 |

—-10 +
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n =3, f =2 : confinement and repulsion (DOU)
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Cutoff for OU : Hellinger distance dist(Law(X;*) | P")

dist

1.0f
08}
06}
0.4:

0.2

1 L L L 1 L L L Il t

_ _ o 18P _ ~
n =50, p =0, BL —1, log(50) ~ 3.91
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Expectation : cutoff phenomenon
B For all € € (0,1)

lim sup dist(Law(X;')|P") =

n—oQ ,n n
T €S

max if ¢, = (1—¢)c,
0 ift,=(1+¢)cy
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Expectation : cutoff phenomenon
M For all ¢ € (0,1)

max if ¢, = (1—¢)c,

lim sup dist(Law(X;')|P") =
0 ift,=(1+¢)cy

N0 gne gy
B Choice of initial conditions S;'
B Choice of distance or divergence dist
B Related/Inspiring

» Brownian motion on compact groups and on spheres
» Exclusion processes on finite sets
» High dimensional OU (discrete or continuous)

B Critical time (guess) : ¢, < log(n)
B Universality with respect to 3
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B With v; = Law(X/*) and p = P"
dist(vi [ ) N\, O
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dist(v | W) = | @ (g2
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Monotonicity
B With v; = Law(X/*) and p = P"
dist(ve ) \, O

t—o00

B Markovianity and convexity : if v < p then

dist(v | W) = | @ (g2

u?—1 if dist = x2

u log(u) if dist = Kullback
%Iu—ll if dist =TV
2(1— /) if dist = Hellinger?

D(u) =

B Fisher and Wasserstein : involve also convexity of V'
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Moments and cutoff

B Moments
n Xn,i k
my(t) E(Zi_l(n ) > EJuku?(du)
B Long-time behavior
p
144 (n—1)
mi(oo) =0 and my(o0) = % ~ g

B Dynamics
mi(t) =e *mi(0) and my(t) = e *my(0)+(1—e **)my(c0)

tk

B Eigenfunctions e*lm, = e %

Ttl(x):imi and Ttg(m):ixf—(l—i-%(n—l))
=1 1=1
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Moments and cutoff

B Moments

B Long-time behavior

my(oo) =0 and my(oo) =
B Dynamics

mi(t) =e ‘mi(0) and my(t) = e 2*ma(0)+(1—e ") ma(co)

L tk

B Eigenfunctions etlm, =e %y

m(z) = Zmi and my(z) = Z:z:z2 —(1+ g(n— 1))
=1 1=1

M log(n) cutoff for E(m;(X;)) : dimension n versus e * decay
14/31
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Cutoff for DOU : processes
B Theorem : Assume that f =0 or 3 > 1 and set

n n
Zy=) XM and Ry=) (XM)=I[X]P
i=1 i=1
Then (Zt),~q ~ OU and (R¢),~, ~ CIR
> Z,, R, = N(0,1), Gamma(2 + %"("271), 2) as t-o0
» RZ|Z. with Z, ~ OUgn when m = n + [3@ eN
B Proof : Stroock—Varadhan local martingale

t
mf Zf(Xt)—f(Xo)—LLf(Xs)ds

t
(M), = JO M(f)(X,)ds, take Lf = —Af, then f € {my, ma)
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Cutoff for OU : Mean-field case

B Theorem : if =0 and |3’Z|—2 = 1 then for all € € (0,1)
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Cutoff for OU : Mean-field case
B Theorem : if f =0 and @ =1 then for all ¢ € (0,1)

max ift, =(1—¢)c,
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n—oo

where
%log(n) if dist = Wasserstein
cn = { log(n)  if dist € {x?, Kullback, TV, Hellinger}
%log(n) if dist = Fisher
B Other initial conditions ?
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Cutoff for OU : General case (Wasserstein)

B Theorem : if 3 =0 then for all ¢ € (0,1)

» if lim, . 25| = oo then cutoff with ¢, =log(|zd) :

lim Wasserstein(Law(X,), P") =
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B Theorem : if f = 0 then for all € € (0,1)

» if lim, . 25| = oo then cutoff with ¢, =log(|zd) :

oo ift,=(1—¢)c,

lim Wasserstein(Law(X,), P") = ]
0 ift,=(1+¢)ey

n—00

» if lim, o |zf| = & € [0,00) then no cutoff : for all ¢ > 0,

lim Wasserstein® (Law(X*), P") = 1+%(a®—1)e 2 —y/1 —

n—oo 2
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Dyson Ornstein Uhlenbeck process

L Non-interacting case

Cutoff for OU : General case (Wasserstein)

B Theorem : if f = 0 then for all € € (0,1)

» if lim, . 25| = oo then cutoff with ¢, =log(|zd) :

oo ift,=(1—¢)c,

lim Wasserstein(Law(X,), P") = ]
0 ift,=(1+¢)cy

n—00

» if lim, o |zf| = & € [0,00) then no cutoff : for all ¢ > 0,

lim Wasserstein? (Law(X"), P") = 1+ (a?—1)e 2t —/1 —e—2¢
t

n—oo 2

B Reminds behavior of second moment my
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[ Non-interacting case

Cutoff for OU : Proof 1/2

If I =AN(w,Z1) and T2 = N(ug, X2) in R® then with m = m; — mao :

XM ITe) = \/ 2z |Z;|zz—i|6%251“"”)‘71251*2?2)’""" —1
17 &142
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Cutoff for OU : Proof 1/2
If F1 ZN(IJ-]_,Zl) and rz =
(ML | Ty) = |22 e3%z (2 ey tor, Hymem
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2Kullback(Ty | o) = 3 m - m + Tr(Z5' 51 —I,) + log det(Z227 1)

Fisher(y | To) = |Z5 mf® + Tr(£;25; — 25,0+ 2;1)
Z 15 mP 4 T (552 (22 — 50)%50Y)
2Wasserstein2(rl, ) = |m\2 + Tr():l +3¥5—2 \/2122\/21)

= |mf + Te((VE — VI2)?)
det(leg) 1
det(i}:“z'z2 ) exp( e

(L1 + Zg)flm . m)

Hellingerz(rl, )=1—



Dyson Ornstein Uhlenbeck process

L Non-interacting case

N(uz2,Z2) in R™ then with m = m; — mo

20/31

Cutoff for OU : Proof 1/2
If r1 ZN(IJ-]_,Zl) and rz =
(ML | Ty) = |22 e3%z (2 ey tor, Hymem
22, — 2257
2Kullback(Ty | o) = 3 m - m + Tr(Z5' 51 —I,) + log det(Z227 1)

Fisher(y | To) = |Z5 mf® + Tr(£;25; — 25,0+ 2;1)
Z 15 mP 4 T (552 (22 — 50)%50Y)
2Wasserstein2(rl, ) = |m\2 + Tr():l +3¥5—2 \/2122\/21)

= |mf + Te((VE — VI2)?)
det(leg) 1
det(i}:“z'z2 ) exp( e

Hellinger® (', ) =1 —
[l —v]lrv < v/2Kullback(v | u)

(L1 + Zg)flm . m)



Dyson Ornstein Uhlenbeck process
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Cutoff for OU : Proof 1/2

If I =AN(w,Z1) and T2 = N(ug, X2) in R® then with m = m; — mao :

2 |Z2| iy T(Ip425; s, -5 mem
) = R - — R 1 72 2 —1
x (R ITe) V 25, — 225,

2Kullback(Ty | o) = 3 m - m + Tr(Z5' 51 —I,) + log det(Z227 1)
Fisher(y | To) = |Z5 mf® + Tr(£;25; — 25,0+ 2;1)
=15 ml? + Tr(Z5% (2 — £1)°50 )
2Wasserstein2(rl, ) = |m\2 + Tr():l +3¥5—2 \/Zl}:g\/}:l)
Zmf + Tr(VZ1 — VZI2)?)

det(leg)
det(Z1122) exP(

[ —v]rv < v/2Kullback(v | 1)

Hellinger® (1, v) < ||u — v||rv < Hellinger(u, v)+/2 — Hellinger(, v)2

Hellingerz(rl, )=1— %(Zl + Zg)flm . m)
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Cutoff for OU : Proof 2/2

If p =0 and X¢' = z5 then X" ~ N(zge ', 1(1—e ")I,) and
—ot

1 | n‘2 e 1
—at)n/2 exp(n Tol _,_efzt) o

X' (Law(X}') | P") = —
Kullback(Law(X/") | P") = %(n|a:0 [Pe™? — ne ' — nlog(l — efzt))

e74t

1—e2

Fisher(Law(X/") | P") = n®|zg|’e > + n”
. 2 n n nlzife® n 12
Hellinger” (Law (X/"), P") =1 —exp(— 17 o5 + 3 log(4m))

Wasserstein® (Law (X;*), P") = 1 + %(I:c(;'Iz —1e ¥ _1—e2
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Melted noise and dimension : dX;* = \/%dBt — X/'dt in R"
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Cutoff for OU : Proof 2/2

If p =0 and X¢' = z5 then X" ~ N(zge ', 1(1—e ")I,) and
2 n 1 np €2
X (Law(X) | PY) = o gy oxp(mlaf gy ) 1
Kullback(Law(X/") | P") = %(n|a:0 [Pe™? — ne 2 — nlog(1 —efzt))

e74t

1—e2

Fisher(Law(X/") | P") = n®|zg|’e > + n”
. 2 n n nlzife® n 12
Hellinger” (Law (X/"), P") =1 —exp(— 17 o5 + 3 log(4m))

Wasserstein® (Law (X;*), P") = 1 + %(Iz&'Iz —1e ¥ _1—e2

Melted noise and dimension : dX;* = \/%dBt — X/'dt in R"
log(n) cutoff for dist(Law(X;*) | P") : n versus e '
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Dyson Ornstein Uhlenbeck process

LRandom matrix case

Cutoff for DOU: Random matrix case

B Theorem : Assume that  €{1,2,4}. Let (a,) be such
that inf(a,) > 0. Then for all ¢ € (0,1)

max ift, =(1—¢)ec,

lim sup  dist(Law(X.) | P") =
fn 0 ift,=(1+¢)cn

N0 i e[—an,an]"
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lim sup  dist(Law(X]) | P") =

N0 i e[—an,an]"
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0 ift,=(1+¢)c,

where

log(v/nay) if dist = Wasserstein
C,, =
" \log(na,) if dist € {Kullback, TV, Hellinger}
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L Random matrix case

Cutoff for DOU: Random matrix case

B Theorem : Assume that  €{1,2,4}. Let (a,) be such
that inf(a,) > 0. Then for all ¢ € (0,1)

lim sup  dist(Law(X]) | P") =

N0 i e[—an,an]"

max ift, =(1—¢)ec,
0 ift,=(1+¢)c,

where

log(v/nay) if dist = Wasserstein
C,, =
" \log(na,) if dist € {Kullback, TV, Hellinger}

B Proof : OU sandwich (trace Z, matrix M) + dist contract.
B Cutoff should be controlled by |z;* — p”| instead of |z
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Cutoff for DOU: general case

B Theorem : Assume that 3 =0or 3 > 1. Let (a,) be such
that inf(a,) > 0. Then for all ¢ € (0,1)

max ift, =(1—¢)ec,

lim su dist(Law(X/) | P") =
P fn 0 ift,=(1+¢)cn

N0 g e[ —an,an]"
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Cutoff for DOU: general case
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log(nay,) if dist € {T'V, Hellinger}

B Lower bound : Contraction to OU Z
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Dyson Ornstein Uhlenbeck process

L General interacting case

Cutoff for DOU: general case

B Theorem : Assume that 3 =0or 3 > 1. Let (a,) be such
that inf(a,) > 0. Then for all € € (0,1)

lim sup  dist(Law(X]) | P") =

N0 g e[ —an,an]"

max if ¢, =(1—¢)c,
0 ift,=1+¢)c,

where

log(v/nay,) if dist = Wasserstein
Cn =
log(nay,) if dist € {T'V, Hellinger}

B Lower bound : Contraction to OU Z
B Upper bound : LSI, regularization, coupling (~ exclusion)
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Dyson Ornstein Uhlenbeck process

L_General interacting case

Cutoff for DOU : Proof for general case (1/2)
B Optimal log-Sobolev inequality

1
Kullback(v | P") < %Fisher(v | P™)
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L General interacting case

Cutoff for DOU : Proof for general case (1/2)

B Optimal log-Sobolev inequality
1 1
Kullback(v | P™) < %Fisher(v | P™) = ) Jlog(f)LfdP"

B Exponential entropy decay

Kullback(Law(X*) | P") < e 2*Kullback(Law(XJ") | P™)
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Dyson Ornstein Uhlenbeck process

L General interacting case

Cutoff for DOU : Proof for general case (1/2)
B Optimal log-Sobolev inequality
1 1
Kullback(v | P™) < %Fisher(v | P™) = ) Jlog(f)LfdP”

B Exponential entropy decay
Kullback(Law(X;*) | P") < e_2tKu11back(LaW(X0”) | P™)
B Regularization Y™ of X" (smoothed Y»* > X = ")

Kullback(Law(Y;") | P") < C’(nl:z:c?l2 +n2log(n))e 2!
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Dyson Ornstein Uhlenbeck process
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Cutoff for DOU : Proof for general case (2/2)

B Coalescent coupling preserving order Y»* > X

< P(inf{s > 0: A} =0} > ¢t)
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Cutoff for DOU : Proof for general case (2/2)

B Coalescent coupling preserving order Y,»* > X/
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B “Area” A; =Y ' (Y — XM*) is an AR sort of OU

dA; = —Adt + d M,
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L General interacting case

Cutoff for DOU : Proof for general case (2/2)

B Coalescent coupling preserving order Y,»* > X/

< P(inf{s > 0: A} =0} > ¢t)

B “Area” A; =Y ' (Y — XM*) is an AR sort of OU
dA; = —Adt +dM;

2
B Submartingale in [0,1] e % (4)
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Dyson Ornstein Uhlenbeck process
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Leonard Salomon Ornstein (1880 — 1941)
George Eugene Uhlenbeck (1900 — 1988)

On the theory of Brownian Motion
Physical Reviews 36 (5) 823-841 (1930)
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Paul Langevin (1872 — 1946)

Sur la théorie du mouvement brownien

Comptes-rendus de |'Académie des sciences (9 mars 1908)
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