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Dyson Ornstein Uhlenbeck process

The model

Dyson Ornstein Uhlenbeck process DOUβ
� Interacting particle system X n ,1

t , . . . ,X n ,n
t on R

X n
0 = xn0 , dX n

t =

√
2

n
dBt −

1

n
∇H (X n

t )dt

� Con�guration energy with Coulomb repulsion (singular)

H (x ) = n

n∑
i=1

V (xi ) + β
∑
i<j

log
1

xi − xj
, V (x ) =

x 2

2

� Convergence to equilibrium X n
t

d−→
t→∞ Pn ∝ e−H (x )dx

e−H (x ) = e−n
|x |2

2

∏
i<j

(xi − xj )
β

� We take β = 0 or β ≥ 1 (preserves order xn < · · · < x1)
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Dyson Ornstein Uhlenbeck process

The model

Gaussian unitary invariant random matrices

� Random matrix cases β ∈ {1, 2, 4} : matrix OU

dMt =

√
2

n
dBt −Mtdt

I Symmetric/Hermitian/Symplectic n × n matrices
Real/Complex/Quaternion o�-diagonal entries : Rβ

Mt
d−→

t→∞ GOE/GUE/GSE ∝ e−nTrace(M
2)dM

I Dyson : (spectrum(Mt ))t≥0
d
= DOUβ
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Dyson Ornstein Uhlenbeck process

The model

DOU semigroup and generator

� Markov semigroup

E(f (X n
t ) | X

n
0 = x ) = (et Lf )(x )

� In�nitesimal generator

L

=
∆−∇H · ∇

n

=
1

n

n∑
i=1

∂2xi −

n∑
i=1

[
V ′(xi ) −

β

n

∑
j 6=i

1

xi − xj

]
∂xi

= ⊕n
i=1 L

OU
xi

+
β

2n

∑
j 6=i

∂xi − ∂xj
xi − xj

� Universality wrt β : spectrum, Poincaré, log-Sobolev
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Dyson Ornstein Uhlenbeck process

The model

Wigner theorem and semi-circle law : scaling in n

� Empirical measure and exchangeability

µnt =
1

n

n∑
i=1

δX n,i
t

and Eµn∞ ∼
1

n

n∑
i=1

Pn ,i = Pn ,1

� Wigner theorem and semi-circle law

µn∞ −→
n→∞ µ∞ = SemiCircle[−

√
2β,

√
2β]

� Long-time behavior & mean-�eld limit (when µn0 −→n→∞ µ0)

µnt µn∞
µt µ∞

t→∞n→∞ n→∞

t→∞
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Dyson Ornstein Uhlenbeck process

The model

Mean-�eld limit and free probability : scaling in t
� McKean-Vlasov evolution equation

∂t

∫
f dµt = −

∫
xf ′(x )µt (dx )+

β

2

∫∫
f ′(x ) − f ′(y)

x − y
µt (dx )µt (dy)

� Cauchy�Stieltjes transform (Im z > 0)

st (z ) =

∫
µt (dx )

x − z

� Complex Burgers equation (take f (x ) = 1
x−z )

∂tst = st + z∂z st + βst∂z st

� Free OU process and free Mehler formula

µt = dile−tµ0 � dil√1−e−2tµ∞
� µ∞ = SemiCircle[−

√
2β,
√
2β] = dil√β

2

SemiCircle[−2, 2]
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Dyson Ornstein Uhlenbeck process

The model

Numerical experiments

n = 3, β = 0 : con�nement and independence (OU)
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Dyson Ornstein Uhlenbeck process

The model

Numerical experiments

n = 3, β = 2 : con�nement and repulsion (DOU)
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Dyson Ornstein Uhlenbeck process

The model

Cuto� for OU : Hellinger distance dist(Law(X n
t ) | P

n)

2 4 6 8 10
t

0.2

0.4

0.6

0.8

1.0

dist

n = 50, β = 0,
|xn
0 |
2

n
= 1, log(50) ≈ 3.91

10/31



Dyson Ornstein Uhlenbeck process

The model

Expectation : cuto� phenomenon

� For all ε ∈ (0, 1)

lim
n→∞ sup

xn
0 ∈Sn

0

dist(Law(X n
tn
) | Pn) =

{
max if tn = (1− ε)cn

0 if tn = (1+ ε)cn

� Choice of initial conditions Sn
0

� Choice of distance or divergence dist

� Related/Inspiring

I Brownian motion on compact groups and on spheres
I Exclusion processes on �nite sets
I High dimensional OU (discrete or continuous)

� Critical time (guess) : cn � log(n)

� Universality with respect to β
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Dyson Ornstein Uhlenbeck process

The model

Some distances or divergences

χ2(ν | µ) = Varµ
(dν
dµ

)
=
∥∥∥dν
dµ

− 1
∥∥∥2
L2(µ)

Kullback(ν | µ) =

∫
log

dν
dµ

dν =

∫
dν
dµ

log
dν
dµ

dµ

Fisher(ν | µ) =

∫ ∣∣∣∇ log
dν
dµ

∣∣∣2dν = 4
∫ ∣∣∣∇√dν

dµ

∣∣∣2dµ
Wasserstein2(µ, ν) = inf

(Xµ,Xν)
E( 1

2
|Xµ −Xν|

2) = sup
fBL

( ∫
Q1(f )dµ−

∫
f dν

)
‖µ− ν‖TV = inf

(Xµ,Xν)
E(1Xµ 6=Xν

) = sup
‖f ‖∞≤ 1

2

( ∫
f dµ−

∫
f dν

)
= sup

A

|ν(A) − µ(A)| = 1

2
‖ϕµ −ϕν‖L1(λ)

Hellinger2(µ, ν) = 1

2
‖√ϕµ −

√
ϕν‖2L2(λ)
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fBL

( ∫
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f dν
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Dyson Ornstein Uhlenbeck process

The model

Monotonicity

� With νt = Law(X n
t ) and µ = Pn

dist(νt | µ) ↘
t→∞ 0

� Markovianity and convexity : if ν� µ then

dist(ν | µ) =

∫
Φ(dνdµ)dµ

Φ(u) =


u2 − 1 if dist = χ2

u log(u) if dist = Kullback
1
2 |u − 1| if dist = TV
1
2(1−

√
u) if dist = Hellinger2

� Fisher and Wasserstein : involve also convexity of V
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Dyson Ornstein Uhlenbeck process

The model

Moments and cuto�
� Moments

mk (t) = E
(∑n

i=1(X
n ,i
t )k

n

)
= E
∫
ukµnt (du)

� Long-time behavior

m1(∞) = 0 and m2(∞) =
1+
β
2 (n−1)

n
∼ β

2

� Dynamics

m1(t) = e−tm1(0) and m2(t) = e−2tm2(0)+(1−e−2t )m2(∞)

� Eigenfunctions et Lπk = e−tkπk

π1(x ) =

n∑
i=1

xi and π2(x ) =

n∑
i=1

x 2i − (1+ β
2 (n − 1))

� log(n) cuto� for E(πk (Xt )) : dimension n versus e−kt decay
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Dyson Ornstein Uhlenbeck process

The model

Cuto� for DOU : processes
� Theorem : Assume that β = 0 or β ≥ 1 and set

Zt =

n∑
i=1

X n ,i
t and Rt =

n∑
i=1

(X n ,i
t )2 = |X n

t |
2

Then (Zt )t≥0 ∼ OU and (Rt )t≥0 ∼ CIR

I Zt ,Rt
d−→ N (0, 1),Gamma

(
n
2
+ β

2

n(n−1)
2

, n
2

)
as t→∞

I R
d
= |Z∗|

2 with Z∗ ∼ OURm when m = n + βn(n−1)
2
∈ N

� Proof : Stroock�Varadhan local martingale

M
f
t = f (Xt ) − f (X0) −

∫ t
0
L f (Xs)ds

〈M 〉t =
∫ t
0
Γ(f )(Xs)ds , take L f = −λf , then f ∈ {π1, π2}
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Dyson Ornstein Uhlenbeck process

Non-interacting case

Plan

The model

Non-interacting case

Random matrix case

General interacting case
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Dyson Ornstein Uhlenbeck process

Non-interacting case

Cuto� for OU : Mean-�eld case

� Theorem : if β = 0 and
|xn
0 |
2

n
� 1 then for all ε ∈ (0, 1)

lim
n→∞dist(Law(X n

tn
) | Pn) =

{
max if tn = (1− ε)cn

0 if tn = (1+ ε)cn

where

cn =


1
2 log(n) if dist = Wasserstein

log(n) if dist ∈ {χ2,Kullback,TV,Hellinger}
3
2 log(n) if dist = Fisher

� Other initial conditions ?
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Dyson Ornstein Uhlenbeck process

Non-interacting case

Cuto� for OU : General case

� Theorem : if β = 0�������
and

|xn
0 |
2

n
� 1 then for all ε ∈ (0, 1)

lim
n→∞dist(Law(X n

tn
) | Pn) =

{
max if tn = (1− ε)cn

0 if tn = (1+ ε)cn

where

cn =

{
log(
√
n |xn0 |)∨

1
4 log(n) if dist ∈ {χ2,Kullback,TV,Hell.}

log(n |xn0 |)∨
1
2 log(n) if dist = Fisher

� Bias versus variance

� β = 0 : µn∞ = N (0, 1
n
In), µ∞ = δ0

� Wasserstein ?
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Dyson Ornstein Uhlenbeck process

Non-interacting case

Cuto� for OU : General case (Wasserstein)

� Theorem : if β = 0 then for all ε ∈ (0, 1)

I if limn→∞ |x n
0
| =∞ then cuto� with cn = log(|x n

0
|) :

lim
n→∞Wasserstein(Law(X n

tn
),Pn) =

{∞ if tn = (1− ε)cn

0 if tn = (1+ ε)cn

I if limn→∞ |x n
0
| = α ∈ [0,∞) then no cuto� : for all t > 0,

lim
n→∞Wasserstein2(Law(X n

t ),P
n) = 1+ 1

2
(α2−1)e−2t−

√
1− e−2t

� Reminds behavior of second moment m2
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0
|) :
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19/31



Dyson Ornstein Uhlenbeck process

Non-interacting case

Cuto� for OU : Proof 1/2
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Non-interacting case

Cuto� for OU : Proof 2/2

If β = 0 and X n
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t =
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dBt −X
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t dt in Rn

log(n) cuto� for dist(Law(X n
t ) | P

n ) : n versus e−t
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Dyson Ornstein Uhlenbeck process

Random matrix case

Cuto� for DOU: Random matrix case

� Theorem : Assume that β ∈ {1, 2, 4}. Let (an) be such

that inf(an) > 0. Then for all ε ∈ (0, 1)

lim
n→∞ sup

xn
0 ∈[−an ,an ]n

dist(Law(X n
tn
) | Pn) =

{
max if tn = (1− ε)cn

0 if tn = (1+ ε)cn

where

cn =

{
log(
√
nan) if dist = Wasserstein

log(nan) if dist ∈ {Kullback,TV,Hellinger}

� Proof : OU sandwich (trace Z , matrix M ) + dist contract.

� Cuto� should be controlled by |xn0 − ρn | instead of |xn0 |
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� Cuto� should be controlled by |xn0 − ρn | instead of |xn0 |
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Cuto� for DOU: Random matrix case

� Theorem : Assume that β ∈ {1, 2, 4}. Let (an) be such

that inf(an) > 0. Then for all ε ∈ (0, 1)

lim
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Cuto� for DOU: general case

� Theorem : Assume that β = 0 or β ≥ 1. Let (an) be such

that inf(an) > 0. Then for all ε ∈ (0, 1)

lim
n→∞ sup

xn
0 ∈[−an ,an ]n

dist(Law(X n
tn
) | Pn) =

{
max if tn = (1− ε)cn

0 if tn = (1+ ε)cn

where

cn =

{
log(
√
nan) if dist = Wasserstein

log(nan) if dist ∈ {TV,Hellinger}

� Lower bound : Contraction to OU Z

� Upper bound : LSI, regularization, coupling (∼ exclusion)
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Cuto� for DOU : Proof for general case (1/2)

� Optimal log-Sobolev inequality

Kullback(ν | Pn) ≤ 1

2n
Fisher(ν | Pn)

� Exponential entropy decay

Kullback(Law(X n
t ) | P

n) ≤ e−2tKullback(Law(X n
0 ) | P

n)

� Regularization Y n of X n (smoothed Y n ,i
0 ≥ X n ,i

0 = xn ,i0 )

Kullback(Law(Y n
t ) | Pn) ≤ C (n |xn0 |

2 + n2 log(n))e−2t

26/31



Dyson Ornstein Uhlenbeck process

General interacting case

Cuto� for DOU : Proof for general case (1/2)

� Optimal log-Sobolev inequality

Kullback(ν | Pn) ≤ 1

2n
Fisher(ν | Pn) = −

1

2

∫
log(f )Lf dPn

� Exponential entropy decay

Kullback(Law(X n
t ) | P

n) ≤ e−2tKullback(Law(X n
0 ) | P

n)

� Regularization Y n of X n (smoothed Y n ,i
0 ≥ X n ,i

0 = xn ,i0 )

Kullback(Law(Y n
t ) | Pn) ≤ C (n |xn0 |

2 + n2 log(n))e−2t

26/31



Dyson Ornstein Uhlenbeck process

General interacting case

Cuto� for DOU : Proof for general case (1/2)

� Optimal log-Sobolev inequality

Kullback(ν | Pn) ≤ 1

2n
Fisher(ν | Pn) = −

1

2

∫
log(f )Lf dPn

� Exponential entropy decay

Kullback(Law(X n
t ) | P

n) ≤ e−2tKullback(Law(X n
0 ) | P

n)

� Regularization Y n of X n (smoothed Y n ,i
0 ≥ X n ,i

0 = xn ,i0 )

Kullback(Law(Y n
t ) | Pn) ≤ C (n |xn0 |

2 + n2 log(n))e−2t

26/31



Dyson Ornstein Uhlenbeck process

General interacting case

Cuto� for DOU : Proof for general case (2/2)

� Coalescent coupling preserving order Y n ,i
t ≥ X n ,i

t

‖Law(Y n
t ) − Law(X n

t )‖TV ≤ P(Y n
t 6= X n

t )

≤ P(inf{s ≥ 0 : An
s = 0} > t)

� �Area� At =
∑n

i=1(Y
n ,i
t −X n ,i

t ) is an AR sort of OU

dAt = −Atdt + dMt

� Submartingale in [0, 1] e−λA−λ
2

2
〈A〉
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�ul�a

Cn , − log |·|
spectrum, eigenfunctions

Poincaré, log-Sobolev, cuto� at log(n)
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General interacting case

Open problems & Selected bibliography

� Problems

I V : Exactly solvable cases (Hermite/Laguerre/Jacobi)
I V : General strong convex case (Bakry�Émery or KLS)
I Better initial conditions (ρn), other distances (Fisher, . . . )
I Non-convex interactions (such as planar DOU dynamics)
I Concentration around pro�le (Aldous, Salez)

� Bibliography

I Dyson, Anderson�Guionnet�Zeitouni, Erd®s�Yau
I Voiculescu, Rogers�Shi, Biane
I Lassalle, Baker�Forrester
I Lachaud, Barrera�Jara
I Ané et al, Bakry�Gentil�Ledoux, Villani
I Salo�-Coste, Méliot, Lacoin
I C.�Lehec, Bolley�C.�Fontbona, Lu�Mattingly
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Leonard Salomon Ornstein (1880 � 1941)
George Eugene Uhlenbeck (1900 � 1988)

On the theory of Brownian Motion

Physical Reviews 36 (5) 823�841 (1930)
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Paul Langevin (1872 � 1946)

Sur la théorie du mouvement brownien

Comptes-rendus de l'Académie des sciences (9 mars 1908)
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