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We recommend that the in class or oral lectures differ from the lecture notes, ideally they should contain
less details and should be focused on the essential aspects, the structure, the culture, and the intuition.
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Chapter 1 (Preliminaries)
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Chapter 2 (Processes, filtrations, stopping times, martingales)
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Chapter 3 (Brownian motion)
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Chapter 4 (More on martingales)
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Chapter 6 (It6 formula and applications)

e Lecture9 (2x1.5h)
Chapter 6 (It6 formula and applications)

e Lecture 10 (2 x 1.5h)
Chapter 7 (Stochastic differential equations)

e Lecture 11 (2x1.5h)
Chapter 7 (Stochastic differential equations)

e Lecture 12 (2x1.5h)
Chapter 8 (More links with partial differential equations)

e Exam

There are also separate excercises sessions (séances de travaux dirigés).
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These are the lecture notes of an introduction course on stochastic calculus, given at Université Paris-Dauphine — PSL, for
second year master students in mathematics!. The prerequisite is a probability theory course based on Lebesgue integral, including
conditional expectation, gaussian random vectors, and standard notions of convergence. The initial version of these lecture notes
was based on a course given by Halim Doss, inspired from the book by Nobuyuki Ikeda and Sinzo Watanabe [20]. The current
version is also inspired in part from the books by Fabrice Baudoin [4] and Jean-Frangois Le Gall [31], and by plenty of other sources.
Some bits are truly original. Beware that these lecture notes are designed to constitute a rich written reference for the live course.
The live course concerns only a strict subpart focusing on intuition, selected for being essential for understanding the concepts and
techniques. At the time of writing, here are the main differences with the written lecture notes by Halim Doss before 2018:

e More on probability basics, uniform integrability, Lebesgue — Stieltjes integral

* More on martingales and local martingales

* More on examples and applications everywhere

* More on history, intuition, link with physics, programming

¢ Properties of Brownian motion, Dubins - Schwarz theorem, Feynman - Kac formula, Langevin processes
* More on semi-martingales, stochastic integral, and It6 formula

These lecture notes do not cover several important topics related to stochastic calculus, such as fine analysis of Brownian motion
: regularity, excursions, zeros, recurrence and transcience, etc, random time change, Euler—Maruyama schemes for numerical
analysis of stochastic differential equations, applications of stochastic calculus to finance, physics, biology, statistics, stochastic
control, and Monte Carlo methods, Malliavin calculus, Stroock-Varadhan support theorems, local times and Tanaka formula,
Schilder large deviation principle, additive functionals : law of large numbers, ergodic theorems, central limit theorems, large
deviation principles, link with entropy and Poisson equation, Doob H-transforms, Friedlin—Wentzell large deviations principle
for perturbation of dynamical systems, Feller branching diffusions, branching Brownian motion, Fisher— Wright diffusion, diffu-
sions with jumps, space/time white noise, Bakry— Emery non-explosion criterion and link with Poincaré, logarithmic Sobolev, and
isoperimetric functional inequalities, diffusions on manifolds, Eyrings- Kramers formula, etc. On the other hand, some topics are
considered in the exams, such as Cox—Ingersoll - Ross and Bessel processes, Lévy area of planar Brownian motion, etc.

There are many other references on the subject. An accessible introduction are the books by Laurence Craig Evans [16] and
by Bernt @ksendal [49]. The books by Richard Durrett [13], Philip Protter [42], and Hui-Hsiung Kuo [28] are also accessible. More
advanced references include the books by Michel Métivier [36], Chris Rogers and David Williams [44, 45], Daniel Stroock and
Srinivasa Varadhan [47], loannis Karatzas and Steven Shreve [24], Daniel Revuz and Marc Yor [43], Jean Jacod [21], Iosif Gikhman
and Anatoli Skorokhod [18], and by Claude Delacherie and Paul-André Meyer [9, 10]. Finally, accessible references with exercises
include the book by Francis Comets and Thierry Meyre [8] (in French) and Paolo Baldi [3] for instance.

Contributors.

e 2018-2021 : Djalil Chafai

e —2018: Halim Doss

Glitches hunters.
e 2023-2024 : Aniss Fares
e 2021-2022 : Pauline Amrouche, Faniriana Rakoto Endor, Justin Salez

* 2020-2021 : Oskar Bataillon, Yi Han, Qiaoyu Luo, Gabriel Moreira-Nogueira, Diego Alejandro Murillo
Taborda, Lyes Tifoun, Walid El Wahabi

* 2019-2020: Oscar Cosserat, Lukasz Madry, Alejandro Rosales Ortiz, Ziyu Zhou

e 2018-2019 : Clément Berenfeld

IMASEF (Mathématiques pour I'économie et la finance) and MATH (Mathématiques appliquées et théoriques).
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Some of the scientists related to Brownian motion and stochastic calculus

Life time Scientist

(1975-) Martin Hairer
(1968-) Wendelin Werner
(1959-) Jean-Francois Le Gall
(1955-) Alain-Sol Sznitman
(1954-) Dominique Bakry
(1953-) Terry Lyons

(1951-) David Nualart
(1949-2014) | Marc Yor

(1947-) Shige Peng

(1947-) FEtienne Pardoux
(1944 -) Nicole El Karoui
(1944-) Jean Jacod
(1942-2004) | Catherine Doléans-Dade
(1940-) S. R. Srinivasa Varadhan
(1940-) Daniel W. Stroock
(1938-) Mark Iosifovich Freidlin
(1938-1995) | Fischer Black
(1935-) Shinzo Watanabe
(1934-) Albert Shiryaev
(1934-2003) | Paul-André Meyer
(1930-) Henry McKean
(1930-2011) | Anatoliy Skorokhod
(1930-1997) | Ruslan Stratonovich
(1927-2013) | Donald Burkholder
(1925-2010) | Paul Malliavin
(1924-2014) | Eugene Dynkin
(1923-2020) | Freeman Dyson
(1916-2008) | Gilbert Hunt
(1915-2008) | KiyosiItd
(1915-1940) | Wolfgang Doeblin
(1914-1984) | Mark Kac
(1911-2004) | Shizuo Kakutani
(1910-2004) | Joseph Leo Doob
(1908-1989) | Robert Horton Cameron
(1906-1970) | William Feller
(1903-1987) | Andrey Kolmogorov
(1900-1988) | George Uhlenbeck
(1896-1971) | Paul Lévy
(1894-1964) | Nobert Wiener
(1879-1955) | Albert Einstein
(1875-1941) | Henri Lebesgue
(1872-1946) | Paul Langevin

(1872-1917)
(1871-1956)
(1870-1942)
(1870-1946)
(1856-1922)
(1856-1894)
(1773 -1858)

Marian Smoluchowski
Emile Borel

Jean Baptiste Perrin
Louis Bachelier

Andrey Markov

Thomas Joannes Stieltjes
Robert Brown
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On ne peut non plus fixer une tangente, méme de fagcon approchée, a aucun point de la trajec-
toire, et C'est un cas ot il est vraiment naturel de penser a ces fonctions continues sans dérivées
que les mathématiciens ont imaginées, et que l'on regarderait a tort comme de simples curiosités
mathématiques, puisque la nature les suggere aussi bien que les fonctions a dérivée.

Jean Perrin (1870-1942), Les Atomes (1913), Chapitre 4, partie 68, [39].

Uhlenbeck’s attitude to Wiener’s work was brutally pragmatic and it is summarized at the end
of footnote 9 in his paper (written jointly with Ming Chen Wang) “On the Theory of Brownian
Motion II” (1945): the authors are aware of the fact that in the mathematical literature, especially
in papers by N. Wiener, J. L Doob, and others [cf. for instance Doob (Annals of Mathematics 43,
351 1942) also for further references], the notion of a random (or stochastic) process has been de-
fined in a much more refined way. This allows [us], for instance, to determine in certain cases the
probability that the random function y(t) is of bounded variation or continuous or differentiable,
etc. However it seems to us that these investigations have not helped in the solution of problems
of direct physical interest and we will therefore not try to give an account of them.

Mark Kac (1914 -1984) about George Uhlenbeck (1900-1988)

in Enigmas of Chance : an autobiography (1984).

This was before the completion of the theory of stochastic processes and stochastic calculus,

its numerical applications, and the rise of nowadays mathematical finance which is based on it.

About Brownian motion across physics and mathematics, the reader may take a look at [23, 48, 12, 38, 7].

“... Ainsi l'intégrale et les processus d’It6, lointains descendants de la théorie de la spéculation de Bachelier, retour-
nent a la spéculation financiere. Ils méritent a tous égards d’étre intégrés dans la culture générale des mathématiciens.”

Jean-Pierre Kahane, Le mouvement brownien.
Un essai sur les origines de la théorie mathématique
Société Mathématique de France, 1998.
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Chapter 0

Motivation

In this introductory course on stochastic calculus, the goal is to define integrals of the form
t
I, = [ X,dYs, t=0,
0

where (X;),;~o and (Y;) ;> are stochastic processes. The result is a stochastic process (I¢) ;.
If we sub-divide the interval [0, f] into [#, f;] U -+ U [t;—1, t,] with 0 = £y and t;,, = ¢, then the hypothetic
quantity I; is naturally approximated by the (random) Riemann sum

n-1

Y Xi(Yy,, -Y:), where X;€([Xy, Xy.,),i=0,...,n—L1

i=0
Following Riemann, Stieltjes, and L. C. Young among others, the convergence of this quantity when n — co
with max; (¢;+1 — ;) — 0 is garanteed when the integrator and the integrand are regular enough. Unfortu-
nately, this does not work for instance when both X and Y are Brownian motion, due to the fact that the
sample paths of this stochastic process are of infinite variation on all finite intervals. The solution found by
Itd is to take advantage of the stochastic nature of Brownian motion and to consider the limit of Riemann
sums in L? or in probability. Taking' X; = X, t; and following this idea leads to what is known as the It0 inte-
gral, for which (I;),>¢ is typically a martingale. This approach remains valid far beyond Brownian motion,
for a remarkable class of integrators called semi-martingales, which are sums of a local martingale and a
finite variation process. There is also a fundamental formula of calculus? called the It6 formula or lemma.
The set of semi-martingales is stable by stochastic integration and by composition with smooth functions.

The It6 integral allows us to define and compute in particular I, when both X and Y are Brownian

motion, and more generally to solve stochastic differential equations of the form

t t
Xt:X0+f U(Xs)stJrf b(X,ds, =0,
0 0

where for instance B = (B;) ;=g is @ Brownian motion, and where ¢ and b are regular enough coefficients,
typically locally Lipschitz, as in the classical Cauchy- Lipschitz theorem for ordinary differential equations.
In the right hand side, the first integral is an Itd stochastic integral which is a limit in probability of Riemann
sums while the second integral is a Lebesgue - Stieltjes integral which is an almost sure limit of Riemann
sums. Both integrals are special cases of the integral with respect to a semi-martingale. We study various
properties of stochastic differential equations, including the strong Markov property, the relation to mar-
tingales and partial differential equations (Duhamel formula), and the relative asbolute continuity of the
distribution of the solutions for different choices of coefficients (Girsanov formulas).

Finally we give a probabilistic interpretation of real Schrodinger operators, known as the Feynman —Kac
formula, and a probabilistic representation of the solution of Dirichlet type problems, due to Kakutani.

Stochastic processes are essential in the modelling of phenomena in physics, computer science, biology,
chemistry, finance, etc. Stochastic calculus is essential in the computation and estimation of distributions
of stochastic objects of interests such as stopping times and solutions of stochastic differential equations.
Beyond utilitarism, stochastic calculus provides also deep and aesthetic mathematics, essential for your
happiness. A great thank you to Kolmogorov, Doob, Lévy, 1t6, and all the others for this wonderful universe.

1Taking )~(,~ = %(X t; + Xt;,,) leads to the Strato(novich) integral, with advantages and drawbacks.
2A smooth function is the integral of its derivative.
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0 Motivation

Q)g) (gt) tzO)[I:D

Unless otherwise stated, the random variables
and stochastic processes considered in this course
are defined on this enormous filtered probability space

and moreover the filtration is complete and right-continuous.
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Chapter 1

Preliminaries

We refer to [14] and to [19] for the essential basic notions of probability theory (and more).

1.0 Sigma-algebras, random variables, and probabilities

A o-field or o-algebra - tribu in French — on a set Q is a collection of subsets «f < 22(Q2) such that

e Qe
e forall Ae of, we have A° € of
e for all at most countable family (A,),, in </, we have N, A, € of

where A° = Q\ A. By combining these properties we also get & € of and U, A, € «/. We say that the couple
(Q, o) is a measurable space. Extreme examples of o-algebras are 22(Q)) and {, Q}.

¢ The intersection of an arbitrary family of o-algebras is a o-algebra.
* The o-algebra generated by a subset of 22(Q) is the n of all the o-algebras containing the subset.
« If Q is equipped with a topology 9, the o-algebra generated by  is called the Borel o-algebra %'.

Amap f:Q — E where (, %) and (E, &) are measurable is measurable when f 1Bye FforallBe &.
A (positive) measure on a measurable space (Q, /) isamap p: of — [0, +o0o] such that

* u@) =0
e forall at most countable family (A;),, of parwise disjoint elements of </, we have p (U, A,) =3, 1(An).

The triplet (Q, o/, ) is a measured space. The measure p is a probability measure when p(Q) = 1, and in this
case the triplet (Q, <, u) is then a probability space.

A random variable X taking values in a measurable space (E, &) is a measurable map defined on a prob-
ability space (Q, o/, P). By default we always assume that there is an underlying probability space (Q, o/, P).

1.1 Expectation and law

If X =14 then E(X) =P(A), by linearity and monotone convergence this allows to define E(X) € [0, +o<]
when X takes its values in [0, +oo]. Next L! is the set of random variables such that E(| X|) < co. If X = X, — X_
then | X| = X, + X_ e L! ifand onlyif X, € L!, and then we have E(| X|) = X; — X_ and E(X) = E(X,) - E(X_).

The law Px of a real random variable X is characterized by
o distribution: Px(B) =P(X ' (B)) for all B € By
e cumulative distribution function: Fx(x) = Px((—oo,x])) =P(X < x) forall x e R

e characteristic function: ¢ x () =Ep, (el’*) = E(e'"X) forall t € R,

IFurther reading: https://djalil.chafai.net/blog/2016/03/21/integration-alpha-et-omega/
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1 Preliminaries

* Laplace transform (when X > 0): Lx(¢) =Ep, (e™"*) =E(e™*X) for all £ > 0.

More generally, for arandom variable X : (Q, o) — (E,%8), thelawPx = PoX lof Xisa probability mea-
sure on (E,28). This infinite dimensional dual functional object is characterized by considering its values
on a sufficiently large family of test functions such as, when (E, 8) = (R, 8), 1(—00,x], X €R, or €', t € R, etc.

1.2 Independence
1. Afamily («f;) ;¢ of sub-o-algebras of «f is independent when for all finite J I and all A; € «f; we have

P(NiesA) = [[P(A).
ie]

2. We say that a family (X;);c; of random variables is independent, X; : (Q, <) — (E;,%;), when the
family of sub-o-algebras (0 (X;));¢; is independent, where

o(X)) = {X;'(B): Be %))
is the o-algebra generated by X;. Thus (X;);¢; is independent iff for all J c I finite,

Px;icj=®iejPx, on ([ Ei ®ic;Bi).
ie]

It follows that if X7, X»,..., X, are real random variables integrable and independent then

n n n
[I1Xiel' and E(]]X:)=]]EX).
i=1 i=1 i=1

1.3 Markov, Cauchy- Schwarz, Holder, Jensen, convergence, Borel - Cantelli, LLN, LIL, CLT, ...

Markov inequality. If U(X) = 0 for a non-decreasing function U then for all r > 0,

E(U (X))

PX=r) =
U(r)

This allows to control tails with moments. Conversely, we can control moments by tails via
o0
E(U(1X]) =U(0) +f U'(0P(X| = ndt.
0

Cauchy - Schwarz inequality. In [0, +o0], with equality if and only if X and Y are colinear,
E(XY) <E(X)2E(Y1H!2.
Hélder inequality. if pe [1,00] and g =1/(1-1/p) = p/(p —1) then, in [0, +o0],
E(XY]) <E(XIP)PEQYIDY.
Jensen inequality. If U : RY — Ris convex and X € L! with U(X) € L! then
UEX) =EU (X)),

moreover when U is strictly convex then equality is achieved only if X is (almost surely) constant. Useful
examples include U(x) = xP, p=1, U(x) = e, ceR, U(x) = +o0ol y<¢ + x10g(x)1 1.

Convergences. Below (X;),,»1, (Yn) =1, X, Y are real random variables on a probability space (Q, </, P),
oflaw u,, vy, ¢, v and cumulative distribution function F,, G, F, G respectively.

Almost sure convergence. We say that X,, = X when

P(lim X,=X)=1
n—oo
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1.3 Markov, Cauchy - Schwarz, Holder, Jensen, convergence, Borel — Cantelli, LLN, LIL, CLT, ...

in other words P({w € Q : lim,,_.» X, (w) = X(w)}) = 1. This is the notion of convergence in the SLLN.

Convergence in probability. We say that X, 2. X when
Ve>0, IlimP(X,-X|=¢€)=0
n—o0

which means that Ve > 0, lim,,_.oo P(fw € Q : | X}, (w) — X(w)| = €}) = 0. This is used in the weak LLN.
p
Mean convergence. For all p € [1,00), we say that X, %, X when

Xel? and lim E(X,-X|")=0.
n—oo

The most useful cases are p € {1,2,4}.

. . . . 1
Convergence in law. The following properties are equivalent and we say then that X, 22X, or X, R U
(convergence in distribution), or u, =5 1 (narrow convergence). This is used in the CLT.

1. lim,—oE(f(Xy)) = E(f (X)) for all bounded and continuous f:R — R
2. limy,_. o E(f(Xp)) = E(f (X)) for all €*° and compactly supported f:R — R

3. Cumulative distribution function. lim,_..E(f (X)) = E(f(X)) for all f = 1(_c0,x With x continuity
point of P(X < ), in other words F;(x) = P(X,, < x) — F(x) =[P(X < x) as soon as F is continuous at x

4. Fourier transform or characteristic function. lim,_... E(f(X,)) = E(f(X)) forall f =el’*, te R
5. Laplace transform. (on R,) lim, o E(f(X,)) =E(f(X)) forall f=e"'*, t>0.

Contrary to the other modes of convergence, the convergence in law does not depend on the law of the cou-
ple (X;, X) and uses only marginal laws. The Fourier and Laplace transforms convert sums of independent
random variables into products, for which the expectation is the product of expectations.

Apart the convergence in law, the other modes of convergence are stable by finite linear combinations.
The almost sure convergence, the convergence in probability, and the convergence in law are stable by com-
position with continuous functions, and this is referred to sometimes as the continuous mapping theorem.

The notions of convergence extend naturally to random vectors by using a distance/norm/scalar prod-
uct, for instance for the characteristic function by replacing it X by i(t, X).

U
L'cv
U
asCv] = [GVinP| = [CVinlaw]

If X is constant then the convergence in law implies the convergence in probability. The convergence in
L! is equivalent to uniform integrability and convergence in probability.
Monotone convergence theorem. If (X},) ,,»1 takes its values in [0, +oo] and  then

E(lim X,) = lim E(X,,) € [0, +oo).
n—oo n—oo
Fatou lemma. If (X,) > takes its values in [0, +oo] then

E(lim X,) < lim E(X,) € [0, +oco].

n—oo n—oo
Dominated convergence theorem. If X, 2% X and sup,, | X, =Y, E(Y) <oo, then
lim E(X,) = E(lim X,,) = E(X).
n—oo n—o00

The dominated convergence is an easy to check criterion of uniform integrability.
1
Scheffé lemma. If X, X € L1, X,, 25 X then X, — X iff E(|X,]) — E(|X]).
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law law

Slutsky lemma. If X, — X and Yy, law Y and Y is constant then (X, Y,;) — (X,Y). In particular

law law law

XV B XY, X+ Yy~ X+Y, X,/ Yy =2 X/ Y if Y #0.
Fubini- Tonelli theorem. Let (Q1, 1, 11) and (Q2, o, 112) two measurable spaces, and let f: Q; x Qo — R
be a measurable function. If f = 0 or if f € L' (u; ® uz) then

ff(X,J/)d(M@Hz)(X,J/) =f(ff(x,y)du1(x))duz(y).

Borel- Cantelli lemma. Let (A,), be events in a probability space (Q2, «Z,[P). We define

{li_mn An =UpNmznAp=1weQ:we A, for nlarge enoughj,

En An =NpUmenAp =1{weQ:we A, for infinitely many values of n}.

We have (lim, A7) = lim, A, and lim,, 14, = lﬁnA

andlim, 14, = Ljim 4,
1. (Cantelli) if ¥ ,,P(A,) < oo then P(lim,, A,) =0
2. (Borel zero-one law) if ¥, P(A,) = oo and the (A,),, are independent then P(lim A,,) = 1.

The Borel - Cantelli lemma is a great provider of almost sure convergence. Note that if X takes its values in
[0, +00] then E(X) < oo implies P(X < co) = 1, and this allows to prove the Cantelli part:

S P(A)=YFls, =EY 14, and {ZlA” =oo}=ﬁAn.
n n n n n

Strong Law of Large Numbers (SLLN). If X € L! and X1, X»,... are i.i.d.? copies of X then, with m = E(X),

Xi+--+Xn as, Xi+--+Xy U
— — m and —— — m.
n n—oo n n—oo

Central limit theorem (CLT). If moreover X € L2, then with o2 = Var(X) = E(X — m)?) = E(X?) — m?,

n(Xi+---+X Xi—-m+---+X,—m
‘/_(;—m)z ! = n nla—w» N(0,1).
no —0o0

Law of iterated logarithm (LIL). Under the assumptions and with the notation of the CLT, almost surely

o n

m( vn (X1+-.-+Xn_m))_ E(Xl_m+...+Xn_m)_l
n—oolg,/2loglog(n) n n—oo V2nloglog(n)o B

and
I ( vn (X1+-~~+Xn )) I (Xl—m+~--+Xn—m) )
im —m||= lim =—
n—oo'0+/2loglog(n) n n—oo* +/2nloglog(n)o
Note that the CLT gives % -m nﬂ 0, which is a weak form of LLN.
—00

1.4 Uniform integrability

For any family (X;);c; < L!, the following three properties are equivalent>. When one (and thus all) of
these properties holds true, we say that the family (X;);¢; is uniformly integrable (u.i.) or equi-integrable4.
The first property can be seen as a natural definition of uniform integrability.

1. (definition of uniform integrability) lim,_ ;.o sup;c;E(1X;|1x,1=7) =0

2Independent and identically distributed, in French “indépendantes et identiquement distribuées”.
3Furtherreading: https://djalil.chafai.net/blog/2014/03/09/de-1a-vallee-poussin-on-uniform-integrability/
“4The terminology comes from the fact that by dominated convergence, we have X € L! if and only if lim; oo E(|X|1 IX|=r) =0.
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1.5 Conditioning

2.

3.

(epsilon-delta criterion) the family is bounded in L! in the sense that

supE(|X;|) <oo

iel
and moreover Ve > 0,36 >0, VA€ &, P(A) <0 = sup;;E(1X;|14) <€

(de la Vallée Poussin® boundedness in LU criterion) there exists a non-decreasing convex U : R, — R,
such that limy_. o, U(x)/x = +oco and such that (U (| X;[)) ;c; is bounded in L namely

supE(U(1X;])) < oco.

iel

Note that this implies boundedness in L!, and is implied by boundedness in L? with p > 1.

Here are examples for uniformly integrable families:

every finite subset of L! is uniformly integrable. In particular if X € L! then there exists a non-decreasing
convex and super-linear U such that U(| X|) € L!, but beware that this U depends on X.

if (X;);¢; is bounded in L” with p > 1 then it is u.i.

if sup;¢;1X;] € L! (domination: |X;| < X e L! for all i € I) then (X;) ;e is u.i.
1
if 9 € {N,R,} and X; }» X eL then (X)) eq, (X1)eg U{X}, and (X; — X) ;c5 are w.i.
—00

if X e L' and X; = E(X | %;) for all i € I for o-algebras (%;);c; then (X;);c; is uniformly integrable.

The notion of uniform integrability leads to a stronger version of the dominated convergence theorem:
for any p = 1, and for any random variables X and (X¢) g, I € {N,R;}, we have

X, Xel” and X, tL—p» X ifandonlyif (X;|”),cq isui.and X, tﬂ» X
— 00 —00

In particular the convergence in probability together with u.i. implies X € L!, which is remarkable!
The dominated convergence theorem corresponds to the special case sup .4 | X;| € L1

1.5

1.

Conditioning

Orthogonal projection in a Hilbert space. Let H be a Hilbert space and F < H be a closed sub-space.
For all x € H there exists a unique y € F, called the orthogonal projection of x on F, which satisfies
one (and thus all) the following equivalent properties:

* (orthogonality) forall z€ F, x— y 1 z namely (x, z) = (¥, 2)

e (variational: least squares) forall z€ F, ||x - y|| < [l x - z|| namely ||x - yH =minger|x—zl.

. Let (Q, «/,[P) be a probability space and & be a sub-o-algebra of of. Let us consider the Hilbert space

H=12(Q, «,P). The set F = L2(Q, %,P) is a closed sub-space of H. If X € H, it is natural to consider
the best (least squares) approximation of X by an element of F, denoted Y. The random variable Y is
the orthogonal projection of X on F, characterized by the following:

Y €1?(Q,%,P) and, for all Z € L2(Q, %,P), E(X - Y|?) <E(X - Z|?).
Using the relation to scalar product, the second property is equivalent to
e forall ZeL?(Q,%,P),E(XZ) =E(Y Z), oreven for all Be &, E(X1g) =E(Y1p).

We denote Y =E(X | &) and we call it the conditional expectation of Y given &. It is the best approxi-
mation in L2 (in a sense least squares) of X by an & -measurable square integrable random variable.

SAfter Charles-Jean Etienne Gustave Nicolas de la Vallée Poussin (1866 — 1962), Belgian mathematician.
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3.

If now X € L1(Q, o7, P), we define by extension Y = E(X | &), areal random variable characterized by

(@ Yell(Q,Z,P)
(b) for all Z bounded and & measurable, E(XZ) =E(Y Z), or forall Be &, E(X1p) =E(Y15).

Proof. Let u be the bounded measure on (QQ, %) defined by yu(B) = E(X1p), Be€ &. Set v = Pg. For
all Be &, if v(B) = 0 then u(B) = 0. From the Radon-Nikodym theorem, there exists a unique Y €
LY(Q, Z,v) such that fB Ydv = u(B), for all B € & in other words E(Y1p) =E(X1p), forall Be &. |

The expectation and the variance of square integrable random variables have a variational interpreta-
tion. Namely if X € L2 then var(X) is the square distance in L2 of X to the sub-space of constants r.v. namely

var(X) = irelug[E((X —0)?) = ilelﬂg([E(Xz) —2¢E(X) + ¢?).

This infinimum is a minimum, achieved for ¢ = E(X), which is therefore the orthogonal projection of X in
L2 on the sub-space of constant random variables, and

var(X) = E((X —E(X))%) = E(X?) - 2E(XE(X)) + (E(X)?) = E(X?) — (E(X))?

which follows in fact from the Pythagoras theorem in L2. More generally we have

var(X) = E(X?) — (E(X))?
= E(X?) - E((E(X | %))%) + E(E(X | #))?) — (E(X))?
=E(var(X | &)) + var(E(X | &))

where var(X | &) = E(X? | &) — (E(X | &))?. Note that by definition of E(X | &),

inf E(X-Y)?)=E(X-EX|%))?
Yio(Y)cF

= E(X?) - 2E(XE(X | %)) + E((E(X | £))?)
= E(X?) —E(EX | #))?)
=E(var(X | &)).

Note that E = E(- | ) where 9 = {&,Q}. The conditional expectation generalizes the expectation and
has all the properties of an expectation, and more. Namely, for all sub-o-algebra & of «:

Linearity. foralla,feRand X,Y € LY, E(aX + BY | &) =abk(X | ZF)+PEY | F)
Independence. If X is independent of & (always the case when X is constant) then E(X | &) = E(X)

Factorization. If X is % -measurable, Y € L!, XY € L!, then E(XY | &) = XE(Y | %), in particular we
recover the “projection property” E(X | &) = X if X € L} (Q, %, P) which is the case when X is constant

Composed “projections” or “tower property”. For all sub-c-algebras %,% with ¢ c & and all X e L,
EEX|F)19) =EEX|9)|F)=EX|9),

and in particular for all X € L, EE(X | %)) = E(X), and if X is constant then E(X | &) = X.

Normalization. E(1q | &) = 1 (follows from some of the properties above)

Positivity or monotonicity. For all X,Y e L, if X < Y then E(X | &) < E(Y | &%), or equivalently for all
Xellif X=0thenE(X|%)=0.In particular for all X € L

IE(X | ) <E(X]||F)
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« Convexity. Jensen inequality: for all non-negative convex U : R -~ Rand all X e L!,
UEX|F)<EUX)|Z).

In particular, for all p € [1,00), |E(X | #)|P < E(|X|P | &). Moreover for all X € LP and Y € L7 with
1=sp,g<oo,1l/p+1/g=1(q=p/(p-1)),wehave the Holder inequality

[EXY | 9)| < ®(1XI17 1 2)PE(Y T )19,
The Cauchy-Schwarz inequality corresponds to the special case p = g =1/2

* Monotone convergence. If X;, =0, X,, /' X, X € L!, then E(X,, | &) / E(X | &). This allows to define
E(X | &#) for all non-negative random variable X taking values in [0, +oco].

Theorem 1.5.1. Transfer or the meaning of being measurable.

fT:Q— (F&)are Y :Q — (R, %) and random variables then Y is o(T) measurable if and only if
there exists g: (F,%) — (R, %r) measurable such that Y = go T.

Proof. f Y =14 for Ae o(T), then A= T~1(B) for some B € &, and therefore Y = 150 T. If Y = ¥ ;¢; a;ly,
with [ finite and A; = T"}(B;), B; € &%, then Y = (¥;c; a;1p,) o T. The property is thus satisfied when Y is
a step function. Now, if Y is non-negative and o(T) measurable, then there exists a sequence (Y},),, of step
functions, o(T) measurable, such that ¥, /' Y, and Y, = g, o T. By setting g = limg,, we get Y = go T.
Finally, if Y is just 0 (T) measurable, then it suffices to write Y = Y, — Y_. [ |

Let X € L1(Q, of,P) and let T : (Q, «f) — (F, %) be a random variable. The conditional expectation of X
given T, denoted E(X | T), is defined by E(X | T) = E(X | o (T)). It is characterized by the following properties:

1. There exists g : (F, %) — (R, Bg) with E(X | T) = g(T) and g(T) € L!
2. Forall h: (F.%) — (R, %Br) measurable and bounded,

E(Xh(T)) =Eg(D h(T)).

If X € L? then, thanks to the transfer theorem (Theorem 1.5.1), the conditional expectation E(X | T) is
the best approximation in L? (least squares!) of X by a measurable function of 7.

For a probability space (Q, %,P), an event A € &, and a sub-o-algebra of < &, the quantity P(A | of) =
E(1a | &) is a random variable taking its values in [0,1]. Similarly, conditioning with respect to an event
makes sense in the sense that E(X | A) = E(X |14 =1), and

E(X1,4) E(X1 4c)
EX 110 = = La+ 5o 1o
=E(X|1a=D14+EX|14=0)14.

Finally, when X and Y take their values in an at most countable set then

E(X|Y)=F() where F(y)=EX|Y=y) :ZxIP’(X:xI Y=y).

Remark 1.5.2. Conditional expectation as averaging of residual randomness.

Let X and Y be random variables defined on a probability space (Q,%,P), and let </ be a sub-o-
algebra of &. If X is independent of « and if Y is «/-measurable, then, using the monotone class
theorem, for all &-measurable and bounded or positive f:R x R — R, we get

Ef(X,Y) ) =E(f(X,Y)|Y)=g(Y) where g(y)=E(f(X,y).

This suggests to interpret intuitively the conditional expectation as an averaging of residual random-
ness, and not only as the best approximation in the sense of least squares.
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Let X and Y be two random variables taking values in the measurable spaces (E,&) and (F, %) respec-
tively. The conditional law of X given Y is a family (N(y,-)),p of probability measures on (E, &), in other
words a transition kernel, such that for all A€ &, the map y € F— N(y, A) € [0,1] is measurable, and for all
bounded (or positive) measurable test function h: E — R,

E(h(X)|Y) = [E h(x)N(Y,-).
For all y € F, we also say that N(y,-) is the conditional law of X given Y = y, in other words
E(h(X) Y =y) =fEh(x)N(y, ).

In particular P(X € A|Y) = N(Y, A) for all A€ &. We sometimes speak about disintegration of measure.
The random variables X and Y are independent if and only if N(y,-) does not depend on y in the sense
that for almost all y € F, N(y,-) = Px where Py is the law of X.
If (X, Y) has Lebesgue density fx y then X and Y have densities fx = [ f(-, y)dy and fy = [ f(x,-)dx and
the conditional law Law(X | Y = y) has density fxy=y = fx,v(x,y)/ fy (¥), in such a way that

fx,v(x,¥) = fxiy=y(X) fy ) = fx(X) fy1x=x(3).

1.6 Gaussian random vectors

Arandom vector X = (Xi,..., X;;) of R" is a Gaussian random vector when every linear combination of its
components is Gaussian, namely for all ay, ..., @, € R the real random variable a; Xj +: - -+ a, X}, is Gaussian.
Let X be a random vector with mean vector and the covariance matrix

m=EX) = EX),....EX,) and T = (E(X; - m)Xe = M) 1 pen

Then X is Gaussian iff its characteristic function is given for all ¢ € R” by
ox(t) = [E(eitX) — eltm—3(E61)

We denote this law A4 (m, X). Beware that when n = 1, we denote X = ¢2.
We say that A(0, 1) is the standard Gaussian.
The law A (m, X) has a density iff X is invertible, given by

exp( — %(Z_l (x—m),x— m))
Vv (2m)"det(X)

otherwise A (m, X) is supported by a strict sub-vector space of R".
If (X3,..., X5) is a Gaussian random vector, then X;,..., X, are independent iif X is diagonal.
IfZ~AN0,1,) and meR?and A€ Mg, [R) then AZ ~ N (m, AAT) is a Gaussian random vector of RY.

xeR"—

Coding in action 1.6.1. Simulation.

Write a Python? or Julia? program for the simulation of a sample of A’ (m, Z) knowing m and X. What
is the best way to reduce to the one-dim. case? What is the best way to find A such that AAT = X2

“https://en.wikipedia.org/wiki/Python_(programming_language)
bhttps://en.wikipedia. org/wiki/Julia_(programming_language)

1.7 Bounded variation and Lebesgue - Stieltjes integral
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1.7 Bounded variation and Lebesgue - Stieltjes integral

Definition 1.7.1. p-variation of a function on a finite interval.

Let [a, b] R be a finite interval. For all p = 1, the p-variation of a function f : [a, b] — Ris defined by
1/p
71 =(s0P 1 o) = £ (1017) ™ € 10,00
ko k

where the supremum runs over all finite partitions or sub-divisions of the interval I namely the finite
sequences (fr)o<k<, in [a@, bl suchthatn=0and a=ty <--- < ty41 = b.

® || fll1-var is called sometimes the total variation of f

e if f: [a, b] — R has finite 1-variation, we say that f has finite variation or is of bounded variation

e if f: [a, b] — Ris of bounded variation then f is bounded (the boundedness of [a, b] plays a role here).

e if f: [a, b] — Rif of bounded variation and is differentiable with integrable derivative then

b
||f||1—var:f |f,(t)|dt.

* if f is continuously differentiable then f has bounded variation and the latter holds true.

Theorem 1.7.2. Representation of bounded variation functions on a finite interval.
Let [a, b] <R be a finite interval. For all f: [a, b] — R, the following properties are equivalent:

1. fis of bounded variation

2. f is the difference of two positive increasing functions [a, b] — R.

Such a decomposition is not unique in general.

Proof. 1= 2.Let f be a function of bounded variation on [a, b]. For all ¢ € [a, b], let

n—1
F(t)=sup Y_ |f(tx+1) — f(20)]
5 k=0

where the supremum runs over the set of partitions or sub-divisions 6 : a=tp <--- <ty =tof [a,t], n=ns =
1. Now F is increasing (and bounded) by definition. It suffices now to show that G = F — f is increasing. We
observe that for all #; < £, in [a, b], we have F(t1) + f(t2) — f(f1) < F(t1) + | f (£2) — f(t1)| < F(t2), and thus

G()—G(t)=F(t) - f(t) —F(t)) + f(t) = 0.

2= 1. If f and g have bounded variation on [a, b], then it is also the case for f — g. On the other hand, if f
is monotonic on I then it is of bounded variation since for all sub-divisiona=f)<---<t,=b, n=1,

n—1
Y 1f(tke) = FED =1 D) - f(a)l
k=0

The notion of bounded variation is used for the Lebesgue — Stieltjes integral in stochastic calculus.
Theorem 1.7.3. Lebesgue - Stieltjes integral of continuous finite variation integrators.

Let [a, b] < R be a finite interval. Let f : [a, b] — R be right continuous and of bounded variation.
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Then there exists a unique finite signed Borel measure p ron([a, bl, %,4,p) such that

pr(ah) =0, and forall ¢ € [q, b], ura,tl) = f)—f(a.

It is customary to denote duy = d f, and for all measurable g : [a, b] — R, positive or in Li(|u D,

b
f g(Odf () =fgduf.
a

Moreover, for all bounded and continuous g : [a, b] — R, and for all sequence (§,),»; of partitions or

sub-divisions of [a, b], , : a = (()”) <o < tﬁ,’[i =b, m, =1, withlim,_ maxk(tl(c’i)1

- t,(cn)) =0, we have
b
fu gdf(n = ,}i_f,{}o;g(t,(cn))(f(t,(c’fl) - FE™).

Furthermore, h: t € [a,b] — h(t) = [, ; g(s)df(s) is continuous and of bounded variation, and yj =
gur in other words dh () = g(£)d f (1), in the sense that for all bounded and measurable k: [a, b] — R,

b b t b
fk(t)dh(t):f k(t)df g(s)df(s):f k(ngndf(r).
a a a a

In particular when f(¢) = ¢ forall > 0 then on all [, b] < [0, 00), the measure uy is the Lebesgue measure
and for all measurable g : R, — R which is locally bounded or positive, we have, for all ¢ =0,

t t
fo g(s)df(s) = f gdy = fo g(s)ds.

Theorem 1.7.3 is used in stochastic calculus with f(f) = V;(w), t = 0, and for almost all fixed w € QQ where
V = (Vy);»0 is a finite variation process, for instance V = (M) where M is a continuous local martingale. In
particular when M = B is Brownian motion then V; = t is deterministic and we recover the example above.

Theorem 3.2.1 says that Brownian motion has a.s. sample paths of infinite variation on any interval. In
particular the assumptions of Theorem 1.7.3 are not satisfied when f(¢) = B;(w), t € [a, b] < [0, +00).

Proof. First part. Theorem 1.7.2 gives f = f; — f- where f. = 0 are bounded and increasing. This reduces
the problem to the case where f is increasing and p is a positive Borel measure. In this case, the result
follows from the Carathéodory extension theorem (Theorem 1.8.5). Note: ur is unique even if f. are not.

Second part. Forall n =1, set g(”) (a) = gla),andforall € (a, b], g(”) (») = g(t](cn)) ifte (t,(cn), tl(chlr)1] for some
k €10,...,m, —1}. Then g is measurable, we have lim,, .., g (t) = g(#) for all t € [a, b], and moreover
Sup,, SUPseq.p) FRRIGIES SUP ¢4, |8(2)] < co. By dominated convergence in L(Jul), we obtain

b
> g™ (f? - fe)) = f g"duy — f gduy = f g(Odf (o).
k a

Note that if g is measurable and not continuous, then g’ — g as n — oo, almost everywhere on [a, b],
which is suitable for the Lebesgue measure but not necessarily for the measure || which is of interest here.
Third part. First of all, for all s € [a, b], we have py . = tflia,s-

S
f g(f)df(f)ngdﬂflm,ﬂ =fg1[a,sldﬂf-
a

The continuity of & follows now by dominated convergence. For the 1-variation, we write
Xt = el = Y [ 1geidiiy] = [ Tgidingl <o
k k

Finally, to prove the formula, it suffices to check it for k = 1/, for c € [a, b]. This writes uj(c) — up(a) =
[5g(tdu (1) = h(c) — h(a), which is the definition of . Note that by construction we have h(a) = 0. |
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1.8 Monotone class theorem and Carathéodory extension theorem

Remark 1.7.4. Riemann - Stieltjes - Young integral.

Following L.C. Young, it can be shown that if f, g : [a, b] — R are continuous with f of finite p-var.
and g of finitie g-var. with 1/p +1/g > 1, then the Riemann - Stieltjes integral is well defined:

b My
,[f“mﬂﬂ=£@§:ﬂ#%g@ﬁrguﬁ»
a OOk:()

where (8,) > is an arbitrary sequence of partitions of [a, b], 6, a=1t) <--- < by, = b, m, = 1.

1.8 Monotone class theorem and Carathéodory extension theorem

Definition 1.8.1. n-systems and A-systems.

* We say that € < 22(Q)) is a m-system when AnBe 6 forall A,Be ¥

* We say that ¥ c 22(Q)) is a A-system (or monotone class or Dynkin6 system) when

- UpApe & forall (Ay), suchthat A, c A,y and A, € F forall n
- A\Be & forall A, B €. such that B c A.

Named after Eugene Dynkin (1924 -2014), Soviet and American mathematician.

Basic examples of m-systems are given by the class of singletons {{x} : x € R} U {&}, the class of product
subsets {A x B: A, B € 22(Q)}, and the class of intervals {(—oo, x] : x € R}.

A basic yet important example of A-system is given by {A € o : P(A) = Q(A)} where P and @ are proba-
bility measures on (Q, o), see Corollary 1.8.4 for an application.

Lemma 1.8.2. o-algebras.

A A-system that contains Q and which is a 7-system is a o -algebra.

Note that conversely, a o-algebra is always a 7-system, but not a A-system in general, due to the second
property of A-systems which is not necessarily valid for a o-algebra when A # Q.

Proof. If a A-system ¥ < P(Q2) contains Q2 and is a 7-system then for all A, B € . we have
AUB=Q\((Q\A)N(Q\B)),

which means that .7 is table by finite union. This allows to drop the non-decreasing condition in the stabil-
ity of . by countable union, which simply means finally that .# is a o-algebra. |

Theorem 1.8.3. Dynkin 7-1 Theorem.

If & < 22(Q) is a A-system containing Q and including a 7-system 4,
then . contains also the o-algebra o(¥) generated by €.

Proof. The A-system generated by a subset of 22(Q) is by definition the intersection of all 1-systems which
include this subset. This intersection is not empty since it contains (1), and we can check that it is a
A-system. It is the smallest (for the inclusion) A-system containing the initial subset of 22(Q).

Let #' be the A-system generated by € and Q. It suffices to show that %’ is a o-algebra. For that, and
thanks to lemma 1.8.2, it suffices to show that #’ is a w-system. To do so, let us define

F={Ac S :AnBe &+ forall Be 6},
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which is a A-system including Q and containing €, hence 4 ¢ .%’, and thus % = %'. Now,
S ={Ac S :AnBe ¥ forall Be .&#"}
is a A-system containing Q and including % and thus % = ', hence .%’ is a n-system. |

Corollary 1.8.4. Sierpiniski“ - Dynkin (functional) monotone class theorem.

“Named after Wactaw Sierpinski (1882 -1969), Polish mathematician.

1. For all probability measures P and @ on a measurable space (Q, «7), if P(A) = Q(A) forall A€ €
where € is a n-system such that 0 (€) = o/, then P = Q

2. Let H be a vector space of bounded measurable functions (Q, «/) — (R, %) such that

(a) H isstable by monotone convergence namely if (f3),, is a sequence in H such that f,, /" f
pointwise with f bounded then f € H

(b) H contains constant functions namely 1 € H, is stable by product namely if f,g € H
then fg € H, and contains all 1 4 for all Ain a n-system % on Q such that 0(¥¢) = «

then H contains all o/ -measurable bounded functions Q — R.

Note that H is an algebra in the sense that it is a vector space stable by product.
The second statement can be seen as some sort of Stone — Weierstrass theorem of measure theory.

Proof.
1. Take &# ={A€ o/ :[P(A) = Q(A)} and use Theorem 1.8.3.

2. Take ¥ ={A€ of :14 € H} and use Theorem 1.8.3.

Theorem 1.8.5. Carathéodory extension theorem.
Let Q# 9, of c22(Q), and pu: of — R,. Let 0(A) be the o-algebra generated by <. If

1. Qe

\S)

. (stability by complement) for all A € of, we have A°=Q\ A€ of

w

. (stability by intersection) for all A, B € o/, we have AN B € «f
4. pis o-additive and o-finite

then there exists a unique o-additive measure pey on (Q, 0(A)) such that ey = (L on &

Proof. See for instance [4]. The uniqueness can be deduced from Corollary 1.8.4. |
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Chapter 2

Processes, filtrations, stopping times, martingales

A stochastic process or process is a family of random variables X = (X;);»o, indexed by a parameter
t € R, interpreted as a time, defined on a probability space (Q2, %,[P), and taking values in some measurable
space (G, 98). By default a process takes real values. In general G is a metric space, with distance denoted d,
complete, separable, and 43 is its Borel o-algebra.

2.1 Measurability

The natural filtration of a process (X;) ;»q is the increasing family (%) ;> of sub-o-algebras of & defined
forall r =20by %; =0(X;:0 < s < t). More generally, an increasing family (%;) ;> of sub-o-algebras of & is
called a filtration. For a given filtration (%;) ;o on (Q, %,[P), we say that the process X is...

¢ real when G = R in other words X takes real values (this is the default in this course)

e d-dimensional when G = R? in other words X takes its values in R%, d > 1

e issued from the origin when X, = 0 (makes sense when G is a vector space)

e adapted when for all £ =0, X; is &; measurable
* measurable when forall £ =0, (s,w) € [0, ] x Q — X(w) is Bo,;] ® ¥ measurable
* progressive when for all £ = 0, (s,w) € [0, ] x Q — X(w) is Bjo,;) ® F; measurable

* right-continuous (respectively left-continuous, continuous) when for almost all w € Q, the sample
path t € R, — X;(w) € G is right-continuous (respectively left-continuous, continuous)

e square integrable when for all 7 > 0, E(X?) < 0o

* boundedinL”, p = 1, when sup ;..o E(| X|P) < oo
* bounded when there exists a finite C > 0 such that almost surely, sup,. X/ < C

* locally bounded when for almost all w € Q and all ¢ = 0, SUPeo,1 | Xs(@)| <00

* of finite variation when almost surely ¢t — X; is of bounded variation on all finite intervals of R,
equivalently is the difference of two positive increasing processes, see Theorem 1.7.2

¢ Feller continuous when x — E(f(X;) | Xo = x) is continuous for all = 0 and bounded continuous f.

Theorem 2.1.1. Progressive o-field and progressive processes.

1. The family &2 of all A € & ® %R, such that the process (w, t) — 1(,1eca is progressive is a o-field
on Q x R, called the progressive o-field. Moreover the following properties hold:

e Forall AcQxR,,wehave Ac & ifand onlyifforall t=0, An(Qx [0, f]) € F; ® B0, 1.

* A process X = (X;);»0 is progressive if and only if it is measurable with respect to the
progressive o-algebra & on Q x R, as arandom variable X : (w, 1) € Q x Ry — X;(w)
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2 Processes, filtrations, stopping times, martingales

2. If X = (Xy) >0 is adapted right-continuous or left-continuous defined on a filtered probability
space (Q,%,(%:)=0,P) and taking its values in a metric space (E, d) equipped with its Borel
o-algebra, then X is progressive. In particular continuous adapted implies progressive.

Proof.

1. Exercise

2. We give the proof in the right-continuous case, the left-continuous case being entirely similar. For all
n=1,t>0,se€|0,t], we define the random variable

X7 =

xp,, ifselk—De/nkt/in), 1<k<n,
Xy ifs=t.

Since (X;) ;s is right-continuous, it follows that X;(w) = lim, ., X'(w) for all > 0 and s € [0, ¢] and
all w € Q. On the other hand, for every Borel subset A of E,

(@9 €Qx(0,1: X! € A} = (X € A} x AU U (Xiwrn € A} x [k =D/, Kt/ m)).
k=1

Since (X;),»¢ is adapted, this set belongs to &; ® %o ;. Therefore, for all n = 1, the function (w, s) €
Q x [0, #] — X!'(w) is measurable for &; ® %y ;;. Now a pointwise limit of measurable functions is
measurable, and therefore the function (w, s) € Q x [0, t] — X;(w) is also measurable for &; ® Ao, 4,
which means, since ¢ > 0 is arbitrary, that (X;),5( is progressive.

A process X = (X;) ;s taking its values in R? can be seen as a random variable taking its values in the
“path space” 2 (R,, R%) of functions from R, to R4. The measurability is for free if we equip 22 (R, R4) with
the o-algebra o/ i re) generated by the cylindrical events

fePR,RY: f(t)€D,..., f(ty) € I}

where n = 1, f,...,t; € Ry, and where I, ..., I, are products of intervals in R? of the form Hle(ai,bi].
Unfortunately 22 (R,, R?) is so big that Ap , ge) turns out to be too small, and does not contain for instance
events of interest such that {f € Z(R,,R%) : SUpPyeo,1; f (1) <1}

We focus in this course on continuous processes. This suggests to consider € (R, R%) and the o-algebra
Ao r, re) generated by the cylindrical events {f € € (R,,RY): fael,..., f(ty) e l;twheren=1, f,...,th €
Ry, n=1, I,...,I, are products of intervals in R4 of the form H?:l (ai, bi]l. We have then the following:

Theorem 2.1.2. What a wonderful world.
On € (R,,R%), the following o -algebras coincide:
* o-algebra o, ra) generated by the cylindrical events

* Borel o-algebra %, g, re) generated by the open sets of the topology of uniform convergence
on compact intervals of R,.

Proof. Take d = 1 for simplicity. It can be shown that % (R, R?) equipped with the distance

o0

dif,g =) 27"(1A max |f(2) - gD
-1 te(0,n]

n

is a Polish space in other words a complete and separate metric space, and the associated topology is the
one of uniform convergence on compact subsets of R... First we have the inclusion </, g Ri) © Ber, R
since the o-algebra <4 R, g) is generated by the cylinders

{(feERL,R): f(t)) <ay,...,f(ty)<anp}, n=1lt,...,t,€Ry,ay,...,a,€R,
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2.1 Measurability

which are open subsets. Conversely, for all g € €(R;,R),all n=1,and all r >0,
{fe€R:,R): tlel%(?)r(t] If(®) = gD =1} =Nteqnio,mif € €R,R): | f(2) —g(D)] =1}
belongs to <4 g, ), and since these sets generate By g, ra), We get or, gty = BeR,R)- |

Theorem 2.1.3. Continuous processes as random variables on path space.
Let X = (X;) ;>0 be a continuous d-dimensional process defined on (Q, %,P). Let Q' € & such that
PQ) =1and Q' c {X. € €[R,,R)}. Then the map X|q : w € Q' — X.(w) € € (R4, R?) is measurable
with respect to the o-algebras &' = {FNQ': A€ o/} and By, pa)-

Proof. Let us consider an arbitrary cylindrical event

F={fe€R+,RY: f(t1) € I1,..., f(tn) € I},
wheren=1, ty,...,t;, € R, and I1,..., I are product of intervals as H?Zl(ai, b;l. Then
QniX.eF=Q'n{X, €,... X, eI} e F.

Now B, re) is generated by cylindrical events (Theorem 2.1.2). |

Remark 2.1.4. Equality of processes, modification and indistinguishability.

Two processes X = (X;);»9 and Y = (Y;);>o defined on the same probability space (Q, %,P) are indis-
tinguishable when for almost all w € Q the sample paths ¢ — X;(w) and ¢ — Y;(w) coincide, namely

PVt=0:X;=Y) =1.

There is a weaker notion in which the almost sure event depends on time, namely we say that Y is a
modification of X if for all £ = 0 the event Q; = {w € Q: X;(w) # Y;(w)} is negligible, in other words

Vi=0:P(X;=Y) =1.

If X and Y are continuous then the two notions of indistinguishable and modification coincide.

If X = (X0 and Y = (Y;),5 are two processes taking values in R? with same finite dimensional
marginal distributions, in the sense that forall n = 1 and all 11, ..., f; € R,, the random vectors (X;,,..., X;,)
and (Y, ..., Y;,) have same law in (R%)", then X and Y have same law as random variables on the path space
(P R,, R),dg(&w)). The following theorem provides a sort of converse, stated when d = 1 for simplicity.

Theorem 2.1.5. Kolmogorov extension theorem.

Foralln=1landall te R" withO<# <--- < t,, let uy4,.;, be a probability measure on R”. Let us
assume the following consistency condition:

e foralln=1,treR*withO<t <---<t,,andall A;,..., A,,_1 € Bgr, we have

By, (AL X o x A1 xR =gy g (A X oo X Ap_q).

Then there exists a unique probability measure p on the path space (Z?([R;,R), Zz g, r)) such that
foralln=1,all te R" withO<t; <---<t,,and all A;,..., A,, € B, we have

Wwe € A, Tr, € Ap) = Uy, 1, (A1 X -2+ X Ap),

where 7;:(w) = ws, namely 7 : w € 2(Ry,R) — w; e Rforall £ = 0.
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2 Processes, filtrations, stopping times, martingales

Proof. For a cylindrical event Ay, (B) = {f € 2[R4,R) : (f(t1),..., f(ty)) € B} where n = 1, t € R" with
0<1f <--- <ty and where B € %n, we define (B) = .., (B). This makes sense thanks to the consis-
tency condition. Note that we could drop the ordering on the coordinates of ¢ by defining uy, ....¢, = U),.... 10
where (1) < -+ < {(y) is the reordering. Moreover u(2?(R,,R)) = 1. Since the set of cylinders satisfies the as-
sumptions of the Carathéodory extension theorem (Theorem 1.8.5), and generates the o-algebra Zz g, r),
it remains to show that u is a o-finite measure, which is the difficult part of the proof. See instance [4]. W

2.2 Completeness

Contrary to discrete processes, continuous processes lead naturally to measurability issues.

In a probability space (Q, &, P), we say that A < Q is negligible when there exists A’ € & with A< A’ and
P(A") = 0. We say that the (Q, %,P) is complete when % contains the negligible subsets of Q.

A filtration (%) ;9 on (Q, %,P) is complete when %, contains the negligible subsets of &.

Completeness emerges naturally via almost sure events which are complement of negligible subsets.

Theorem 2.2.1. Measurability of running supremum from completeness.

Let (X) ;>0 be a continuous process defined on a probability space (Q, %,P) and taking values in a
topological space E equipped with its Borel o-field &. Let f : E — R be a measurable function.

* If (Q,#,P) is complete then sup g ;; f(X;) is measurable for all > 0.

* If Xis adapted with respect to a complete filtration (F;) ;o then (supe o, f (X5)) ., is adapted.

Proof. Let Q' € & be an almost sure event on which X is continuous. Set S; = sup g ;1 f(X5).
e Forall t=0and A€ &, we have

Q'n{S;eAl=Q'n{ sup f(Xy)eAleZ,
s€[0,t]NQ

while (Q\ Q") n{S; € A} c Q\ Q' is negligible and thus belongs to & by completeness of (0, #,P).

e Same argument as before with %; instead of &.

The notion of completeness is relative to the probability measure P. There is also a notion of universal
completeness, see [9], that do not depend on the probability measure, but we do not use it in these notes.

2.3 Stopping times

Definition 2.3.1. Stopping time.

Amap T:Q — [0,+00] is a stopping time or optional time for a filtration (%;) ;¢ on (Q, %,P) when
{T <t} € Z; for all £ = 0. All constant non-negative random variables are stopping times.

Contrary to discrete time filtrations, the notion of stopping times for continuous time filtration leads
naturally to the notions of complete filtration and right continuous filtration.

In a probability space (Q,%,P), we say that A c Q is negligible when there exists A’ € & with Ac A’
and P(A') = 0. A filtration (%;);>¢ on (Q, %, P) is complete when %, contains the negligible subsets of &, in
particular all almost sure events. We say then that (Q, %, (%) =0, P) is a complete filtered probability space.

Theorem 2.3.2. Hitting times as archetypal examples of stopping times.

Let X = (X¢) ;>0 be a continuous and adapted process on a probability space (Q, %,P) with respect to
a complete filtration (¥;) ;=o, and taking its values in a metric space G equipped with its Borel o -field.
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2.3 Stopping times

Then, for all closed subset A c G, the hitting time T4 : Q — [0, +00] of A, defined by
Ta=inf{t=0:X;€ A},

with convention inf@ = +o0, is a stopping time.

For instance T}, = Tjp,00) = inf{t =2 0:|X;| = n} when G = R4,

Proof. Let Q' be the almost sure event on which X is continuous. On Q’, since X is continuous and A is
closed, we have {t = 0: X; € A} = {t = 0: dist(X;, A) = 0}, the map ¢ = 0 — dist(X;, A) is continuous, and the
inf in the definition of T4 is a min. Now, since X is adapted, we have, for all ¢ = 0,

Qn{Tas3=0'n [ X;cAeF,
se[0,1]1NQ

where we have also used the fact that Q' € %, for all ¢t > 0 since (%;),~( is complete. On the other hand,
Q\Q)N{Ty <t} <« Q\ Q' is negligible, and belongs then to &, for all ¢ = 0 since (%) ;»( is complete. |

We say that a filtration (%;) ;5 is right-continuous when %; = %;+ for all t = 0 where

Fir = Free = Fs.

>0 s>t

Theorem 2.3.3. Stopping times: alternative definition.

If T:Q — [0,+00] is a stopping time with respect to a filtration (%) ;5 then {T < t} € &, forall t = 0.
Conversely this property implies that T is a stopping time when the filtration is right-continuous.

Proof. If T is a stopping time then for all £ = 0 we have

{(T<ty=J(T=st-1InteF,

n=1
(note also that {T =t} = {T < } n{T < 1} € &;). Conversely {T < t} € N>+ Fs = Fy4 since for all s> ¢,

{T<t= ﬁ{T<(t+1/n)/\s}€95.

n=1

This can be skipped at first reading.

The following generalizes Theorem 2.3.2 to hitting times of arbitrary measurable subsets by proges-
sive processes, at the price of assuming right continuity of the filtration in addition to completeness.

Theorem 2.3.4: Hitting times are stopping times reloaded.

Let X = (X¢);>0 be a progressive process defined on a probability space (Q2, %,P) equipped
with a right continuous and complete filtration (%;);s¢, and taking its values in a measurable
space G. Then for all measurable subset A c G, the hitting time T4 : Q — [0, +oo] defined by

Ta=inf{t =0: X; € A},

with convention inf@ = +oo, is a stopping time.

\.

Example of progressive processes include adapted right-continuous processes.
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2 Processes, filtrations, stopping times, martingales

Proof. The debut Dp of any B € & ® 9B(R, ) is defined for all w € Q by
Dp(w) =inf{t=0: (w, t) € B} € [0, +c0].

If B is progressive, then Dj is a stopping time (this is known as the debut theorem). Indeed, for all
t =2 0 the set {Dp < t} is then the projection on Q of {s € [0, 1) : (w, s) € B}, which belongs to 8(R.) ® %;
since B is progressive. Since the filtration is right-continuous and complete, this projection® belongs
to ;. Now {Dp < t} € &, for all ¢t = 0 implies that Dp is a stopping time since the filtration is right
continuous (Theorem 2.3.3). Finally it remains to note that T4 = Dp with B = {(w, t) : X; € A}, which
is progressive as the pre-image of R; x A by the map (w, t) — X;(w) (recall that X is progressive). W

4See [9, Th. IV.50 page 116]. This is related to a famous mistake made by the French Henri Lebesgue (1875 -1941) on the
measurability of projections of measurable sets in product spaces, that motivated the Russian Nikolai Luzin (1883 - 1950)
and his student Mikhail Yakovlevich Suslin (1894 — 1919) to forge the concept of analytic set and descriptive set theory.

Remark 2.3.5. Canonical filtration.

It is customary to assume that the underlying filtration is right-continuous and complete. For a given
filtration (%;),>¢, it is always possible to consider its completion (0¢) ;59 = (0 (A UZF})) 59 Where
A is the collection of negligible subsets of &. It is also customary to consider the right-continu-
ous version (0;4) o, called the canonical filtration. A process is always adapted with respect to the
canonical filtration constructed from its completed natural filtration.

From now on and unless otherwise stated we make the “canonical assumption”:
we assume that the underlying filtration is complete and right-continuous.

Remark 2.3.6. Subtleties about righ-continuity of filtrations.

The natural filtration of a right-continuous process is not right-continuous in general, indeed a
counter example is given by X; = tZ for all ¢ = 0 where Z is a non-constant random variable, since
0(Xp) = {2,Q} while 0(Xy+r : € > 0) = 0(Z) # 0(Xp). However it can be shown that the completion
of the natural filtration of a “Feller Markov process” —including all Lévy processes and in particular
Brownian motion —is always right-continuous.

Theorem 2.3.7. Stopping times properties.

Let S, T, and Ty, n = 0 be stopping times for some underlying filtration (¥;) ;> on an underlyning
probability space (Q, %, P). Then:

1. the following family is a o-algebra called the stopping o -algebra:

Fr={AcF Vt=20,An{T < t} € F;}.
Moreover the stopping time T is &r-measurable

2. X = (X;) ;0 is adapted then the stopped process X' = (X;»7) ;=0 is also adapted. Moreover

xT)S = xSAT = (x$)T
3. if (X;) ;=0 is adapted and progressive and if T is a.s. finite then X = (X;x7) ;s is progressive
4. if X = (X;) ;>0 is adapted and right-continuous then Z = X717« is #7-mesurable
5. if S< T then s c Fr
6. SAT and Sv T are stopping times and in particular Fsar < Fsyr
7. if (%) =0 is right-continuous then lim | T), and ﬁn T, are stopping times and

mnng = ginfn Ty
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2.3 Stopping times

Proof. The proof of the first three items are left as exercises.
4. Let B€ B and ¢ = 0. Then we have:
{ZeBIn{T <t} ={Xrrr € B}n{T < ¢}.
Now we consider the composition of measurable maps:
W€ (Q,F)— (gw) A t,w) € ([0,1] x Q2,PBjo1] ® F1) — Xow)ar(w) € (R, BR)
and we use the fact that X is progressive.
5. f Ae Fsthen,forallt =0, AnN{T<tl=An{S<n{T <t} e %, hence Ae Fr.
6. Forall =0 we have

{SAT>8={S>tn{T>t}eF;, and {SvT=t={S<tIn{T<tleZF,.

7. It suffice to show that sup,, T,, and inf,, T}, are stopping times. But

fsupTp,<ti=np{Tp<tte&F; and {iIr}an<t}=un{Tn<t}€9t
n

and therefore
{ir’%an <t}= mDO{irr}an <t+eleF =F;.

Let Ae Ny &r,. Then
Am{irr}an <tl=U,An{T, < t} € F;.

Therefore
AN {ll'r}an <tle gm_ = 9[.

Remark 2.3.8. Truncation via cutoff stopping times for continuous processes.

Truncation is an important tool in probability theory, and allows for instance to prove the strong law
of large numbers for i.i.d. integrable random variables by reduction to the case of more integrable
random variables. This tool is also available for stochastic processes, and its version with cutoff stop-
ping times has the advantage of keeping the martingale structure (Doob stopping, Theorem 2.5.1).
Let X = (X¢) ;>0 be adapted. For all n we introduce the “truncation” or “cutoff” stopping time

T, =inf{t =0:|X;| = n},
which takes its values in [0, +oo0]. We have T, < Ty, for all n. If X is continuous then almost surely®.

T, / +oo.

n—oo

Still if X is additionally continuous then almost surely and for all n =1 and all £ = 0,

| XeaT,| < nlxg<n + 1 Xol1 Xy > n-

If Xy = 0 then the process | X '»| is bounded by 7 for all n = 1. This is useful in this course®.

9Indeed, almost surely, either the trajectory of X is bounded then T, = +oo for large enough n beyond a (random)
threshold, or the trajectory of X is unbounded and then by definition of being continuous and unbounded we have T, /
+00 as n — oo. Without continuity Xy could take arbitrary large values near a finite time forcing (75),, to be bounded.

bLocalization is efficient for continuous processes issued from the origin. If X is discontinuous and in particular if it is
a discrete time process, then, due to a possible jump at time Ty, we could have | X7, | > n even if Xp = 0 and n is large.

21/142



2 Processes, filtrations, stopping times, martingales

2.4 Martingales, sub-martingales, super-martingales

We restrict for simplicity to continuous martingales/sub-martingales/super-martingales. But many of
the results remain actually valid for right-continuous martingales/sub-martingales/super-martingales.
The notion of martingale implements the idea of updating with a conditionally independent ingredient.

Definition 2.4.1. Martingales, sub-martingales, super-martingales.

Let X = (Xy) ;>0 be areal adapted and integrable process in the sense that for all ¢ = 0, X; is measur-
able for %, and X; € L!. Then, when

* E(X;| %) = X, forall £ =0and all s € [0, £], we say that X is a sub-martingale,
* E(X;|F;) =X forall t=0and all s € [0, f], we say that X is a martingale

o E(X;|F;) < X;forall t=0and all s € [0, £], we say that X is a super-martingale.

These three notions can be seen in a sense as a probabilistic counterpart of the notions of increasing
sequence, constant sequence, and decreasing sequence in basic classical analysis.

* For a sub-martingale, t — E(X;) grows and in particular E(X;) = E(Xp) forall =0

» For a martingale, t — E(X;) is constant, namely E(X;) = E(X,) for all £ = 0. It is a conservation law

* For a super-martingale, t — E(X;) decreases and in particular E(X;) < E(Xp) for all £ = 0.

The set of martingales is the intersection of the set of sub-martingales and the set of super-martingales.

A super-martingale or sub-martingale is a martingale if and only if its expectation is constant along time.

Being a martingale for a given filtration is a property stable by linear combinations.

If M is amartingale and if (£,) .5 is a strictly increasing sequence of times then the sequence of random
variables (My,) .., is a discrete time martingale. We will try to avoid using discrete time martingales, but we
will sometimes discretize time, notably to handle stopping times, which is roughly the same. The theory of
discrete time martingales is similar to the theory of continuous time martingales that we develop here and
comes with very similar theorems. In this course, most stochastic processes are in continuous time, and
when we say “continuous process/martingale/etc”, we mean that the process has continuous sample paths.

Example 2.4.2. Martingales.

1. If Y € L! then the process (X;);»o defined by X; = E(Y | &) for all ¢ = 0 is a martingale with
respect to (%) ;¢ known as the Doob martingale or a closed martingale. It is uniformly inte-
grable. Corollary 4.4.5 provides a sort of converse (u.i. martingales are closed)

2. If (X¢) >0 is amartingale and if ¢ : R — R is convex and such that ¢(X;) € L! forall £ = 0, then by
the Jensen inequality for conditional expectation, (Y;);>o = (¢(X;));>( is a sub-martingale for
the same filtration. In particular (| X¢|) =0, (Xf) and (eX) =0 are sub-martingales

=0’

3. If (X;) =0 is a sub-martingale and if ¢ : R — R is convex and non-decreasing such that ¢ (X;) € L!
for all ¢ = 0, then by the Jensen inequality for condition expectation, (Y;) ¢ = (¢(X¢)) ;5o is a
sub-martingale for the same filtration. In particular (e*) ;> is a sub-martingale

4. Amartingale X = (X;) ;s is also a martingale for its natural filtration (o (Xs: s € [0, £])) =0

5. If (E;) ;> are independent and identically distributed exponential random variables of mean
1/A, then, for all ¢ = 0, the number of these random variables falling in the interval [0, #] is
N; =card{n = 1: E, € [0,t]}. It is known that the counting process (N;);»¢ has independent
and stationary increments of Poisson law, namely foralln=1and 0=ty <--: < ¢, the random
variables Ny, — Ny,...,N;, — N, _, are independent of law Poi(A(f; — %)),...,Poi(A(t; — ty-1)).
We say that (N) ,»¢ is the simple Poisson process of intensity 1. Now for the (natural) filtration
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2.5 Doob stopping theorem and maximal inequalities

(F1) =00 Fr=0(Ns:0<s<1),and for all ceR, the process (IN; — ct) ;»¢ is a sub-martingale if
¢ < A, amartingale if c = A, and a super-martingale if ¢ > A. Namely, forall0 < s < ¢,

E(N;—ct|Fs) =E(N;— Ns—c(t—5s)+ Ns;—cs| Fs)
=E(N;—Ng)—c(t—8)+Ns—cs
=A-0c)(t—s)+Ns;—cs.

This process is not continuous, but has right-continuous and left limited trajectories (cadlag®).

6. If (IVy) ;>0 is the simple Poisson process of intensity A as above, then, forall0 < s < t,
[E(eN,—ct | 93) — eNS_Cs[E(eN‘_NS)e_C(t_s) — eNS—csexl(t—s)(e—l)—c(t—s).
It follows that for the natural filtration of (N;) ;»¢, the process (e™:=¢%),, is a sub-martingale if

¢ < A(e—1), amartingale if c = A(e—1), and a super-martingale if ¢ > A(e—1). We often say that
(eNi=¢") 50 is an exponential (sub/super-)martingale.

7. The Brownian motion (B;),>o of Chapter 3 has independent and stationary Gaussian incre-
ments: foralln=>=1and 0=ty <--- < 1, the random variables B;, — By, ..., B;, — B;, , are inde-
pendent of law A (0, t; — tp),..., A (0, t;, — ty—1). Thus the process (B;) ;> is a martingale for its
natural filtration, indeed, forall0 < s < ¢,

E(B; | &) =E(B;— Bs + B | %) = E(B; — Bg) + Bs = Bs.

This process has continuous trajectories. Moreover and similarly, for all ¢ € R, the process
(B2 —c1) />0 18 @ sub-martingale if ¢ < 1, a martingale if ¢ = 1, and a super-martingale if ¢ > 1.
The key is to use the decomposition B; = (B; — Bs)? +2B; B, — B2. We can also study the process
eB1=¢! and seek for a condition on ¢ to get a martingale, and we speak about an exponential
martingale. For simplicity, most of the martingales encountered in this course are continuous.

%Continu a droite avec limites a gauche.

2.5 Doob stopping theorem and maximal inequalities
Stopped martingales are martingales, and the conservation law extends to stopping times:

Theorem 2.5.1. Doob* stopping theorem.

“Named after Joseph L. Doob (1910-2004), American mathematician.

If M is a continuous martingale and T : Q — [0, +o0] is a stopping time then M T— (MiaT) =0 iS @
(continuous) martingale, namely for all = 0 and s € [0, ¢], we have

Mar el and E(Mar| %) = Mgar.

Moreover, if T is bounded, or if T is almost surely finite and (M¢r7) > is u.i., then

Mrell and E(My)=EM,).

%For instance dominated by an integrable random variable, or even bounded by a constant.

In practice, the best is to retain that (M, 1) ;> is @ martingale. We have lim;_.oo MTAt1T<co = MT17T<00
a.s. When T < oo a.s. we could use what we know on M and T to deduce by monotone or dominated
convergence that this holds in L, giving E(M7) = Elim/—co Mia1) = lim;.oo E(Msa1) = E(Mp). Theorem
2.5.1 states that this is automatically the case when T is bounded or when M7 is w.i. Furthermore, if M7 is
u.i. then it can be shown that M, exists, giving a sense to Mt even on {T = oo}, and then E(M7) = E(My).
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2 Processes, filtrations, stopping times, martingales

Proof. Let assume first that T takes a finite number of values #; < --- < t,;. Let us show that Mt € L! and
E(Mr) = E(My). We have My = ZZ:I My 7=y € L!, and moreover, using {T = f;} = (Ui.:ll{T =N e Fy
and the martingale property E(M;, — My, , | %;,_,) =0, for all k, we get

n

E(M7) = E(Mo) +E( Y E(My, — My, | Fy Mrsg,) = E(Mo),
k=1

Suppose now that T takes an infinite number of values but is bounded by some constant C. For all n = 0,
we approximate T by the piecewise constant random variable (discretization of [0, C])'

n k
Tp=Cly=c+ Z tely <7<, Where f= tnykZC;.
k=1

This is a stopping time since it takes discrete values and for all m =0,

e F ifmeg{t:1<k<n}
{(T,=m}=<{T=CleFc ifm=C
(T<t)n{iT<tfleF, ifm=t,1<sk<n

where we used the fact that {T =t} ={T < t}n{T < t}*={T < t}In NR AT >r-1/rteZF forall t=0.

Since T}, takes a finite number of values, the previous step gives E(M7,) = E(Mp). On the other hand,
almost surely, T, — T as n — oo. Since M is continuous, it follows that almost surely M, — Mt as n — oo.
Let us show now that (Mr,) .., is uniformly integrable. Since for all n = 0, T}, takes its values in a finite set
f <+ < by, < C, the martingale property? and the Jensen inequality give, for all R > 0,

E(MrT, |11 My, 1=R) = Z[E(|Mtk|1|Mtk\2R,Tn:tk)
k
= E(EWMc | FiI) M, |=2R,T,=1)
k
<) E(E(IMc]| | F 1) M, 2R T, =11)
k
= Z[E(IMCII|M,k|zR,Tn:zk)
k
=E(McI1py, 12R)-
Now M is continuous and thus locally bounded, and M¢ € L!, thus, by dominated convergence,
supE(IMr, |11 my,,1>R) < E(IMclsup g ¢ IM1=R) — O.
n . R—o0

Therefore (Mr7,) .., is uniformly integrable. As a consequence

a.s.
lim MT

n—oo n

=Mrel!' and EM7)= r}im E(M7,) = E(Mo).
—00

Let us suppose now that T is an arbitrary stopping time. For all 0 < s < t and A € &%, the random
variable S = s1 4+ t1 4 is a (finite) stopping time, and what precedes for the finite stopping time t A T A S
gives MiaTas € L and E(M;r1rs) = E(Mp). Now, using the definition of S, we have

E(Mo) =E(Mia1as) = EQAAMsar) + EQ acMipaT) = EQ AMsaT — MinT)) + E(MiAT).

Since E(Ma1) = E(Mp), we get E((MaT — Msa7)14) = 0, namely the martingale property for (Ma7) t0-
Finally, suppose that T < co a.s. and (Ma7) ;=0 is u.i. The random variable M7 is well defined and

lim;—..o MiaT = Mt a.s. because M is continuous. Furthermore, since (M 1) ;>0 is U.i., it follows that Mt €

L! and lim; .o, M;x7 = M7 in L!. In particular E(M,) = E(Mn7) =lim;—oo E(MiaT) = E(M7). [ ]

1By using dyadics, we could define T}, in such a way that T, \, T, giving M T, — M7 pointwise when M is right-continuous.
2Tt also works for non-negative sub-martingales.
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2.5 Doob stopping theorem and maximal inequalities

Example 2.5.2. Example of application of Doob stopping theorem.

Let (My) ;>0 be a continuous martingale, a < b, and T = inf{t = 0 : M; € {a, b}} the hitting time of the
boundary of [a, b]. Suppose that M) takes its values in [a, b] and that T is almost surely finite®. Then
on the one hand, we have the equation P(Mt = a) + P(Mt = b) = 1. On the other hand, by definition
of T the process (M;rT) =g is bounded and thus u.i. and the Doob stopping theorem (Theorem 2.5.1)
gives then x = E(My) = E(M7) = aP(Mt = a)+ bP(Mt = b). It follows by combining the equations that

b—x X—a
P(Mr=a)=—— and P(Mp=Dhb)=
b—a b—a

(note that x € [a, b]). This holds in particular for Brownian motion started from x € [a, b], and by
using an exponential martingale, it is then even possible to compute the Laplace transform of T.

“Holds for BM B with By =0 € (a, b) since P(T =o00) <P(T > t) <P(B; € (a,b)) = P(VtZ € (a,b)) — 0 as t — co.

Coding in action 2.5.3. Gambler’s ruin.

Physically Brownian motion and the simple symmetric random walk are the same, it is just a matter
of scale. Fix a = b in Z. Write a code to plot on the same graphic multiple trajectories of such a
random walk started from various values of x € [a, b] and stopped when it reaches a or b. Could you
verify numerically the formulas of Example 2.5.2? And mathematically?

Remark 2.5.4. Counter example with an unbounded stopping time.

If M is a continuous martingale with M, = 0, then, for all a > 0, T, = inf{t > 0: M; = a} is a stopping
time, but it cannot be bounded since this would give 0 = E(My) = E(M7,) = a > 0, a contradiction!

The following variant of the Doob stopping is useful in many applications.
Theorem 2.5.5. Doob stopping theorem for sub-martingales.

If M is a continuous sub-martingale and S and T are bounded stopping times such that S< T, Mg €
L!, and M7 € L!, then E(Mg) < E(M7).

Proof. We proceed as in the proof of Theorem 2.5.1, by assuming first that S and T take their values in the
finite set {f1,..., t,} where f; < --- < t,,. In this case M7 and Mg are in L! automatically. The inequality S< T
gives 1s>; < 175, for all ¢. Using this fact and the sub-martingale property of M, we get

n n
Y E(Mi,— My, | Fi ) Lson ) SEMo)+E( Y E(My, — My, | F, ) rsr,) = E(My).

E(Ms) = E(Mp) + [E(
k=1% k=1

=0

More generally, when S and T are arbitrary bounded stopping times satisfying S < T, and at least when M
is a non-negative sub-martingale, we can proceed by approximation as in the proof of Theorem 2.5.1. N

This can be skipped at first reading.

Theorem 2.5.6: Doob stopping theorem for non-negative super-martingales

If M is a continuous non-negative super-martingale and S and T are stopping times such that
S<T,then MseL! and M7 € L' and E(Ms) = E(M7 | &), in particular E(Ms) = E(M7).

When S and T are bounded we recover Theorem 2.5.6 in the special case where M < 0.

Proof. See for instance [31, Theorem 3.25 pages 64 —65]. Note that since M is a non-negative super-
martingale, it is automatically bounded in L! since 0 < E(M;) < E(M,) forall £ = 0. |
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2 Processes, filtrations, stopping times, martingales

The following theorem allows to control the tail of the supremum of a martingale over a time interval
by the moment at the terminal time. It is a continuous time martingale version of the simpler Kolmogorov
maximal inequality for sums of independent and identically distributed random variables.

Theorem 2.5.7. Doob maximal inequalities.

1. If M is a continuous martingale or non-negative sub-martingale then forall p=1, r=0, 1 >0,

_EQM, )

IP’( maXIMSIZA) I

s€[0,1]

2. If M is a continuous martingale then for all p > 1 and ¢ = 0,

p
[E( maX|M5|p)S(L) E(JM;|”) in other words
s€[0,] p—-1

max | M|

p
= 1Ml -
s€[0,] p p-1

In particular if M; € LP then M} = maxge(o,s | M| € LP.

Notethat g =1/(1—-1/p) = p/(p —1) is the Holder conjugate of p in the sense that 1/p+1/q = 1.
The Doob inequality is often used with p = 2, for which (p/(p —1))? = 4.

Proof. We can assume that the right hand side is finite (M; € LP), otherwise the inequalities are trivial.

1. If M is a martingale, then by the Jensen inequality for the convex function u € R — |u|”, the process
|M|P is a sub-martingale. Similarly, If M is a non-negative sub-martingale then, since u € [0, +0c0) —
u” is convex and non-decreasing it follows that M” = |M|P is a sub-martingale. Therefore in all cases
(IM;]P) seq0,¢ is @ sub-martingale. Let us define the bounded stopping time

T=tAinf{s=0:|M| = A}.

Since M is continuous we have |My| < max(|Myl|, 1) and thus My € L!. The Doob stopping Theorem
2.5.5 for the sub-martingale |[M|P and the bounded stopping times T and ¢ that satisfy T < t gives

E(IM7|P) < E(1M;[P).
On the other hand the definition of T gives

IM71P 2 AP Imaxeio  IMa1z4 + M Imaxo 1M <2 2 AP Tmaxeo n 1M021-
It remains to combine these inequalities to get the desired result

2. We first reduce to the case where M satisfies maxe(o, s |Ms| € LP. To do so, we introduce for all n > 1
the truncation or localization stopping time® T, = inf{s = 0: | M| = n} . By the Doob stopping theorem
(Theorem 2.5.1), the process (M;aT,) s€[0,1] is a martingale. Moreover, since M is continuous, we have
the domination |[Msa7,| < Mol A 1, and since M; € L gives M, € L”, we obtain maxe(o, s |MsaT,| € LP.
The desired inequality for the dominated martingale (Msa1,) oo,y Would give

p
|E( m(&)l)[(] |Ms/\Tn|p) < (Ll) [E(lMt/\Tn|p);

NS

and the desired result for (M) [, would then follow by monotone convergence theorem as n —
oo since then |Msat,| / | M| for all s € [0, ¢]. Thus this shows that we can assume without loss of
generality that sup o , |Ms| € LP. This is our first martingale localization argument!

By using the proof of the first item with p = 1 and decomposing M, as we did for M, we get

EXAM ;N max e, 1M,122)
A

P(max |[Ms|=A) <
s€l0,¢]

3Since we are only interested by the time interval [0, 1], we could take At which makes the stopping time bounded.
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2.5 Doob stopping theorem and maximal inequalities

for all A > 0, and thus

oo oo
AP~IP(max | M| = 1)dA sf AP72E( M1 Imax,o  [Mo|=2) A
0 s€[0,1] 0 ’

Now the Fubini-Tonelli theorem gives
maXseo,r | Msl

1
AP71dA = ZE(max | M;|P).

o0
f AP_IP(maleSIZA)dA=Ef
0 s€[0,1] 0 p selo

and similarly (here we need p > 1)
% p-2 1 p-1
f AP 2E(M | mas oy 111,120))dA = ——E(IM,| max |M,[P~Y).
0 ' p-1 s€[0,]

Combining all this gives

E(max | M,|”) < —P—E(M, max [M,|"~}).
s€[0,1] p-1 s€[0,1]

But since the Holder inequality gives
p-1
E(IM;| max | M,|P~") < E(1M,|")"'PE(max [M;|P) 7,
s€0,1] s€[0,17]

we obtain

E(max |M;|?) < —2

p-1
——E(IM, ") PE(max | M,|P) 7 .
s€(0,1] p-1 5€(0,1]

Consequently, since E(maxgeg 1 | Ms|P) < oo, we obtain the desired inequality.

Example 2.5.8. A consequence of Doob maximal inequality.

Let (M}) ;¢ be a continuous martingale bounded in L?, p > 1, namely

Cp, =supE(|M;|”) < co.
20

It follows that M is u.i. But the Doob maximal inequality says more. Namely, by Theorem 2.5.7, for
all £ =0, E(maxge(o,s) |Ms|P) < Cp,. The monotone convergence theorem gives then

E(sup|M;|P) < C) < co.
20

Therefore, almost surely sup;.q1M;| < co. In other words M has almost surely bounded trajectories.
Beware however that the bound is random and may depend on the trajectory.

The following version of Doob maximal inequality is useful for some applications.
Theorem 2.5.9. Doob maximal inequality for super-martingales.

If M is a continuous super-martingale, then for all # =0 and A > 0, denoting M~ = max(0, —M),

E(Mo) +2E(M;)

IP(max IMSIEYL)S N

s€[0,1]

In particular when M is non-negative then E(M ™) = 0 and the upper bound becomes E(Mg)/A.

This can be skipped at first reading.

Proof. Let us define the bounded stopping time
T=tAinf{s€ [0, t]: Mg = A}

27/142



2 Processes, filtrations, stopping times, martingales

We have M7 € L! since | M| < max(|Mg|, | M|, A). By the Doob stopping Theorem 2.5.5 with the sub-
martingale — M and the bounded stopping times 0 and T that satisfy My € L! and M € L!, we get

E(Mp) = E(Mr) = AP(max Mo = A) + E(Mi Lmax,q, <)

hence, recalling that M~ = max(—M, 0),

AP(max M, = 1) < E(Mp) + E(M;).

s€[0,1]

This produces the desired inequality when M is non-negative. For the general case, we observe
that the Jensen inequality for the non-decreasing convex function u € R — max(«,0) and the sub-
martingale — M shows that M~ is a non-negative sub-martingale. Thus, by Theorem 2.5.1,

AP(max M; = A) = E(M;).
se(0,1]

Finally, putting both inequalities together gives

AP(max |M| =2 1) = AP(max M, = A) + AP(max M, = A) < E(Mp) +2E(M;).
s€[0,1] s€[0,1] s€[0,1]
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Chapter 3

Brownian motion

Justlike the central limit theorem, Brownian motion is a physical as well as a mathematical phenomenon,
see figures 3.1, 3.2, and 3.3. In this chapter, we study some properties of the mathematical Brownian motion.

Martingales

For all ¢ >0, d = 1, the density of the Gaussian distribution .4/ (0, tI;) on R¥ is

Ix1

e 2
(V2mp)4

2

x€RY— p(x) = where |x|2:x1+---+x‘21.

We have, forall s, ¢ > 0,

Pras(X) = (pr * ps)(x) =fw p:(x —2) ps(z)dz.
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3 Brownian motion

Figure 3.1: First steps of four approximated sample paths of 2-dimensional Brownian motion issued from
the origin, numerically simulated with a Gaussian random walk via code plot (cumsum(randn(2,1000))).

Figure 3.2: From the famous book [39] of Jean Perrin (1870-1942), three tracings of the motion of col-
loidal particles of radius 0.53 um, as seen under the microscope are displayed. Successive positions every
30 seconds are joined by straight line segments (mesh size is 3.2 pm). These precise and systematic experi-
ments, inspired by the historical ones by Robert Brown (1773 -1858), allowed to test the atomistic theory of
Ludwig Boltzmann (1944 -1906), Albert Einstein (1879-1955), Marian Schmoluchovski (1872-1917), and
others. “Ainsi, la théorie moléculaire du mouvement brownien peut-étre regardée comme expérimentalement
établie, et, du méme coup, il devient assez difficile de nier la réalité objective des molécules.”. Louis Bachelier
(1870-1946) identified independently a similar physical phenomenon in the behavior of stock markets.
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Figure 3.3: Atomistic interpretation of physical Brownian motion: a big particle of dust in a liquid is subject
to a high number of collisions with the molecules of the liquid, which are much smaller and disordered by
heat. This leads to the kinetic interpretation behind the Langevin equation in Example 8.2.7. In reality, the
diameter ratio is high, for instance the colloidal particle observed by Perrin has diameter of 0.57 pm while
a molecule of water has a diameter of 0.27 nm, which gives a diameter ratio of about 2000. Moreover in
reality the molecules density is high, the distance between molecules being of 0.31 nm for water. With this
atomistic interpretation, physical Brownian motion is essentially a random walk, seen at a space-time scale
which makes it close to mathematical Brownian motion, its idealistic scaling limit.

Definition 3.0.1. Brownian motion® or Wiener” process.

9Named after Robert Brown (1773 — 1858), Scottish botanist.
bNamed after Norbert Wiener (1894 - 1964), American mathematician.

A d-dimensional Brownian motion (BM) is a d-dimensional process B = (B;) ;»¢ which has:

1. Almost surely continuous trajectories, in the sense that B is a continuous process.

2. Stationary, Gaussian, independent increments:

e forallO<s<t,B;—Bs~AN(0,(t—s)1;)

e forallfp=0<t1<--<ty,n=0,By —By,...,B;, — B;, , are independent.

Beware that there are no conditions on By, and in particular B; = By + By — By may not be Gaussian.

# Python program generating the graphic used for the lecture notes cover
import numpy as np ; import matplotlib.pyplot as pp
for i in range(1,11):

pp-plot(np. cumsum(np.random.randn(1,1000) [0]), 'k-',linewidth=1)
pp.axis('off') ; pp.show()

# Julia program generating the graphic used for the lecture notes cover
using Pkg ; Pkg.add("Plots") ; using Plots

for i=1:10

plot! (cumsum(randn(1000,1) ,dims = 1), lw = 1, legend = false, grid = false,
— axes=([],false))

end

gui()
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3 Brownian motion

Coding in action 3.0.2. Stochastic simulation.

By using the structure of the increments, write your own program simulating and plotting approxi-
mated trajectories of BM. Can we check numerically that the mathematical object of Brownian mo-
tion exists? Let D be a closed domain of R such as a disc or a square, containing the origin 0. Let 0D
be its boundary, let B be a BM with By =0, and let T = inf{# = 0: B; € dD}. Write a program simulating
the law of T and the law of Br, and producing nice plots whend =1,d =2, d = 3.

Remark 3.0.3. Gaussian® and Lévy” processes.

9Named after Carl Friedrich Gauss (1777 — 1855), German mathematician.
bNamed after Paul Lévy (1886 — 1971), French mathematician.

Foralln=1land0=<f <--- <, therandom vector (By,..., B;,) is Gaussian, and we say that Brown-
ian motion is a Gaussian process. On the other hand, foralln=1and 0 = fy < --- < t;, the increments
By — By,,..., B, — By, , are independent and stationary in the sense that their law depends only on
the differences t; — ty, ..., t; — t,—1 between successive times. Also Brownian motion has independent
and stationary increments and such processes are called Lévy processes. They form a special sub-
class of Markov processes. The Poisson process considered in Example 2.4.2 is also a Lévy process,
for which the increments are Poisson and the trajectories right continuous with left limits.

Remark 3.0.4. Finite dimensional laws.
A d-dimensional continuous process X = (X;) ;¢ issued from x € R¥ is a Brownian Motion iff for all

n=0,all0<f < - <ty all A; € Bpa, 1 <i<n,wehave

P(Xy € Ar,..., Xy, € Ap) =fA P (X1 =X)Pry—, (X2 = X1) -+ P, —1,, (Xn = Xp—1)dx1 -+ dxp.
XX Ay,

Remark 3.0.5. Reduction to centered case.

From the definition, we get that if B = (By);»( is a Brownian motion issued from the origin namely
By =0and if H is arandom variable then (H + B;) ;¢ is also a Brownian motion, issued from H.
Remark 3.0.6. Reduction to one-dimensional case.

From the definition, if X = (X;) ;> is d-dimensional with coordinates X; = (th, o Xf) inRY, then X
is a Brownian motion issued from the origin iff the following two properties hold true:

1. foralll=<i=<d, (X;) />0 18 @ Brownian motion issued from the origin

2. the processes (X}) ..,(Xtd)t20 are independent.

=0’"

3.1 Characterizations and martingales

Theorem 3.1.1. Characterization of BM by Gaussianity and covariance.

If X = (X¢) ;>0 is real, continuous, issued from the origin, then X is a Brownian motion if and only if
X is a Gaussian process, centered, with covariance given by E(X; Xs) = sA tforall s, = 0.

Proof.

1. Suppose that X = (X;) ;>0 is a Brownian motion issued from the origin, then forall0 < #; <--- < ¢, the
random variables X, , X;, — X,,..., X;, — X;, , are Gaussian, centered, and independent, and Xy = 0,
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3.1 Characterizations and martingales

and (X, Xy, — X4,,..., Xy, — Xy, ) and (X4, ..., X;,) are (centered) Gaussian random vectors in the sense
that all linear combinations of their coordinates are Gaussian. Moreover, for all 0 < s < t, we have

E(Xs X)) = E(Xs(X; — X)) +E(X2) =0+ s=s=sAL

2. Conversely, if X = (X;);>o is a Gaussian process, centered, with E(X;X;) = sA ¢ for all s, = 0, then
forall 0 < #; < --- < t, the random vector (X, X;, — Xy,,..., Xs, — X, ,) is Gaussian, centered, with
diagonal covariance diag(t1, t — t1,..., t; — ty—1), which implies that (X;) ;»( is a Brownian motion.

|
Corollary 3.1.2. Scale invariance by space-time scaling.
If B = (By) ;>0 is a BM on R, issued form the origin, then for all ¢ € (0, +00), (\/LEBU) 0 is a BM.
Proof. The process (%BC,) =0 is continuous, Gaussian, centered, with same covariance as BM. |

Theorem 3.1.3. Fourier and Laplace martingale characterizations of Brownian motion.

Let X = (X{);»¢ be a d-dimensional continuous process issued from the origin.
The following properties are equivalent:

1. X is a Brownian motion

. 2
2. Forall A e R?, (M;l) 0= (el’l'X”WTt)tzo is a martingale® for the natural filtration of X
2
3. Forall A eR?, (N} 0= (eM Xy ¢=0 is a martingale for the natural filtration of X.

%The notion of martingale remains valid for complex valued processes.

Proof. Let us define ¢; = 0(Xs: s € [0,¢]) for all £ = 0. The process X isa BM iff for all 0 < s < ¢, X; — X, is
independent of ¢, and X; — X; ~ A(0, (t — 5)I;), in other words if and only ifforall0 < s< tand A € R4,

2(¢—s
E(et (X)) | g = o= MY

By multiplying both sides by e!“Z for an arbitrary bounded %; measurable random variable Z and taking the
expectation we get that X;— X isindependent of ¢, and X;— X ~ A (0, (t—s)I;). This shows the equivalence
of the first two properties. The third property is just the Laplace (instead of Fourier) transform version. W

Definition 3.1.4. Brownian motion with respect to a filtration.

Let (Q,Z, (%) =0, P) be afiltered probability space. We say that a continuous d-dimensional process
X = (Xy) =0 is an () ;=9 Brownian motion when it is (%;),~¢ adapted and for all t =0 and s € [0, t],
the increment X; — X; is independent of &; and follows the Gaussian law A (0, (t — s)I;), which is

equivalent to say that forall 1 € R4, the process (exp(il - X; + %I/ll2 1) 120 is an (#;) ;»¢-martingale.

Remark 3.1.5. Definitions of Brownian motion (BM).

If X = (X{);»0 is an (%1) ;=0 BM, then X is a BM in the sense of Definition 3.0.1. Conversely, a BM
(X{) =0 in the sense of Definition 3.0.1 is an (¥;) ;>0 BM where ¥; = 0(X;: s < ¢) for all £ = 0 is the
natural filtration associated to X (see Theorem 3.1.3).

33/142



3 Brownian motion

Theorem 3.1.6. Martingale properties.

Let B = (B) =0 be an (%;) ;o d-dimensional Brownian motion and let B; = (B}, .. .,Bf) be the coor-
dinates of the random vector B;. Thenforall0<s<tanl<j k<d,

EB! - B |#)=0 and E(B/-B)(BF-BY|F) =(t-91.
As aconsequence, forall1 < j, k<d,
o (B{ ) ;>0 18 @ continuous (Z1)=0-martingale, provided that By € L!
is a continuous (%;) ;»o-martingale, provided that By € L2.

i gk
o (B/BF-1;41),_,

Actually it turns out that these properties characterize Brownian motion (see Theorem 7.2.1).
Proof. The first property follows from the fact that (BZ ) ;>0 is @ BM. For the second property, we write
E((B] - B)(BF - BY) | #,) = E((B] - B))(B - BY)

=E((B] - BDE((BF — BE)1 4+ E(B] - B 14
=0+(t—8)lj:k.

As aconsequence, forall0<ss<tand1<j,k<d,
J _pl_ J
E(B; | &) = By =E(B; | %5)

and
E(B!BY — 11,1 | Fy) = B{B¥ — 51,1 = E(B{ BX - 51,1 | 7).

Up to now, we study BM but it is unclear if BM exists or not! Actually an explicit construction of BM is
given in Section 3.6. Other constructions are available, see for instance [28].

3.2 Variation of trajectories and quadratic variation

See Definition 1.7.1 (finite variation functions) and Definition 4.1.1 (quadratic variation of processes).
Theorem 3.2.1. Variation and quadratic variation of Brownian motion.
Let B = (B;) >0 be a BM issued from the origin, let [u, v] be a finite interval, 0 < u < v, and let 6 be a
partition or sub-division of [u, v],§ : u =ty <--- < t, = v, n = 1. Let us consider the quantities

n—-1 n—1 )

1) =) By, —B;l and 1 (8) =) |B;,, —Byl*.

i=1 i=0

Then the following properties hold true:

1. lims|—o72(8) = v — u in L? and thus in P, where |8] = supg<;<,(ti+1 — £). In other words, the
quadratic variation of B on a finite interval is equal to the length of the interval.

2. supgeg 1(0) = +oo almost surely, where &2 is the set of subdivision of [u, v]. In other words the
sample paths of B are almost surely of infinite variation on all intervals.

The second proprery implies that we cannot hope to define an integral [, f ¢:dB;(w) with ¢ continuous
as in Theorem 1.7.2 because t — B;(w) is of infinite variation on all intervals for almost all w. However, and
following Itd, the first property will be the key to give a sort of L? or in P meaning to such stochastic integrals.

The quadratic variation of square integrable continuous martingales is considered in Theorem 4.1.4.
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3.3 Blumenthal zero-one law and its consequences on the trajectories

Proof. We could use Lemma 4.1.2 to get that the sample path of B have infinite variation on the time interval
[0, ]. Let us be more precise by using the special explicit nature of Brownian motion.

1. If Z~._#(0,1) then E(Z*) = 3, hence
E«mwn%=EuZ]Bm4—Bmﬂﬂ

—Z[EuBt,H By +2Y E(By,, —B;,|*1By,, — By, [*)

i<j

_3Z(tl+1_tl) +22(tz+1 tl)(t]+1 )

i<j
= ZZ(tHl - 1) +(Z(ti+1 - ti))

=2 (tis1 = 1)* + (v —w)?.

Moreover E(r2(6)) =Y. ;(tj+1 — t;) = v—u. Thus

E((r2(6) — (v —w) )—ZZ(tz+1—fz) <2maX(tl+1—tz)(U u) — 0.

61—

2. From the first part, there exists a sequence of subdivisions (5); of [u, v] such that

lim r2(6k) = lim ZlBtk —Btkl2 =v—u almostsurely
k—o0 k—oo™7 i+1 i

and thus, almost surely,

. i |B[1<+1 - B|?
supri(0)=ri(6*)=) |Bx —B.l= : : — 400
5p Zl: fina &7 max; |Bi — Bk| k—oo ’
i+1 i

where used the fact that almost surely, max; |Btk - tkl — 0 as k — oo since B. is continuous and
hence uniformly continuous on every compact 1nterval ‘such as [u, v] (Heine theorem).

3.3 Blumenthal zero-one law and its consequences on the trajectories

This can be skipped at first reading.

Theorem 3.3.1: Properties of Brownian trajectories

If B = (By) ¢ is a one-dimensional BM on R issued form the origin, and &; = o(B;: s € [0, t]),
then:

1. Blumenthal® 0-1 law. The o-algebra %+ = N0 is trivial: for all A € Fy+, P(A) € {0, 1}
2. Almost surely, for all € > 0, infse(g ¢ Bs < 0 and supc(g ) Bs >0

3. Forall a € R, almost surelyb, T,=inf{t=0:B;=a} <oco

4. Almostsurely, lim, By =—ooand lim—_.o, B; = +00

5. Almost surely, the function ¢ € R; — B; is not monotone on any non singleton interval.

“Named after Robert McCallum Blumenthal (1931 -2012), American mathematician.
bHowever T, is not bounded, see Remark 2.5.4.
“This does not imply that a.s. lim—.cc |B¢| = +00.
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3 Brownian motion

Proof.

1. The idea is to show that %+ is independent of itself. For all A € %y-, all k = 1, all bounded
continuous f: R*¥ - R, and all 0 < h<---<ty, we have

EQaf(By,...,By)) = Elirgg EQaf(Bs — Be,..., By — Be)).

Nowwhen0 < € < 1;, therandom variables By, — B, ..., By, — B¢ are independent of %, (structure
of the increments of simple Markov property), and thus independent of %+ . It follows that

EQaf(By,...,By)) = glirgg P(AE(f By, — Be, ..., By — Be)) = P(AE(f (By, ..., By)).

Hence %+ is independent of o(By,,...,By,) for all ¢;’s, and thus is independent of o (By, ¢ > 0).
But o (B, t>0) = o(By, t = 0) since By = 0. It remains to note that %o+ c o(By, t =0).

2. For the statement with the sup, it suffices to show that P(A) = 1 where

A:ﬂ{ sup BS>0}.

n " sel0,1/n]

We can restrict the intersection to n = N for an arbitrary large threshold N, therefore A € y-.
Next, thanks to the Blumenthal zero-one law, it suffices to show that P(A) > 0. Now

P( sup Bs>0) . P(A)

s€l0,1/n] n—oo

while

1
IP( sup BS>O)2[IJ>(BU”>0)=—,
se0,1/n] 2

giving P(A) = 1/2 and thus P(A) = 1. The statement with inf follows by using — B instead of B.

3. Thanks to the previous property,

[FD( sup BS>8) /! IP( sup Bs>0)=1.
s€[0,1] e—0 ‘se[0,1]

But by the scale invariance (Corollary 3.1.2),

IP( sup B> 5) = IP( sup s_lBgzs > 1) = [P’( sup B> 1)

s€[0,1] s€[0,672] s€[0,e72]

Now, since
P( sup B;> 1) /! [P’(susz> 1),

se[0,e72] e—0 $=0
we get
IP(susz > 1) =1.

$=0

Again by scaling, we obtain, for all R > 0, and also by replacing B by —B,

[P’(susz > R) -1 and P(irzlng < —R) -1

§=0
This implies that for all a € R, almost surely T, < co.
4. This is implied directly by the end of the proof of the previous item.

5. From the item about the inf and sup, and the structure of increments, we have, almost surely,
forall 1€ QNR; and all € > 0, infse(s,+¢) Bs < By and Supe(; ¢4 Bs > By, hence the result.
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3.3 Blumenthal zero-one law and its consequences on the trajectories

Corollary 3.3.2: Law of hitting time via Laplace transform

Let (B;) ;=0 be a one-dimensional Brownian motion with By = 0. For all a > 0, let us consider
the hitting time T, = inf{# = 0: B; = a}, which is almost surely finite thanks to Theorem 3.3.1.

Then its Laplace transform is given by A = 0 — E(e *7«) = e~®21 and it has density

a _a
t€|R+'—’ 36 21
V2t

2
_c
¢Bi=5 1,29 and

Proof. For all ¢ > 0 and n, the Doob stopping (Theorem 2.5.1) with the martingale (e
the bounded stopping time T, A n gives [E(eCBTaA"_é(T“’\”)) = 1. Now, since eCBTaA"_é(T“"") < e4,
we get, by dominated convergence, [E(eCBTa_éT“) = 1. Next, since B has almost surely continuous
trajectories, we have Br, = a almost surely, and this gives the formula for the Laplace transform. The

formula for the density follows then by the inversion formula for the Laplace transform. |
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3 Brownian motion

3.4 Stronglaw of large numbers, invariance by time inversion, law of iterated logarithm

The nature of the increments of Brownian motion leads to formulate the following theorem.

Theorem 3.4.1. Strong law of large numbers.

B
If (Bf) ;0 is BM on R with By = 0 then tlim Tt = 0 almost surely and in L? for all p € [1,00).
—00

W v0,1).
t—o00

The a.s. remains valid for an arbitrary By, and the LP convergence if By € L”.

The central limit theorem would be the trivial statement v/¢ %

p
Proof. Since forall t>0andall p >0, [E( B—t’ ) = %}Jp) and By ~ A4(0,1), we have immediately
B P B
~t Y. 0 andin particular -t 2o
t t—oo t t—oo

To get the almost sure convergence, we need some tightness, a control of tails that can be done via moments.
Let us prove the a.s. convergence. Let a and b be real numbers such that 0 < a < b. We have

B/ 2\ 1 )
E| sup |—]| |=—E| sup B;].
astsb\ [ as \g=r<b

The Doob maximal inequality of Theorem 2.5.7 applied to the martingale (Bg+¢) -0 on [0, b — a] yields

A .. 4b
Ef sup - 5?4E(Bb):;.

ast<b

Applying this to a = 2" and b = 2"*"! we obtain

. (7))
E| sup |[—| |=—
2n<p<n+l t 2"

Thus, by the Markov inequality, for any € > 0,

t 1 Bt 2 8
—|>€|=3E|l sup [—| |= 5
& 2n5t52n+1 t 2”5

IP( sup

2n<p<2n+l

which gives
o0 ( B ¢
Pl sup |—

n=0 \2n<g<2n+l

>£)<OO.

Now, according to the Borel - Cantelli lemma, there exists an almost sure event A, such that for all w € A,
B, (w)
;

there exists a threshold n,, such that for all n = n,,, supyn<,;<on+ ’ ‘ < €. Thus, for all € > 0, there exists an

a.s. event A, such that for all w € A;, there exists f,, such that for all ¢ = ¢,,,

Bt(w)‘<8
| =€

It remains to consider the almost sure event A =72, Ay, on which lim; ., % =0. ]
Corollary 3.4.2. Invariance by time inversion.
If B = (By) ;=0 is a BM on R with By = 0 then X = (¢B;/¢) ;¢ with the convention X, = 0 is also BM.

Proof. The process X is Gaussian, centered, with E(X;X;) = sA t for all s, £ = 0. It remains to prove that X is

continuous. By definition X is continuous on (0,00). It remains to prove the almost sure continuity at ¢ = 0.
This follows from Theorem 3.4.1, namely, almost surely, lim;_.g+ X; = lim;_g+ £By/; = lim;_ 100 B;t‘ =0. [ |
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3.4 Strong law of large numbers, invariance by time inversion, law of iterated logarithm

Theorem 3.4.3. Law of Iterated Logarithm.

If (B¢) t=0 is @ Brownian motion on R then

( . B; _ Frm B; _
P|lim =-1, lim = )
~o v 2tlog(log(1/1)) ™0 /2tlog(log(1/1))

and
P(limL:—l EL:I):I.

t—oo y/2tlog(log(1)) | i—oo v/2tlog(log(#))

This can be skipped at first reading.

Proof. The second property follows from the first one by using invariance by time inversion (Corol-
lary 3.4.2). Let us prove the first property. We can assume without loss of generality that By = 0. Since
the intersection of two almost sure events is almost sure, and since the law of B is symmetric in the
sense that —B and B have same law, it follows that it suffices to show that

P(ﬁ B: - )

™0 /2tlog(log(1/1))

Letus define h(t) = \/2tlog(log(1/¢)) for t > 1/e. Forall @ > 0 and 8 > 0, the Doob maximal inequality
aB;—

0{2
of Theorem 2.5.7 used for the “exponential” martingale (e 750 gives, forall £ =0,

a a?
IP( max (Bs - —s) > ﬁ) = P( max 575 > e“ﬁ) <e 9P,
s€[0,1] 2 s€[0,1]

Forall 0,6 € (0,1) and n = 1, this inequality with t =0", a = (1 +8)h(0")/6" and B = h(6™)/2 gives

IP’( max (B B 1+6)hO™ S) S h(O™)

Jnax, ogn 5 ) = On—»oo(n_(l+5)).

By the Borel — Cantelli lemma, we get that for almost all w € Q, there exists n,, such that for all n = n,,,

(1+8)h(O") s

1
ot )s ShO".

max (Bs -
s€[0,60"]

This inequality implies that for all £ € [0"71,0"],

(2+06)h(r)

1 n
Bt(w)ssg%'fg(n]Bs(w)s5(2+6)h(6 )< i

Therefore

P(m B; <2+5)

™0 \/2tlog(log(1/1)) 2v0

Now we let @ — 1 and § — 0, reducing the proof to show that

P(l_ B: > 1) -1

im
™0 \/2tlog(log(1/1))

For that, for all n =1 and 6 € (0, 1), we define the event

Ay, = {Bgn — Bgns1 = (1 - VO h(O™)}.

We have, denoting a, = (1- V) h(0™)/(0"*V1-6),

1 _(1-vB?
P(A,) = — e zdu= e
(4n) V2n Ja, 1+ d% 2ay

w2 an ap 1(
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3 Brownian motion

Thus ) ,,=1P(A;) = +oo. Now the independence of the increments of B and the Borel - Cantelli
lemma give that almost surely, for an infinite number of values of 7, we have

Bgn — Bgn1 = (1 - VO h(0™).
Since B and —B have same law, the first part of the proof gives that almost surely, for n large enough,
Bgni > —2h(0™Y) = —2VOh(O™).
Therefore, almost surely, for an infinite number of values of n, we have

Bgn > h(0™)(1-3V0).

This gives
_— B
p(lim d >1-3v0) = 1.
™\0 /2tlog(log(1/1))
It remains to send 6 to 0. Note that this proof uses both sides of the Borel — Cantelli lemma. |

Corollary 3.4.4. Regularity of Brownian motion sample paths.

If (Bf) t=0 is @ Brownian motion on R then for all s = 0, we have

I]J’(li_m =-1, lim =
~o0 V2tlog(log(1/1)) ™0 /2¢tlog(log(1/1))

In particular almost surely the sample paths ¢ € R, — B; of B are not %-H(’jlder“ continuous on finite
intervals and in particular are nowhere differentiable on R...

Biis—Bs Frey Biis—Bs )

af:I— Risy-Holder continuous when (Ve > 0)(3n > 0)(Vs,te D(Is— |V =n=1f(s) - f(D] <¢).

Proof. Follows from Theorem 3.4.3 and the fact that (B;;s — Bs) ;>0 and (B;) ;>0 have same law. |

3.5 Strong Markov property, reflection principle, hitting time

If (B;) ;>0 is BM then we easily check that for all fixed T > 0, the process (B;+1 — BT) >0 is a BM, issued
form the origin, independent of &r. This is the simple Markov property. It extends to stopping times T

Theorem 3.5.1. Strong Markov“ property.

“Named after Andrey Markov (1856 — 1922), Russian mathematician.

If B = (By);»¢ is a d-dimensional Brownian motion issued from the origin, then for all stopping time
T such that P(T < oco) > 0, under the probability measure P(: | T < o0), the following properties hold:

1. ((Br+7 — B7)1{T<00}) ;=0 IS @ Brownian motion issued from the origin, independent of #7

2. For all measurable and bounded f : R — R, we have, for all £ >0,

E(f(Br+1)1iT<oo} | F1) = Pr(f)(BT)1{T<00}

where

Pi(H(0) =E(f(x + By) = eI f(p)dy = (pe * ().

1
(V2mt)4 f[Rd

We say then that Brownian motion is a strong Markov process.
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3.5 Strong Markov property, reflection principle, hitting time

Proof. Suppose first that P(T < oo) = 1. Let us define B* = (B¢ — BT);>o. For all n = 1, let us define
n= L Lrelh )
We have that T < Ty, and T}, takes its values in the set of dyadics D, = {k/2" : k = 0}. We check easily that

T, is a stopping time, and that T, \\ T asn — oco. Let Ae Fr, m=0,and 0=ty < - < t,; < co. By the
dominated convergence theorem, we have, for all continuous and bounded ¢ : (R))"™ — R,

E(La@(By,...,B; ) =EQa@(By+1 = Br,..., By, +7 — Br))

r}ilglo[E(lA(P(BzﬁTn -Br,,...,Bt,+1, — B1,)).

Moreover, for all n = 1, we have A € 1 c #7, since T < T, and, using the fact that A€ %,

E(Qa@By+1, — BT,)s.. s Bryyi1,)) = Z E(Xan(r, =19 Bt +r —Bry..., Bt +r — Br))

reD,

= Y EQaniz,=nE@By+r = Br,..., B, sr — B) | F)
reD,

= ) P(AN{T,=rYE@(By+r = Br,..., By, +r — By))
reD,

=P(AE(@(By, = Bo, ..., B, = Bo)).

This implies the first property since (B; — Bp);»¢ is a Brownian motion issued from the origin. Note that
this proves in the same time the fact that B* has the law of B and is independent of 7. To prove only the
identity in law, we can remove 1 4 in other words take A = Q.

The second property follows immediately from the first one, namely since for all £ = 0, B; is independent
of 1 while Br is measurable with respect to % we get, using Remark 1.5.2,

E(f(Bes1) | F1) =E(f (B + Br) | F71) = 8:(BT)

where
8:(x) =E(f(x+ B;)) =E(f(x+ By) = (p: * /)(x).

Finally, for a T taking values in [0, +o0], the same argument works with A replaced by An{T < oc}. |

This can be skipped at first reading.

Corollary 3.5.2: Reflection principle

Let B be a one-dimensional Brownian motion issued from the origin. For all £ = 0, let us define
St =supg(g 4 Bs- Then, for all ¢ > 0, the following properties hold:

e Foralla=0andall be (—oo,al, P(S; = a,B; < b) =P(B; =2a—-b).

¢ The random variables S; and | B;| have same law.

The reflection principle simply says that on the event {T, < t}, the probability of being, at time ¢,
below level b = a— (a— b), is equal to the one of being above level a + (a— b), hence the name. This is
related to the fact that the process after time T, is again BM, which has a symmetric law.

Proof.

* We know from Theorem 3.3.1 that T, = inf{f = 0: B; = a} < co almost surely. We have
P(S;=a,B;<b)=P(T,<t,B;<b)=P(T, < t,B;_Tu <b-a)

with B} = Br,+; — Br,, where we have used in the last step B;_Ta =Br,41-1,—Br,=B/—a
which makes sense on {T, < t}. Now by the strong Markov property (Theorem 3.5.1), B’ is
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3 Brownian motion

independent of T, and has the same law as B. Since B’ and — B’ have same law, it follows that
(T4, B') has the same law as (T, —B’). Also

P(Ta<t,B;  <b-a)=P(T,<t,-B; ; <b-a)
=P(T,<t,—-(B;—a)<b-a)
=P(T,<t,B;=2a->b)
=P(B;=2a-Db)

where we have use in the last step the fact that {T; < t} contains a.s. {B; = 2a — b}.

* Follows from the first identity with b = a, the inequality B; < S;, and the fact that B; and —By
have same law, which give, for all a = 0,

PS;za)=P(S;=a,Bs<a)+P(S;=a,Bs=a)
=P(Bsza)+P(Bs=a)
=PB;=a)+P(B;<-a)
=P(B¢l =z a).

Corollary 3.5.3: Densities

Let (By) ;o be a one-dimensional Brownian motion issued from the origin.
* Forall ¢ > 0, the law of the couple (sup(g 4 Bs, B;) has density

22a—b) _ea-b?
————e

(a,b) e R® — Z
27 t3

luZO,bsa-

e For all a € R, the law of T, = inf{t = 0: B; = a} is equal to the law of ;—i with density
1

lal 2

e 21 t>0-
23

teR—

.

The law of T, is known as the Lévy or Bachelier distribution, special case of T, o of Corollary 3.8.4. It
is, up to scaling by a?, an inverse y? distribution.

Proof.
* Direct consequence of Corollary 3.5.2.

* Thanks to Corollary 3.5.2, we have, for all £ >0, denoting S; = sup g, ; Bs,
- _ —(RZ > 42) — 22 2y _ o2/ R2
P(Ta<t)=P(S;2a)=P(B/|=2a)=PB;=2a")=P(tBy =2a”) =P(a”/By < 1).

See Corollary 3.3.2 for the law of T, via stopped martingales instead of Markov property.

3.6 A construction of Brownian motion

A natural and intuitive idea to construct Brownian motion is to try to realize it as a scaling limit of a ran-
dom walk with Gaussian increments. More precisely, if (X},),>; are independent and identically distributed
real random variables with law .4(0, 1), then this would consist for all # = 1 to define the Gaussian process
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3.6 A construction of Brownian motion

(X [l) £0 obtained by linear interpolation as

n_ X1+~"+thtJ |nt]
Xt —T’“W(O,_);

and to consider the limit in law of (XZ,...,X;,ZC) asn—oo,forallk=1land0<t <--- < f;. Actually X/' is a
good approximation for numerical simulation. The central limit phenomenon suggests that the Brownian
motion scaling limit is the same if we start from non Gaussian ingredients: we only need zero mean and
unit variance. Such a functional central limit phenomenon is known as the Donsker invariance principle.
From this point of view, Brownian motion is just a universal Gaussian limiting object.

Beyond intuition, the mathematical existence of Brownian motion is not obvious. Historically, Norbert
Wiener seems to be the first scientist to give a rigorous construction, around 1923, and for this reason,
Brownian motion is sometimes called the Wiener process. For more information on history, see [48, 12].

The construction of Brownian motion provided below is based on another very natural idea: by seeing
Brownian motion as an infinite family of orthogonal Gaussian random variables, we could start from our
favorite infinite dimensional Hilbert space, such as L?(R,dx), and construct a Gaussian random variable by
using a linear combination of the elements of a Hilbert basis with Gaussian i.i.d. weights. This will produce
a Gaussian process with the desired covariance. It will then remain to obtain the continuity, which can be
done by using a general tightness criterion on the increments due to Kolmogorov.

Theorem 3.6.1. Pre-Brownian motion or Gaussian measures.

Let us consider the Hilbert space G = L?(R,dx) and

<frg>G=ff(x)g(x)dx, f,g€G.

Then there exists a centered Gaussian family B = (§g) defined on a probability space (Q2, «/,[P)

_ geG
such that ge G— Bg € L?(Q, </, P) is a linear isometry, in other words for all f,g€ Gand a, B € R,

[E(Efgg) = (f, g)G and Eaf+ﬁg = agf + ,ng

Proof. Let (X,) >0 beii.d. real random variables with law .4'(0, 1), defined on a probability space (Q2, «/,P),
and let (e;,) ;=0 be an orthonormal sequence of the Hilbert space G = L2(R, dx). For all g € G, the series

gg = Z Xn(g en)G

n=0
is well defined in L?(Q, «,[P). Indeed the Cauchy criterion is satisfied:

£((S xutgenc)) =Y e, o

n=p n=p
We see from Lemma 3.6.2 that B is a centered Gaussian random variable and that
IBgl® =E((Bg)*) = (g, &) = lIgll§
hence g — Eg is an isometry. Its linearity is immediate. By polarization we get, for all f, g € G,
4E(ByBy) = E((By + By)") ~E(By ~ B)") =E(B}, ) ~EB}_p) = ||f +8lla— £ - gl =/ 8.

The sub-space H = span{Eg :8€G}of L2(Q,of,P) is isomorphic via g — Eg to G=L2(R,dx).
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3 Brownian motion

Lemma 3.6.2. Convergence of Gaussians.

. . . P .
If (X},),, are Gaussian real random variables with X;, — X for arandom variable X, then the conver-
n—o00

gence holdsinL” forallp=1, X ~ N (m,02), lim,,—oo E(X,,) = m, and lim,,—.oo E(X,, — E(X,))?) = o2.

Proof of Lemma 3.6.2. Let us show now that X is Gaussian. Since X; — X in law, we get, for all t € R,

X 2 2 . .

¢x, (1) = itz 05 _, @x(t). Thus, for all € > 0, |px, (e)| = exp(—%afl) — |px(e)]. Since @x is a charac-
teristic function, it is non vanishing in a neighborhood of the origin, and thus o,, — 0. for some o, = 0. It
follows in turn that for all 7 € R, '™ — ¢!/ for some m... Now by dominated convergence,

m% ; 2 ; 2 m2
Vome 2 :f eMe~7dt — | e'™e zdt=V2me 2
R n—oo Jp
thus m,, — m,. Hence X ~ A (my,02), and (my,02) = (m,o?). Finally, for all p = 1, since E(|X,|”) is a
continuous function of m,, and g, it is bounded in 7, thus (X,),, is u.i. and therefore X,, — X in LP. |
[ |

With B being as in Theorem 3.6.1, let us define, for all £ > 0, the random variable

B;=B;

[0,¢1°

Now B = (B;);x¢ is a centered Gaussian process, with covariance given for all s, f = 0 by

E(BsB:) = (Ljo,s), Lo, 12®dx) = SA L.
However the “pre-BM” B has no reason to be continuous. Let us remark however that forall0 < s< ¢,

B; — B;
t—s

~AN(0,1), thus! E((B;—B)*>") =cu(t—s)".

The fourth moment case n = 2 allows, thanks to Theorem 3.6.3 below (p =4, e =1, y < &/p = 1/4), to
construct a continuous modification B* of B, which is a Brownian motion on R issued from the origin.

. . . . ~ P I 1
Moreover using the higher moments for all values of 7 gives the optimal Holder regularity: y < 5= — 3.

Theorem 3.6.3. Kolmogorov continuity criterion.

Let X = (X;);>0 be a process defined on a probability space (0, «,P) taking its values in a Banach
space B with norm |||, and such that the following tightness of increments property holds: there
existp=1, >0, and ¢ >0such thatforall s, =0,

E(IX; — XslIP) < clt—s|'*e,

Then there exists a modification® of X that is a continuous process whose trajectories are, on each
finite interval, y-Hélder continuous for all y € [0, £/ p), in the sense that a.s. for all ¢ > 0, there exists a
constant C = C(w, t) > 0 such that for all u, v € [0, ¢] and all n, if |u — v| <7 then | X, — X, | < Cnp".

AThere exists X* = (X ;“ )i=0 such thatforall 1 >0, X; =X ;" as random variables in other words almost surely.

Proof. The proof is an instance of the chaining method or technique, invented by Kolmogorov. It suffices to
prove the result on a finite time interval [0, ¢]. Let us first show that X is Hélder continuous on the dyadics
D = Up=09, where 9, = {tk/2" : k€ {0,...,2"}} € D,.1. For notation simplicity we take t = 1. Foralln =1,
all € > 0, and all y > 0, the Markov inequality gives

2”
Y P(IXs —Xea 2277
2n 2n

P max ”Xk_Xkl”ZZ_yn)S
2m 27 !

1<k<2n

1We have ¢, = E(Z2") = % where Z ~ . A(0,1) but this explicit formula for ¢, is useless for our purposes.
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3.7 Wiener integral

2n

< 2W”[E( Xen— X P)
kg,l [ k %H

< Cznz—n(1+£)+ypn — Cz—n(e—yp)'

Now we take € > yp, to get
(0]

P(max | Xi — Xl =277 <oo0.
1 o7 o7

n= 1sk<2n

Thus, the Borel - Cantelli lemma provides A € of such that P(A) = 1 and for all w € A, there exists ny such
that for all n = n,,, we have max;<y<o» | X ¢ — Xi-1 || = 277", Hence there exists a random variable C such that
2n 2n

C<ooas. and max | X — X |l <C277.
lsks<2n 2n 2m

Let us prove that on A, the paths of X are y-Holder continuous on 2. Let s, t € 2 with s # t. We have s, f € 9,

for large enough n, and we can take n large enough to get 27" < |¢ — s|. Let us write s = k; /2" et t = kp/2",

k1 < ko, which gives (k, — k1) = 2"|t — s|. Now we proceed by chaining to exploit the preceding estimate,

ko
IXe—= Xl < Y 11Xk —Xeall < (ko —k))C27" = Cle—s27" D < Cle—s|".
k=ki+1 2" 2"

Thus, on A, the sample paths of X are y-Holder continuous on 2. The set & is dense in R;. Now for all
w € A, let t — X[ (w) be the unique continuous function? agreeing with ¢ — X;(w) on 2.
It remains to show that X* is a modification of X. By construction, X; = X; forall € 2. Let € R,.. Since
2 is dense in Ry, there exists (t,), in 2 with lim, . t, = ¢, thus lim, .., X;, = X; in L ((Q, «/,P), B, [I-1))
thanks to the hypothesis. Hence there exists a subsequence (75, ), such that lim_., thk = X; almost surely
(here we use (B, ||-]1)). Finally, the continuity of X* gives thk = Xt*nk — X[ = X; almost surely as k — oco.
|

Corollary 3.6.4. Existence.

One-dimensional Brownian motion exists, and thus d-dimensional Brownian motion for all d = 1.
Moreover, almost surely, the trajectories of real Brownian motion are, on each finite time interval,
Hoélder continuous of order y for all y € (0,1/2), not more.

Proof. Theorem 3.6.3 with p =2n and n — oo gives y € (0,1/2), while Theorem 3.4.4 gives the optimality. W

3.7 Wiener integral

We know that every finite and deterministic linear combination of the increments of Brownian motion
is a Gaussian random variable. More generally, this phenomenon should remain valid for infinite determin-
istic linear combinations provided square integrability. Indeed, the Wiener integral introduced in Theorem
3.7.1 gives a meaning to the Gaussian random variable

weQ— f g(s)dBs(w)
0

where the integrator (B;) ;»q is a d-dimensional Brownian motion and the integrand g is in Lé . ([R4,dx). The
integrand is deterministic and square integrable, while the integrator is random and Gaussian.

Theorem 3.7.1. Wiener integral.

Let B = (Bp) =0 = ((Bl,...,Bf’))tZO be a d-dimensional Brownian motion issued from 0, defined on
(Q,<,P). Let G be the Gaussian sub-space of L?(Q,[P) generated by the real random variables {B! :

2We can use here the following general property of metric spaces: if S and T are metric spaces with § complete, if D is a dense
subset of S, and if f: D — T is uniformly continuous, then there exists a unique continuous f : S — T that agrees with f on D.
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3 Brownian motion

t=0,1 <i<d} Then there exists a unique map I: Léd (R4,dx) — G such that:

1. Ifg=al, withO<s<tand aeR? then I(g) = a- (B, — By)

2. Iis anisometry (and thus continuous) in the sense that for all f and g in L?Rd (R4,dx), we have

EU()1(g) :f f(s)-g(s)ds
— 0
—,_/

T2
<f,g>Léd (R4 ,dx)

3. Iislinear and bijective

The Wiener integral of g is the random variable /(g) and we denote

1(g)(w) :fo g(s)dBs(w).

Proof. The following sub-space
n
S={f€ Lﬂzkd(R'*"dx) :f: Z ail([iy[HI]Y Ip= 0< h<--<itp,nz Ovai € Rd}
i=0

of L?Rd(R+, dx) is dense. If f € S, then f = ¥ fnice @il(s,1,.,), and we define

I(f)= ) ai-(By,, — By).
finite
This definition does not depend on the decomposition chosen for f, and the map f — I(f) is linear. More-
over, we remark that thanks to the properties of Brownian motion, we have,
E((I(f)%) = Y E((a;- (By,, — Bi))(a;- (Bi;,, — Bi;)))
ij
=Y E(a; - (By,, — B1)))
i
; i \2
=Y E{{Y ai;B;  -B})
7 (( ] L] t1+1 tt ) )
- . J iy(rk k
=22 aijaicE((B], —Bl)(B;,  ~By))
i jk
=YY aija;x(tic1 — 1)1 =k
i jk
=Y lail(tis1 — 1)
i

=j(; |f(x)[*dx.

Since S is dense, I can be extended by continuity to the whole space L?R +([R4,dx). Namely, for all f €
L?Rd (R4,dx), there exists a sequence (f3),, is S such that || f;, — fl| — 0. Therefore

I frn = Fnll = 1 I(f) = I(f) 2,0 ) Moo 0.

Set I(f) =limy_ I(fy). Thislimit does not depend on the sequence (f;),, used to approximate f. Moreover
||f||§ = [E((I(f))z), and, by polarization, using the linearity of I, we have, for all f, g € Léd (R4,dx),

oo 1 [>® 1
fo f9g()ds =7 fo (f+8*-(f- 3 (s)ds = ZE“’(f+g”2 —(I(f- )% =EUI(I(g)).

The map I defined this way is unique. It is injective since it is an isometry. Finally it is surjective since
F= I(L?Rd (R4, dx)) is a closed sub-space of G while F is dense in G (taking g = e;1(g,, gives B} € F). |

Note that L?(Q) \ G is huge, and most square integrable variables are not Gaussian random variables
obtained as square integrable linear combinations of increments of Brownian motion!
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3.8 Wiener measure, canonical Brownian motion, Cameron — Martin formula

Corollary 3.7.2. Properties of the Wiener integral.

—

. Forall f €12,(Ry,dx), I(f) ~ A O, I f13)

2. Forall f,ge Léd(lRJr,dx), I(f) and I(g) are independent iff (f, g)de(thx) - fooof(s)g(s)ds =0
R

3. Forallt=0and1l<i<dand fe Luid(lR{Jr,dx),we have

. w t .
E (Béf f(s)st) :f fl(s)ds
0 0
where fi(s) is the i-th coordinate of f(s) = (fl(s),...,fd(s))
4. Forall f e LDZqz «(Ry,dx), (I(f1,1)) ;50 is @a martingale for the natural filtration of (B;) ;>

5. If (fn) ;=0 is an orthonormal basis of Léd (Ry,dx), then (I(f,)),, are ii.d. standard Gaussian
real random variables and for all ¢ > 0, we have the following expansion in L?(Q, <, P):

(e ] t
Bi=) ( fn(S)st)fO fu(s)ds.

n=0_J0

-~
I1(fn) deterministic
Gaussian r.I.v. vector

The Wiener integral produces plenty of martingales from Brownian motion! These martingales are con-
tinuous, but we prove this later on for the more general concept of Itd stochastic integral (Theorem 5.2.2).

Proof. The first two items are immediate.

3. Take g = e;1(g,; then by definition of I we have I(g) = Bi and
. [ 0o .
E(Béfo f(s)st) =EI(QI([) =f0 g(s)- f(s)ds :fo fl(9)ds.

4. Forall fe I]_?Rd (R4,dx),all £=0,and all s€ [0, t], M, = I(f1s7) is the L2 limit of linear combinations

> finite @i (By, — By;) with a; € R and u;, v; € (s, t]. In particular it is integrable, centered, measurable
for #;, and independent of &;. Now My ; = My s + My ; and thus E(My ; | F5) = My s + E(M; ;) = My, s.

5. If (fu) ;=0 is an orthonormal basis of L?Rd (R4,dx) then (I(f,)),>( is an orthonormal basis of the Gaus-

sian space G and moreover, by the previous property, (Bi, I(fu))g = fot fi(s)ds. Note that (I(f,)) n=0 1S
orthonormal in L2(Q,P) but is not a basis: the closure of its spanis G C L2(Q,P).

3.8 Wiener measure, canonical Brownian motion, Cameron - Martin formula

Let (By);»¢ be an arbitrary d-dimensional Brownian motion issued from 0, and defined on a probability
space (Q2, «,P). Since (B;) ;~( is a continuous process, we know, from Theorem 2.1.3, that we can consider
(B) =0 as a random variable from (Q/, o', ) to (W, Bw) where W = € (R, R?) is equipped with the topology
of uniform convergence on every compact subset of R; and where 98y is the associated Borel o-algebra.

As arandom variable on trajectories, Brownian motion is not unique. We can construct an infinite num-
ber of versions of it. What is unique is its law p. This law is known as the Wiener measure. There exists how-
ever a special realization of Brownian motion as a random variable, which is called the canonical Brownian
motion, defined on a canonical space (W, 2y, 1t). Namely, on the probability space (W = € (R, R?), By, 1),
where p is the Wiener measure, let us consider the coordinates process m = (714) ;>0 defined by

(W) = wy
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3 Brownian motion

forall t=0and w € € R, R4). Under U, the process 7 is a d-dimensional Brownian motion issued from the
origin. It is called the canonical Brownian motion.

Theorem 3.8.1. Wiener measure.

There exists a unique probability measure u on the canonical space (W, %8,), called the Wiener mea-
sure, such thatforalln=1,0<#; <--- <y, A1,..., Ay € Bpa,

plweW: wy € Ay,..., wy, € Ap}) :f Pti—to(X1 = X0) =" P~ 1, (Xn = Xp-1)dx1 - dxp

A x-x Ay,

where #, = 0, xo = 0, p is the heat or Gaussian kernel defined for all ¢ > 0 and x € R? by

2

e 2r
2rnd’
Moreover for all d-dimensional Brownian motion B = (B;);»¢ issued from the origin, we have, for all
measurable and bounded or positive ®: W — R,

pr(x) =

E(®(B)) =f O(w)p(dw).
\\

Proof. We know how to construct a d-dimensional Brownian motion B = (By) ;s issued form the origin. If u
is the law of B seen as a random variable taking values on the canonical space (W, %), then it isimmediate
to get the first desired property since

W(By € A1,...,By, € Ap) = u{w e W: wy, € Ay, ..., Wy, € Apl).

Finally p is unique because it is entirely determined on the family € of cylindrical subsets of W, which is
stable by finite intersections and generates %y (monotone class argument, Corollary 1.8.4). ]

Cameron -Martin formula

A natural motivation is the study of the solution X of the stochastic differential equation

Xt:XO"rf
0

where o, b, and the Brownian motion B are given. Provided that it is well defined, we would like to know if
the solution X has a density with respect to B, on the space of trajectories. The Cameron—Martin formula
provides an answer in the special case in which Xy =0, o(s) = I and b(s, x) = b(s), for which we have

t

t
a(s)st+f b(s, X;)ds, t=0,
0

t
Xt:Bt+f b(S)dS
0

This corresponds to study the density of the shifted Wiener measure with respect to the initial Wiener mea-
sure. But let us examine first the case of shifted finite dimensional Gaussian distributions. If Z ~ A4°(0, I,)
is a standard Gaussian random variable on R” with density x — y,(x) = @m)~te 21 with respect to the
Lebesgue measure, then, for all & € R” and all bounded and measurable @ : R" — R,

hf?

[E(@(Z+h))=f <I>(x+h)yn(x)dx:f @(x’)yn(x’—h)dx':f <I>(x’)yn(x’)ex"h_7dx'=[E(<D(Z)ez'h_mTl).
R” R” R”

This nice “translation formula” can be interpreted in terms of Laplace transform or Gaussian integration
by parts. Moreover it turns out that this formula has a counterpart for Brownian motion and the Wiener
measure, which is an infinite dimensional Gaussian distribution, provided that the translation & belongs to
a special space known as the Cameron —Martin space.
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3.8 Wiener measure, canonical Brownian motion, Cameron — Martin formula

The Cameron—Martin space is defined by the set of continuous functions / which are the integral of a
square integrable function denoted &, namely

t
H= {h eW:Vt=0,h(r) =f h(s)ds, he Léd(RJr,dx)}.
0
This is a subspace of W = €(R,;,R%). Note that every element h € H is differentiable and its derivative is
h, hence the notation. Moreover the representation is unique in the sense that for all hy, hy € H, hy = hy
implies /2; = . We equip H with the scalar product
oo . .
(hy, ho)u =f hi(s) - ha(s)ds.
0
This makes H a Hilbert space isomorphic to Lé .([Ry,dx). For every h € H we denote
2 a2 P12
[l :j(; lh(s)|“ds = IIhIILéd(de).
Let (hy) =0 be an orthonormal basis of H and forall n =0 and ¢t = 0,

t
0

The sequence (hn)nzo is an orthonormal basis of L?Rd (Ry,dx). Let m = (;¢) ;>0 be the canonical Brownian
motion on R? and let us define, for almost all w € W and h € H, using the Wiener integral of Theorem 3.7.1,

(mmzfmmegmszMQm%
0 0

Now Corollary 3.7.2 gives that (w, hy),n = 0, are i.i.d. standard Gaussian real random variables, and for all
fixed t = 0 we have the following expansion in L2(W, By, w:

W) =we =) (W, hp)hy(1).

n=0

Here ¢ is fixed and h,, () is a deterministic vector, while (w, hy) ;,>¢ are random and orthogonal in L2(W, Bw, .

Recall that a notion of density of Wiener measure would require a notion of Lebesgue measure on
Wiener space, which is missing®. However the shift of the Wiener measure in a direction picked in the
Cameron —Martin space is absolutely continuous with respect to the Wiener measure, with explicit density.
This is an infinite dimensional analogue of the formula above for finite dimensional Gaussian laws.

Theorem 3.8.2. Cameron®—Martin” formula and density of shifts.

“Named after Robert Horton Cameron (1908 — 1989), American mathematician.
bNamed after William Ted Martin (1911 - 2004), American mathematician.

Let W and u be the Wiener space and measure, ® : W — R be measurable and bounded, and / be in
the Cameron —Martin space H. Then we have the Cameron —Martin formula:

f@uu+mumu0:f@umémm%m@umwx

In other words, if B is canonical Brownian motion and Fj,(w) = e(w,h)—%lhlf_[’ then
E(®(B + h)) = E(®(B)F(B)),

It particular E(F}(B)) = 1 and the law of (B; + h) ;o has density Fj, with respect to p.

3Tt can be shown that on an infinite-dimensional separable Banach space equipped with its Borel o-algebra, the only locally
finite and translation-invariant Borel measure is the trivial measure identically equal to zero. Equivalently, every translation-
invariant measure that is not identically zero assigns infinite measure to all open subsets. See for instance https://en.
wikipedia.org/wiki/Infinite-dimensional_Lebesgue_measure and references therein.
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3 Brownian motion

Proof. By a monotone class argument, we can assume without loss of generality that ®(w) = f(wy,,..., wy,)
wheren=1and0<f <---< t, and f:R" — R measurable and bounded. Let h € H, h # 0. There exists an
orthonormal basis (h,,),,=0 of H such that iy = h/|h|y. For all w € W and m = 1, let us define w™ e W by

m
w™ =3 (w,he)hy, palmost surely.
=0

We have lim;;;, .o w™ = = Y nsolw, hy)hy in L2(W). Since @ is continuous and bounded, it follows that
lim, ;.o ®(w"™ + h) = ®(w + h) in probability, and thus, by dominated convergence,

lim By (@(w"™ + ) = Eu(@(w + h).

Similarly we have, using the fact that (w, h) ~ A4(0, Ihlfl) under g,
: o) |hI%, Rl
,}lll%o[E!‘(q)(w )exp((w, h) - T)) = [Eu(fb(w) exp((w, h) - T))

Also, to prove the desired formula, it suffices to show that forall m = 1,

|hI
Eu(@(w™ + 1) = By @(w ™) exp((w, h) - =1 ).
This boils down to a simple computation in finite dimension. Namely, since
h m
w™ +h=((w, ho) + |hlw)—— + Y (w, he)hy,
|h|H /=1

where (w, hy), ¢ = 0 are independent and identically distributed with law .4/ (0, 1), we have

UL 1ym
Eu(@w"™ +h)) = (Xo+ hlw) ho + ) xzhz)e_EZfzoxﬁdxo -dxgy,
=0

1
_ (O}
(y /gn)mﬂ jl;nwl (

]. mn ! _lyp2_lym 12
= fD(x(')ho+ Y x’ﬂzg)exolhlH 2l =2 200 % dx) - dx)),
(V2m)mHl S P

1%
— [Eu(<D(w(m))e(w'h°)lh|H_T)

Ihi2
= E, (@(w ™)™,
Note that we do not need a regular ® or f to perform a linear substitution (change of variable). |
Corollary 3.8.3. Density of Cameron - Martin shifts.

Let B = (B;) ;>¢ be a d-dimensional Brownian motion issued from the origin defined on a probability
space (Q, o/,[P), seen as a random variable of law p taking values on the canonical space (W, %y). For
all h e H, let Fj, be as in Theorem 3.8.2. Then:

1. For all h € H, we have E(F,(B)) =1 and
o | 1 [o© .
f%(B):exp(j’ hsst—-—jm Ihﬂzds)
0 2Jo
2. For all h € H, with respect to (Q, &/, Q) given by dQ = F;, (B)dP, the shifted process

(Bt = he) =0

is a d-dimensional Brownian motion issued from the origin.

3. For all h € H, the law of the shifted process
(Bt + he) =0

is absolutely continuous with respect to the Wiener measure y, with density Fj,.
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3.8 Wiener measure, canonical Brownian motion, Cameron — Martin formula

By definition of the Wiener measure y, we have E(Fj,(B)) = E,(Fy,). The first E is on the probability space
(Q, <f,P) used to define B while the second is on the canonical Wiener space (W, 8y, ). It is customary to
omit the dependency E = Ep over the underlying probability space for an abstract random variable like B.

An extension of Corollary 3.8.3 to random shifts is given by the Girsanov theorem (Theorem 7.5.1).

Proof.

o0
1. Since f hydBg ~ A (0, IhI%I), the formula E(F,(B)) = 1 comes from the Laplace transform formula
0

e{exp( [~ ) = exp "2).

2. By using Theorem 3.8.2 in %, denoting ®;, = ®(- — h),
E(®(B)) =E(®(B+ h—h)) =E(®,(B+ h)) z E(®y(B)Fyr(B)) = E(®(B - h)F(B)) = Eg(®(B - h)).

3. Theorem 3.8.2 writes, for all measurable and bounded ® : W — R,

o | |h|?
E(@(B+ h)) =E(®(B) exp| fo hdBs — 1)) = E@(B)Fy (B) = f O (w) Fy (w)p(dw),

hence the result. Note that taking ® = 1 gives also that E(Fj,(B)) = 1.
Alternatively, let Q be as above and W = B — h. Then W + h = B, and by definition of Q,

Eq(®(W + h)) = Eg(®(B)) = E(®(B)Nr),
and on the other hand, since h is deterministic and since W has the law of BM under Q, we have

Eg(®(W + h)) =E(P(B + h)).

This can be skipped at first reading.

Corollary 3.8.4: Hitting time of Brownian motion with drift

Forall a>0and c e R, thelaw of T, . =inf{t = 0: B; + ct = a} is pt + pd where u has density

a _(a—cs)2
SER— e 2z lgy,
2 s3
and where
CP(T, . = o00) = 0 ifc=0
7= A== 1-e2¢ ifc<0’

The law u is known as an inverse Gaussian or Wald* distribution.
Several other facts and formulas about Brownian motion can be found in the book [6].

Proof. Letus define h(s) =cl s<t, which gives h(s) = c(sA t). The Cameron —Martin formula of Corol-
lary 3.8.3 with ®(w) = Iimaxyq,, w(s)=a} gives

P(Tac < ) =E(@(B + h))

- [E(CD(B) exp(foooh(s)st - %foooh(s)zds))
:[E(I{Tu_ost} eXp(CBt—%zl))
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3 Brownian motion

2
C
[E(I{Tu_ost} eXp(CBt/\Tu_o - E(t/\ Ta,O)))

%

2
= [E(I{Ta_ost} exp(ca - Ta,O))

2
t 2 2
a
*=*f e me"Tds
0 V2msd

= f _a e e ds
V2ms3 '
2
We have used for x the Doob stopping (Theorem 2.5.1) with the martingale (e“?:~ 7 !) ;5 to get

2 2
cB;—5t cB S (T,
[E(e =5 |§t/\Ta,o) = @Bintyo =7 ( a,o)’

and for *x the density of T, given by Corollary 3.5.3. The density of T, . gives in turn the formula
for P(T,,c < 00), which follows also from Doob stopping with the martingale (e_ZC(Bf+”)){t20}. |

Named after Abraham Wald (1902 -1950), Hungarian mathematician.

52/142


https://en.wikipedia.org/wiki/Abraham_Wald

Chapter 4

More on martingales

For simplicity, this chapter is about continuous processes only.

4.1 Quadratic variation, square integrable martingales, increasing process

Definition 4.1.1. Quadratric variation if square integrable processes.

Let X = (X;) >0 be a square integrable real process such that X, = 0. The quadratic variation process
[X] = ([X]¢) 0 of X is defined for all ¢ = 0 by the limit (when it exists)

P
(X1, = lim Y (Xy,,, — X,)?
|6]—0 3

where the convergence takes place in probability, and where §: 0=ty <---<t, =t, n=ns = 1, runs
over all the partitions or sub-divisions of [0, t], and where |6] = max;<f<y, |tx+1 — | is the mesh of
6. More generally, the quadratic covariation process of a couple of square integrable real processes
X =(Xp)=0and Y = (Yy);»( is defined for all ¢ = 0 by the following limit when it exists:

P
[X) Y]l’ = |%i|mOZ(th+l - X[k)(Yl’kJrl - Ytk)-
Yk

We have [X] = [ X, X]. The set of processes with quadratic variation is a vector space. The operator [-] is
bilinear on this space and we have by polarization [X, Y] = i([X +Y]-[X-Y].

We use convergence in probability because we do not know if the process has high enough moments.
Recall that for Brownian motion we have used the fourth moment for L convergence of quadratic variation.

Theorem 3.2.1 states that for a BM B, we have, for all £ = 0, [B]; = ¢. Theorem 4.1.4 states that for all any

square integrable continuous martingale M issued form the origin, for all z >0, E([M],) = E(M?).

Lemma 4.1.2. Continuity and finite variation implies zero quadratic variation.

If a process X = (X;) ;=0 is continuous and has finite variation then it has zero quadratic variation. In
other words, for a continuous process, non-zero quadratic variation implies infinite variation.

On the same topic, Lemma 4.1.6 states that a finite variation continuous martingale is constant.
Proof. Indeed, for all ¢ > 0 and all partition6:0=fy<---<t, =tof [0,t], n=n5 =1,

Y Xg,, — Xp)? smax| X, — Xg 1Y 1Xy,, — X ] — 0.
k k 3 161—0

The max part of the right hand side tends to 0 since X is continuous and thus uniformly continuous (Heine),
while the ) part is bounded by the 1-variation of X on [0, ¢] which is finite since X has finite variation. W
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4 More on martingales

Coding in action 4.1.3. Quadratic variation of BM.

Could you write a code simulating approximate trajectories of one-dimensional Brownian motion
and their approximate quadratic variation, and plotting both on the same graphic?

We denote by .#? the set of square integrable continuous martingales.
We denote by /ﬂg the set of square integrable continuous martingales issued from the origin.
We often use the following properties for any M € ./

« Squared L? norm of increments: forall 0 < s < f,
E((M; — My)?) = EE(M? — 2MM; + M? | &) = E(M?) — E(M3)

and thus for any subdivision s =y < -+ < t;, = ¢, by telescoping summation,

E((M;, — My,_)%) = E(M}) —E(M?).
1

n
i=

* (Conditional) orthogonal increments in [2: forall0<s<t<u<vwehave

E((M;—My)(My,—M) | F)=M;—M)EM, - M, | F;) =0.
—_—
=M;—M,;=0.

The following theorem is a crucial result of martingale theory.
Theorem 4.1.4. Increasing process or angle bracket.
Let M e /2.

e There exists a unique continuous and non-decreasing process denoted (M) = ((M;)) ;»¢ such
that (M)y = 0 and (M? —(M})) 5, is a martingale. In particular (M) is adapted.

e For all ¢ = 0, the quadratic variation [M]; exists and [M]; = (M);.

Uniqueness is up to indistinguishability.

The process (M) is called the increasing process or angle bracket of M, or even the compensator of M?.
If M € #? with My # 0 then we define [M] = [M — Mp] and (M) = (M — Mp).

If B is a Brownian motion, Theorem 3.1.6 gives that (B), = ¢ for all ¢ > 0 by showing that (B? — 1) /=018 @
martingale, while Theorem 3.2.1 gives that [B]; = t for all £ = 0 by computing the quadratic variation. More
generally Lemma 4.2.6 states that for all continuous local martingale M issued from the origin, [M] = (M).
In Theorem 4.1.4, M? is a sub-martingale, and actually Theorem 4.1.4 states a special case of the more
general Doob—Meyer!' decomposition of sub-martingales which is beyond the scope of this course.

Corollary 4.1.5. Boundedness in 2.

IfMe ./%g then there exists a random variable (M), taking values in [0, +0c0] such that almost surely

(M)t /' (M)oo,

t—00
and moreover M is bounded in L? if and only if (M), € L', more precisely, in [0, +oc0],

E((M)oo) = supE(M?).
=0

INamed after Paul-Anré Meyer (1934 —2003), French mathematician.
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4.1 Quadratic variation, square integrable martingales, increasing process

Proof of Corollary 4.1.5. The first property follows from the monotony and positivity of (M). For the second
property, since M2 — (M) is a martingale we get E(M?) = E((M)) for all £ > 0, and by monotone convergence,

E(M7) = E(M),) t/ E(M)oo) € [0, +00].

This can be skipped at first reading.

Proof of Theorem 4.1.4.

* Existence of (M) and [M] and their equality when M is bounded. Let us fix t > 0 and let (§,),, be
a sequence of partitions of [0,¢], §,:0 = tg’ < e < tﬁn = t with |6, = maxlsksrn(t]’cl - t,’cl_l -0
as n — oo. It can be checked that the process X = (X)se0, defined by

rn
n
X5 = Z MtLl (Mt]?As —Mt;'fl/\s)
k=1

is a (bounded) martingale (it is crucially zero when s < 1, see Lemma 6.1.3 for more), and that

k
2 _ 2
M} —2Xpy =) (M~ My ).
i=

Now it turns out that
lim E(X"-X™?) =0.

m,n—oo
It follows by the Doob maximal inequality (Theorem 2.5.7) that
lim E[ sup (X" - X’”)Z) =0.
m,n—oo (SE[O,I] $ $
Next, for some subsequence n; and continuous process Y, we have that almost surely X"* — Y
as k — oo. Moreover Y inherits the martingale property from X. Now the process

k
2 _ 2
My, - ZXZ? = ZI(M[; - M)
1=

is non-decreasing along 7/, 1 < k < rp,. Letting n — oo gives that M? —2Y is almost surely non-
decreasing. This shows that [M] exists, is equal to M? —2Y, and that we can take (M) = [M].

e Existence of (M) and [M] and their equality when M is not bounded. For all N, we intro-
duce the stopping time Ty = inf{t = 0 : |[M;| = N}. From the bounded case applied to the
bounded martingale (M;7,),-, there exists a unique increasing process (A]tV ) ;>0 such that

2 N . . . . N _ N
(Mg AT, A; )t20 is a martingale. The uniqueness gives AL Ty = A}, and the we can define a

process (A;) ;o by setting A; = AY on the event {Ty > t}. Finally by monotone and dominated
converge, (Mf —Ap) >0 is a martingale.

For the quadratic variation, it suffices to write
n n
P(14; - kz (Mg~ My Iz ¢) <P(Ty <) +P(|AY - kz (Mygnry, My nr,)?1 2 €]
-1 =1
In contrast with the bounded case, here A; = (M), belongs to L' but not necessarily to L2, and

in particular, the convergence of S(6™) =1 (M, = M tl’cl—l)z holds in P but not necessarily in L2.

e Uniqueness of (M). If (A;) ;=0 and (A’t) /0 are continuous, increasing, issued from 0, such that
(M? - Ay) -, and (M? — A}),_, are continuous martingales, then (4, — A}),., is a continuous
finite variation martingale, and by Lemma 4.1.6, it is constant. Since Ay = Ag =0,weget A=A

Lemma 4.1.6

If (M) se(o,7 is a finite variation continuous martingale then it is constant.
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4 More on martingales

Proof of Lemma 4.1.6. Let (Mj) (o, be a finite variation continuous martingale. We may as-
sume without loss of generality that My = 0. For all N = 1, we introduce the stopping time

Ty =t Ainf{s€ [0,1]:|M| = N,sup )_|M,,,, — M| = N}
k

where the supremum runs over all sub-divisions of [0, ¢]. By Theorem 2.5.1, the stopped pro-
cess (Msaty) sefo.1 is a bounded martingale and thus, for all s < ¢,

E((Miaty — Moaty)?) = EE(Miay — Mot )? | F6) =E(M7, 1 )~ E(MZ, 1)
This gives, using a telescoping sum, for an arbitrary sub-division§:0=f) <--- <t =1¢,
EM3,) = EOMZ, 1) ~EOE, 1)
= [E;(MMATN ~Miynty)’
< [ESL;p Mt ATy — Myaty Xk: | Mo aTy = Miatyl
< N[Esukp Moo T — Miaty |-
Since M is continuous, the sup in the right hand side tends a.s. to 0 as |0| = max; (¢;+; — ;) — 0.

Since it is bounded, by dominated convergence, [E(M%N) =0. Thus Mr, =0, which gives in turn
M; =0 by sending N to co and using the fact that M is continuous with finite variation. |

Remark 4.1.7: Stochastic integral

In the proof of Theorem 4.1.4, we have approximated [M]; as M? minus 2 times a sort of
Riemann sum approximating in probability the stochastic integral fot MdM; making this ap-
proximation and its limit a martingale. This corresponds to the following calculus formula

t 1 t
FOM,) = F(Mp) + fo £ (M) AM + fo £ (MYd(M),s

in the special case f(x) = x%. This is a remarkable special case of the It6 formula. The

quadratic variation term, the second term in the right hand side, is due the roughness of M.

Corollary 4.1.8. Angle bracket, square bracket, quadratic covariation.

Let M,N € U¢.

e There exists a unique continuous finite variation process (M, N) = ({(M, N););=o such that
(M, N)p =0and (M;N;— (M;, N;)) ;> is a martingale. In particular (M, N) is adapted.

¢ The quadratic covariation of (M, N) exists and [M, N]; = (M, N), for all ¢ = 0.

It is important that M and N are martingales with respect to the same filtration, the underlying (%) ;»o-
By Theorem 3.1.6, if B is a d-dimensional Brownian motion then forall1 < j,k<d andall =0,

(B/,BYy, =B/, BX), = 11;4.

Proof. We proceed by quadratic polarization. First the processes (M; + Ny);»¢ and (M; — N¢) ;s are square
integrable continuous martingales with respect to (%;);»¢. Next, for all ¢ = 0, if we define (M, N) as

1
(M,N); = Z(<M+N>t_<M_N>t);
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4.1 Quadratic variation, square integrable martingales, increasing process

then M;N; — (M, Ny; = 3 ((M; + N)* = (M + N); — (M; — N)? = (M — N),)), and thus (M;N; — (M, N);) ;=9
is a martingale by Theorem 4.1.4. Moreover (M, N) is continuous with finite variation as the difference of
continuous and increasing processes. The uniqueness follows as in the proof of Theorem 4.1.4. The link
with the quadratic covariation follows by polarization and Theorem 4.1.4. |

Corollary 4.1.9. Stopped angle brackets.

If M,N € .42 and S, T are stopping times then (M1, NS) = (M, N)5"T.

Proof. Theorem 2.5.1 gives that (M? — (M))T = (M")? — (M)" is a martingale. Now ((M)T)y = (M)¢ = 0 and
(M) is a continuous increasing process, and thus, by the uniqueness property of the increasing process
provided by Theorem 4.1.4, we have (MTy = (Mm)yT, By polarization we get (MT NTy = (M,N)T. Finally,
(MT,Ny=(MT",NTy from the equality with quadratic covariation (sum of products of increments). [ ]

This can be skipped at first reading.

Corollary 4.1.10: Kunita—Watanabe inequality

For all square integrable martingales M and N, the following Cauchy - Schwarz type inequal-
ity holds, for all measurable processes ¢ and ¥ and all ¢ = 0:

t t t
fo |<ps||ws|d|<M,N>s|s\/ fo |<ps|2d<M>s¢ fo s 2d(NY s,

where the integrals are in the sense of finite variation integrators (Theorem 1.7.3).

Proof. Set (M, N)§ =(M,N);— (M, N);, s < t. The Cauchy-Schwarz inequality on the sums approx-
imating the quadratic variations with rational edges gives, via continuity, that a.s. for all s < t,

M, N[ <1/ (M, My (N,

Similarly, we can prove that almost surely

t
| 1 Nyl = e i fev o,

By a monotone class argument, it follows that almost surely, for all bounded Borel set A,

f|d<M’N>”|S\/f d(M,M)u\/f d(N, N),.
A A A

Now, almost surely, if ¢ =3 ; ;1 4, and ¢ = }_; ;1 4, are step functions with 1; = 0 and y; = 0, then

Joow a8 =X A | 10048,
s¢ZA§f d<M,M>S¢Zu?f d(N, N
i A i A

_ ¢ f w(s)zd(M,M>s\/ B(5)2d(N, N)s.

The generalization to arbitrary non-negative measurable ¢, ¢ follows by monotone convergence. W
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4 More on martingales

4.2 Local martingales and localization by stopping times

If (M});>( is a martingale, then the Doob stopping theorem states that for every stopping time T, the
stopped process (M5 T) >0 is again a martingale. Stopping can be used in general to truncate the trajectories
of a process with a cutoff, in order to gain more integrability or tightness. Typically if (X;) ;> is an adapted
process, we could consider the sequence of stopping times (7}),>¢ defined by T, = inf{f = 0: | X;| = n},
which satisfies almost surely T,, /" +o0o as n — oo and for which for all n the stopped process (X;a1,) ;2
is bounded. We say that (7}),>¢ is a localizing sequence. Now a local martingale is simply an adapted
processes (X;);~o such that for all n > 0 the stopped process (X;r1,), is a (bounded) martingale. Every
martingale is a local martingale. However the converse is false, and strict local martingales do exist.

Local martingales popup naturally when constructing the stochastic integral (see Chapter 7).

Definition 4.2.1. Local martingale.

* A continuous process (M;) ;s issued from the origin is a local martingale if it is adapted and
for all n = 0, introducing the stopping time T, = inf{t = 0 : |[M;| = n}, the stopped process
M = (MyaT,) 50 is @ martingale. It is bounded since sup .o |M¢a1,| < Mol vV n=n <oco.

e Since the process M is continuous, almost surely T}, /' +o0o as n — oo, and thus, for all ¢ = 0,
limy,—.co M¢aT, = M, almost surely. We say that the sequence (7)o localizes or reduces M.

* If we do not have Mj # 0, then we say that M is a local martingale when M — M, is a local mar-
tingale however we still impose that M is adapted and in particular that M is &%, measurable.

 We denote by .#'°° the set of continuous local martingales w.r.t. the default filtration (%) ;»¢.
We denote by J%é"“ the subset issued from the origin.

Remark 4.2.2. Alternative or relaxed definitions.

Equivalently we could say that a continuous adapted process (M;) ;»( issued from the origin is a local
martingale when there exists a sequence (S) ;o of stopping times such that

1. almost surely S;; /" +oo as n — oo
2. for all n = 1, the continuous process M Sn = (M tAS,) ;>0 18 @ martingale.

Moreover in this definition we could replace martingale by the stronger conditions square integrable
martingale, or u.i. martingale, or bounded in L? martingale, or bounded martingale. Indeed, it suf-
fices to show that M is then localized by T, = inf{t = 0 : |[M;| = n}. Indeed, since M is continuous,
almost surely T;, / +oco as n — oo. Next, if (S,),>o localizes M, then for all n, k = 0, by the Doob
stopping theorem (Theorem 2.5.1) for the martingale M>* and the stopping time T),, the process
(M) Tn = (M(nS,AT,) ;>0 IS @ martingale, thus for all 0 < s < ¢, E(Mas, AT, | F5) = MsaseaT,. More-
over since My = 0 and M is continuous, by definition of T, we have sup,.o|Mas,1,| < 1, and by
dominated convergence, as k — oo, we have E(My7, | &5) = MsaT,, hence (M 1,) .- is @a martingale.

* Localization is a truncation for processes by cutoff that has the advantage of preserving the continuity
of the process and the martingale structure thanks to Doob stopping theorems.

* A martingale is always a local martingale: take T}, = inf{f = 0: |M;| = n} and use Doob stopping (The-
orem 2.5.1). Note that thanks to the convention inf@ = co we have T, = co on {sup,.¢ | M;| < n}.

» If M is alocal martingale, then no integrability is guaranteed for M; for a fixed deterministic ¢ = 0, and
we may have M, ¢ L'. Moreover for every stopping time T, the stopped process M’ = (M;x7) ;=0 is a
local martingale but the Doob stopping theorem does not hold in general even if T is bounded.
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4.2 Local martingales and localization by stopping times

Remark 4.2.3. Domination as a martingale criterion.

If M is a continuous local martingale dominated by an integrable random variable, in the sense that
Esupq M| < oo, then, for all £ = 0 and s € [0, #], by continuity and dominated convergence,

M; = Y}EEOMS/\T,, = nli_l:lgo[E(Mt/\Tn | F5) = [E(V}EEOMMT" | F5) = E(M; | F)

for any localization sequence (7,), for M, hence M is a u.i. martingale. However, there exists con-
tinuous local martingales which are bounded in L? and thus u.i. and which are not a martingale!

Remark 4.2.4. Strict local martingales.
Are there local martingales which are not martingales? Yes®.

e If M is a martingale, for instance Brownian motion, and if U is measurable with respect to %,
then (U + My) ;> is alocal martingale, and a martingale if and only if U € L!. Note that if My is
constant and % = o(M)) = {Q, &} then necessarily U is constant and we cannot have U ¢ L!.

* Let M be a martingale such that My = 1, such as the Doléans-Dade exponential (Theorem
7.3.1). Let U be arandom variable independent of M. Then (U M) ;5 is alocal martingale with
respect to the enlarged filtration (o (o (U) U %}));»¢, localized by T, = inf{t = 0: [UM;| = n}.
This is in fact an It6 stochastic integral, see Exercise 4 of the 2020-2021 exam.

e Let (By) ;>0 be a 3-dimensional BM with By = x # 0. The process (|B¢|) ;>0 is a Bessel process.
It can be shown that the inverse Bessel process (|B;|™!) ;s is a local martingale, localized by
T, =inf{t = 0:|B;| < 1/(]x| + n)}, but is not a martingale. Moreover it is bounded in L2 and thus

u.i.! For a proof, see Exercise 3 of the 2020-2021 exam?.

2Some other famous examples are listed on https://en.wikipedia.org/wiki/Local_martingale
bor https://djalil.chafai.net/blog/2020/10/31/back-to-basics-local-martingales/

Remark 4.2.5. Vector spaces.

The set .#'°° and J%OIOC are real vector spaces. Indeed if M, M’ € J%(I)OC are localized respectively by
(Ty) p=1 and (T7}),,-,, then by the Doob stopping theorem (Theorem 2.5.1), (Sp) =0 = (Tn A T}) 150
localizes both M and M'. For all n = 0, the process (M + M')S» = MS» + M'S" is a square integrable
martingale. Note that we have also the following (strict) inclusions:

2 2 loc
My < Ay < M
N N N

M2 < u? < uyloc

Lemma 4.2.6. Increasing process, angle bracket, quadratic variation, square bracket.

Let M, N € \°°.

1. there exists a unique continuous finite variation process denoted ((M, N);) ;o with

(M,N)o=0 and (M;N;—(M,N)) g € MC.
Moreover (M, N) = %((M+ N) — (M — N)) where (M) = (M, M).
2. (M) is the unique non-decreasing process such that M? — (M) is a continuous local martingale
3. Mislocalized by Ty, = inf{t = 0:|M;| = n or (M); = n} and for all n = 0,

supIMtT"Isn and sup(M"); <n.
20 20
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4 More on martingales

4. Forall t = 0if (§,),>1 is a sequence of sub-divisions of [0, ], §,: 0 = t(’] <o < t,’}ln =t, then

mn
P
SGn) =) (M — M )(Ngn = Nyn ) ol [M,N];=(M,N);
k=1

provided that |6 ,| = max)<k<m, (£ — £;_;) — 0 as n — oo. Furthermore

[M,N] = 711([M+N] —[M—N]) where [M]=[M,M].

We say that (M) is the increasing process of M.

We say that (M, N) is the finite variation process or angle bracket of the couple (M, N).

We say that [M] is the quadratic variation of M.

We say that [M, N] is the quadratic covariation or square bracket of the couple (M, N).

As for martingales, if M € ("¢ then we set (M) = (M — My) and [M] = [M — Mp], in particular (M) = [M].
As for martingales, (M) is not necessarily in L2 andin particular S(8) — (M) may not hold in L2

Proof.

1. If (S) ;=0 localizes M and (T},),¢ localizes N then (U,) ;=0 = (T A Su) ,=0 localizes both M and N.
By uniqueness of the increasing process of square integrable continuous martingales (Theorem 4.1.4)
used for the square integrable martingales MU» and NU», we get that forall0 < n < m and ¢ > 0,

(MYr, NYy iy, = (MYn, NUny,,
hence ((MUn, NUny) =0 and (MUYn, NUny) =0 are equal up to time U,. We then define, for all t =0,
(M,N); = lim (MY, NU),.
n—oo

This is the unique continuous process with finite variations and issued from the origin, denoted
(M, N) such thatforall = 0 and all =2 0, (M, N) ny, = (MU, NU»),. We then set (M) = (M, M).

2. Take M = N in the previous item.
3. It suffices to proceed as in Remark 4.2.3. Note that (MTny = (M) T gives (M Ty < n.

4. Wereduce to M = N by polarization. Next, let (T},) ,>¢ be a localization sequence for M. For all n =0,
Theorem 4.1.4 used for the square integrable martingale M”» gives

LZ
sT@) =Y (M — M) 570 M= (M7
,~ -

Now foralle >0and all n =0,

P(IS©) — (M)l > &) <P(T, < t) +P(S©B) — (M) | > &, < T)
<P(T, < ) +P(ST(8) — (M), pfl > €),

and therefore lim;5—.o P(|S(6) — (M);| > €) = 0.

Lemma 4.2.7. Martingale criterion.
Let M be a continuous local martingale with My € L2.
1. The following properties are equivalent:

(a) M is amartingale which is square integrable
(b) EKM);) <ooforall r=0.
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4.2 Local martingales and localization by stopping times

2. The following properties are equivalent:
(a) M is amartingale which is bounded in L2 and SUp ;= [E(Mf) =E(M)o)
(b) EM)eo) <00

Moreover, in this case M? — (M) is a u.i. martingale and E(M2,) = E(M?) + E((M)oo).

The proof of the lemma is rather short but uses many typical martingale ingredients!

Proof. By replacing M with M — My, we assume without loss of generality that Mj = 0.

1. If M is a square integrable martingale then M? — (M) is a martingale and in particular (M), € L! for all
t = 0. Conversely, if M is a continuous local martingale with (M); € L! for all ¢ = 0 then since M?— (M)
is a continuous local martingale, it follows that there exists a sequence (7T,),>o of stopping times
such that almost surely T;, / +o0 as n — oo and for all > 0 the process (M7)2 — (M)T» is a square
integrable continuous martingale issued from 0. Hence, for all ¢ = 0, using monotone convergence,

E(M;y7,) = ECMYint,) — E(M)) <oo.
This implies that (M1, .-, is bounded in L2. On the other hand, it follows by the Fatou lemma that

E(M?) =E( lim M?, ;. | < lim EQMZ, 1) < oo,
n—oo n—oo

Finally, since for all ¢ = 0, (M¢s7,),,5( is bounded in L2, it is u.i., and thus, for all 0 < s < t, since
limy,—oo MiaT, = M; a.s., this convergence holds in L! and we obtain the martingale property via

E(M; | F9) = E( im Minr, | F) = lim EMiar, | F0) = lim Mo, = M;.

2. If M is a martingale bounded in L? then, by Corollary 4.1.5, (M), € L!. Conversely, if M is a local
martingale with (M), € L!, then, by monotony and positivity of (M), (M), € L! for all ¢ = 0, next, by
the first part, M is a square integrable martingale, and thus, by Corollary 4.1.5, M is bounded in L2.

Finally if M is a martingale bounded in L2, then the Doob maximal inequality (Theorem 2.5.7) gives

[E( sup Mf) 54[E(Mf)
s€[0,£]

for all £ = 0, and by sending ¢ to co, we get, by monotone convergence,

[E(sup M?) <4sup [E(Mf).
120 120

This gives the domination

sup | M? — (M) | < sup M? + (M)o, € L,
t=0 t=0

which implies that M? — (M) is uniformly integrable.

Remark 4.2.8. Vocabulary.

If X and A are continuous adapted processes with Xy = Ag = 0 with A of finite variation and such that
X — Ais alocal martingale then A is unique and is called the compensator of X. For instance if X is a
continuous local martingale with X, = 0 then the compensator of X? is (X).
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4 More on martingales

Remark 4.2.9. Link with Brownian motion.

The Lévy characterization of Brownian motion (Theorem 7.2.1) states that among all continuous
local martingales, Brownian motion is characterized by its angle bracket. On the other hand, the
Dubins—Schwarz theorem (Theorem 7.4.1) states that all continuous local martingales with angle
bracket tending to infinity at infinity are time changed Brownian motion by the angle bracket.

4.3 Convergence in L and the Hilbert space M}

Let MI% be the set of continuous martingales issued from the origin and bounded in L2, for some fixed
underlying filtered probability space (Q, Z, (%) 10, P)-

The elements of M% are centered: forall M € MI% andall £ =0, E(M;) =E(Mp) =0.

For all M € M2, we have My = 0 and sup,.(E(M?) < co. By Theorem 2.1.3, we see the elements of M3 as
random variables taking values in (€ (R, R), B¢ ®, r). In particular for all M, N € M2, we have M = N iff M
and N are indistinguishable in other words P(V¢=0: M; = N;) = 1. Also M =0 iff for all t =0, M;=0.

Theorem 4.3.1. Hilbert structure on Mg.

The set MI% is a Hilbert space with scalar product (M, Ny = ECM, N) o).
Moreover, for all M € Mg, we have | M|, = E(M)co) = SUpP 159 ECM) 1) = sup o E(M7).

0

More generally, it can be shown similarly that for all fixed T > 0, the set M% r of square integrable
continuous martingales (M;)c(o, 77 such that My = 0 is a Hilbert space for the scalar product (M, N >M§ .=

E({M, N) 7). In this case, for all M € MI% o We have ||M||§/|]2 = SUP;eio, 1 ECM) 1) = sup o 17 [E(M%).
’ 0,7 ! ’

Proof. The facts that MI% is a vector space and that -) is bilinear, symmetric, and non-negative on the diago-
nal are almost immediate. For the positivity, if M € M(Z) with E({M)s,) = 0 then we have (M), =0forall £ =0,
hence [E(Mf) =0 for all £ = 0, thus M; =0 for all £ = 0. To prove completeness, let (M™),-, be a Cauchy
sequence in Mg. Then for all € > 0, there exists r > 1 such that for all m, n2 r, |M"™ - M" ;2 < e. Thus

supE(IM"™ — M%) < €.
t=0

This implies that for all £ = 0, (Mi"))tzo is a Cauchy sequence in .2, and thus converges to an element
M, € 12. Tt follows that M = (M) ;s is a square integrable martingale, issued from the origin. It remains
to prove that M is continuous. To this end, the idea is to use uniform convergence on finite time intervals.
Namely, let us fix ¢ > 0. From the L? convergence, there exists a sub-sequence (7)1 such that forall k > 1,

[E(|M§nk) _ Mz(tnk+1)|2) < 2—k.

(n+1)
¢ )

Now the Doob maximal inequality (Theorem 2.5.7) for the martingale (M ;") -M =0 8ives

E( sup |M£nk) _Ménk+1)|2) < 4|E(|M’Enk) _ M(nk+1)|2) < 2—k+2’

t
se(0,1]

and thus, by monotone convergence or the Fubini - Tonelli theorem,

[E( Z sup |M§”k) —M§”k*”|2) = Z [E( sup IMén") —Ménkﬂ)lz) < 00.
k>15€10,7] k>1 " s€l0,z]

Therefore for all £ > 0, almost surely

> sup [M{"™ - M"Y | < o0,
k=1s€l0,]
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4.3 Convergence in L? and the Hilbert space MI(Z)

Lemma 4.3.2. Criterion.

In a Banach space if Y07 | [ty — tn 41 < oo then (uy) =1 converges.

. . —_ n
The converse is false, for instance u,, = D, 0but |ty — Uil oo % and thus .77 | |y — up41| = 0.

n p—oco

Proof of Lemma 4.3.2. The sequence (u,),>; is Cauchy since for all n = 1 and m = 1 we have

n+m-1
Ntnsm—tnll< Y Nuger—ugl < Y lugsr —ugl — 0.
n—o0
k=n k=n
|
By using Lemma 4.3.2 with the Banach space (€([0, ], R), I|-Il = supjy 4 |-), this implies that for all # > 0,

almost surely, the sequence of continuous functions (s € [0, t] — M, g"’“)) =1 converges uniformly towards a
limit denoted (M) ,; Which is continuous thanks the uniform convergence. This almost sure event can

be chosen independent of ¢ for instance by taking integer values for ¢. Now forall ¢ = 0, (M g" 2 =1 converges
to M, in L? and to M} almost surely, and therefore M; = M. [ |

Theorem 4.3.3. Convergence of martingales bounded in 2.
Let M be a square integrable martingale bounded in L2. Then there exists M, € L? such that

lim M; = M, almost surely and in L2

t—oo

Note that M is uniformly integrable because it is bounded in L” with p =2 > 1.

Proof. Let us show that M satisfies the L? Cauchy criterion. Recall that for all 0 < s < ¢, we have

E((M; — My)?) = E(M? — 2ME(M; | F5) + M?) = E(M? — M?).
But M?isa sub-martingale and ¢ — [E(M%) grows and is bounded above by sup; . [E(Mf) < o0o. Thuslim;_.o E(M f)
exists. Hence (M;) ;»( is Cauchy in L?, and therefore it converges in L? towards some M, € L?. It remains to
establish the almost sure convergence. Now, by the Markov inequality, for all s =0 and all € > 0,

P(sup |M, — Moo = g) < Eiz[E(sup(Mt - Moo)z)

t=s t=s
2 2 2
< 8—2([E((Ms M) ) + [E(stlzqs)(M[ ~ My ))
Now the monotone convergence theorem gives
[E(sup(Mt - Ms)z) = lim [E( sup (M;— Ms)z).
=N T—oo \ie[sT)
On the other hand, for all s = 0, the process (|M; — M;|) ;> is a continous non-negative sub-martingale, for
which the Doob maximal inequality of Theorem 2.5.7 gives
[E(sup(Mt - Ms)z) < lim 4E((My — M)?) = 4E (M, — M,)?).
t=s T—o0
Therefore we obtain 10
P(sup|M; - M| = €] < E(M, ~ Mo)?) — 0.
£ §—00

r=s

Since the right hand side decreases as s grows, we get, for all € > 0,

[|J>(mS€@+ {sup|M; — Mo| = e}) = lim P(supIMt— Mool = e) =0,
t=s §—00

t=s

Similarly, the right hand side decreases as € grows, and then

[F’(UgE@+ ns€@+{s;1>113)|Mt — Myl = 5}) =lim lim IP(supIM[ — Myl = 5) =0,

£—(0S—00 t>s

which means that lim;_.., M; = My almost surely! [ |
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4 More on martingales

4.4 Convergence in L!, closedness, uniform integrability

As for the sum of independent and identically distributed random variables, there is, for martingales, in
away, an L? theory and an L! theory. The L? theory is in a sense simpler due to the Hilbert structure.

Theorem 4.4.1. Doob convergence theorem for martingales bounded in L!.

Let M be a continuous martingale bounded in L. Then there exists M, € L! such that

lim M; = My, almost surely.
n—oo

Moreover the convergence holds in L! if and only if M is uniformly integrable.

If M is a non-negative martingale, then it is always bounded in L.
If M is martingale bounded in L! but not u.i., then E(M;) = E(Mp) for all £ = 0 but E(M) # E(Mp).

This can be skipped at first reading.

Proof. We can assume that M = 0, otherwise consider the martingale M — My = (M; — My) ;¢ which

is also bounded in L}, making M; — My + (M — M) a.s. We proceed by truncation and reduction to

the square integrable case. By the Doob maximal inequality (Theorem 2.5.7) with p=1and all r > 0,
E(I M)

IP’( sup |M| = r) < .
s€[0,1] r

By monotone convergence, with C = sup ., E(|M;|) < oo, forall r > 0,

C
P(sule;I > r) <-—.
=0 r
It follows that

[F"(stliglMtl :oo) < }LrgoP(stlzlglMtl > r) =0,

in other words almost surely (M;) ;> is bounded: sup . |M;| < co. Thus, there exists an almost sure
event, say Q’, on which for all n = sup ., |M;| (beware that this threshold on 7 is random),

T, =inf{t =0:|M;| = n} = co.

Next, by Doob stopping (Theorem 2.5.1), for all n = 0, (M;a7,),, is a martingale, bounded since
sup o |Miat,| < [Mpl vV n=n (M is continuous and My = 0). Now, since (M¢a7,) - is bounded in L2,
by Theorem 4.3.3, there exists Méf,” € L2 such that lim;_..o M T, = M&” almost surely (and in L2 but
this is useless). Let us denote by Q,, the almost sure event on which this holds. Then, on the almost
sure event Q' N (N,Q,), for all £ = 0 and n = sup,.o|M;|, we have M;r1, = M;, thus the sequence
(Még)) ,, is stationary in the sense that fo’,’) is constant when n = sup,., | M|, hence, if M is its limit,

lim M[ = MOO'
t—00

Contrary to M((x')l), the limit M, has not reason to belong to L2. However My, € L! since from the
almost sure convergence, the boundedness in L! of (M}) =0, and by using the Fatou lemma, we have

E(IMool) = E(lim [M;]) < lim E(IM) < C < 0.

t—00 [—o0
Finally an almost sure convergence to an L! limit holds in L! if and only if the sequence is u.i. |

The result remains valid for super-martingales.
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4.4 Convergence in L!, closedness, uniform integrability

Theorem 4.4.2: Doob convergence theorem for super-martingales bounded in L

Let M be a continuous super-martingale bounded in L. Then there exists My, € L! such that

lim M; = M, almost surely.
n—oo

Note that a non-negative super-martingale is automatically bounded in L.

Proof. See for instance [31, Theorem 3.19 page 58—59] for a classical proof using oscillations. [ ]

Remark 4.4.3. Non-negative local martingales are super-martingales.

If (M;) >0 is a non-negative continuous local martingale and M, € L}, then it is a non-negative su-
per-martingale and by Theorem 4.4.2 it converges almost surely to an integrable random variable.
Indeed, if (T},),, is alocalizing sequence then for all £ =0 and s € [0, ], by the Fatou Lemma,

E(M; | Z) =E(lim Minat, | Fs) < lim E(M¢nt, | F5) = lim Msnt, = Ms.
n—oo n—oo n—oo

Note that the conditional expectations are well defined in [0, +o0] because M is non-negative.

Corollary 4.4.4. Convergence of martingales bounded in L”, p > 1.

If M is a continuous martingale bounded in LP with p > 1 then there exists M, € L” such that

tlim M; = M, almost surely and in L”.
—00

In particular, for p = 2 this gives an alternative to Theorem 4.3.3.

This can be skipped at first reading.

Proof. Since M is a super-martingale bounded in L!, Theorem 4.4.1 gives M, € L! such that
lim;_.., My = My, almost surely. But since M is bounded in L” with p > 1, it follows that M is uni-
formly integrable, and therefore lim; .o, M; = M, in L. We have M, € L” since by the Fatou lemma,

E(|Mool?) = E(lim [M;|?) < lim E(M,|”) < co.

t—oo t—oo

On the other hand, by the Doob maximal inequality (Theorem 2.5.7), since M is bonded in L, for all
£=0,Supgc(o 4 |M,|” e L! and E(supejo, |M;|P) < ¢,y E(|M¢|P). Therefore, by monotone convergence,

E(sup | M;[?) < supE( M, |P) < co.
t=0 t=0

Hence sup,.q|M;|” € L!, and thus, by dominated convergence, lim;_..o My = My, in LP. |

Corollary 4.4.5. Doob theorem on closed martingales or Doob martingale convergence theorem.
Let M be a continuous martingale. The following properties are equivalent:

1. (convergence) M, converges in L! as t — oo

2. (closedness) there exists Mo, € L! such that for all =0, M, = E(My, | %)

3. (integrability) the family {M; : t = 0} is uniformly integrable.

In this case, for all £ =0, M; = E(My, | &;), and lim;_o, M; = M, a.s. and in L}, and E(Mp) = E(My).
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4 More on martingales

If M is a martingale then for all fixed a = 0, the stopped martingale M% = (M 4) ;=0 is closed by M, since
E(Mg | &) = Mgla<y + M1 ,5¢ = Mipq. Hence M is uniformly integrable. Note that lim;_..o Miag = M.
Note that in the proof below, Theorem 4.4.1 is used in every implication of the equivalence.

This can be skipped at first reading.

Proof. 1. = 2. If M converges in L!, then it is bounded in L!, and by Theorem 4.4.1, its converges
a.s. to My, € L! (the convergence holds also in L! but we do not use this fact now). For all £ = 0
and s € [0, t] and all A € &;, the martingale property for M gives E(M;14) = E(M;14). By dominated
convergence as t — oo, we get E(My14) = E(M;1 4) therefore M = E(My, | %) forall s = 0.

2. = 3. Let us assume that for some My, € L' we have M, = E(M,, | %;) for all t = 0. Then
sup;soE(IM;]) < E(|Ml) < oo and thus, by Theorem 4.4.1, M; converges a.s. as t — oo. It follows
that almost surely M. =sup;.q|M;| <oco. Now limpr_. 13, >r = 0 almost surely, and for all R = 0,

SUpE(IM¢ |1, 1=r) = SUPE(IE(Mso | F1)110,12R) < SUPE(IMool1ip,12R) < E(|Moolly,=r) — O
=0 t=0 t=0 R—o00

where the convergence follows by dominated convergence. Therefore M is u.i.
3.= 1. If M is u.i. then it is bounded in L!, and from Theorem 4.4.1, there exists M., € L! such that
lim;_.oo M; = My a.s. Since M is u.i., the convergence holds in L. |

The following generalizes the Doob stopping theorem (Theorem 2.5.1).
Corollary 4.4.6. Doob stopping for uniformly integrable martingales.

Let M be a u.i. continuous martingale and let T be a stopping time (not necessarily bounded or
finite). We set M1 = My, on {T = oo} where My, = lim;_., M, is as in Corollary 4.4.5. Then:

1. (M) =0 is a uniformly integrable martingale, Mt € L', and forall t =0, M, = E(M7 | F)).
In particular, for all ¢ = 0, E(My) = E(M¢a1) = E(MT).

2. Moreover if S is another stopping time with S < T then Mg = E(Mt | F5s).
In particular, for all stopping time S, Mg = E(My, | %s) and E(Ms) = E(Myo) = E(Mp).

This can be skipped at first reading.

Proof. We will prove the first property by using the second property.

1. Forall £ =0, both t AT and T are stopping times. By the second property of the present the-
orem, M;n7 € L! and My € L!. Moreover M,,7 is measurable for %, 7, and thus for %, since
t < tAT. Now, in order to prove that E(Mt | &) = M7, it suffices to show that for all A€ %,

E(QaMr) =EQAM;AT).
But for all A € &, we have immediately from T'=tA T on {T < t} that
EAanir=aMr) = EQ AniT=g MiaT).
The second property of the present theorem for the stopping times S =t A T and T gives
Mt =E(M1 | FiaT)-
Now since AN{T >t} e Frand AN{T >t} e Fr,weget An{T >t} e F:NFr =%, and
E(anir>nMr) =EQ aniT>8MinT).

By adding this to a previous formula we get the desired result E(1 4 M7) = E(1 AMyp 7).

Finally, the fact that M = (M;A7) >0 is a martingale follows from what precedes used with the
u.i. martingale M% = (M¢aq) 0 for all a = 0, which gives MS“AT = [E(M? | &) for all s =0, in
other words Mspaar = E(Mgat | &5). Taking a = t = s gives the martingale property for MT.
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4.4 Convergence in L!, closedness, uniform integrabili
8 8T

2. Following for instance [31, Theorem 3.22 page 59], we discretize as in the proof of Theorem
2.5.1 or Theorem 3.5.1. Namely, for all n = 0, let us define the stopping times

X k+1 X k+1
Sn = kz o 1k2“”<55(k+1)2_” +OOIS:OO and Tn = kz on 1k2_"<TS(k+1)2_” + ool T=00-
=0 =0

We have S; \\ Sand T,, \, T as n — oo, and S,, < T, for all n = 0. Next, for all n = 0, 2"S,, and
2"T,, are integer valued stopping times for the discrete time filtration (% ,i")) 20 = Fk2") k=00

while M = (Mjy-1) 15 is a uniformly integrable discrete time martingale with respect to this
filtration. By using the Doob stopping theorem for u.i. discrete time martingales, we get

Ms, = My =E(Myy. | F40% ) =E(Mr, | Fs,).

Now, for all A€ Fsc Fs,, we have E(14Ms,) =E(14M7,). Since M is (right) continuous, a.s.
MS: lim Msn and Mr = lim MT,,~
n—oo n—oo
For the L! convergence, the Doob stopping theorem for u.i. discrete time martingales gives
Ms, = E(M | Zs,,) for all n = 0 and thus (Ms,),., and (M7,),,., are w.i. This also gives that

Ms € L' and My € L!. This also allows to pass to the limit in E(1,Ms,) = E(1,M7,) to get
E(1aMs) =E(1 4M7). This holds for all A € g, thus Mg =E(M7 | Fs).
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Chapter 5

It6 stochastic integral with respect to Brownian motion

This chapter is purely pedagogical can be completely bypassed if time is very limited.

In this chapter, we construct a stochastic integral which goes beyond the Wiener integral of Chapter 3,
with an integrator (B;);»¢ which is Brownian motion and with an integrand (¢,) ., which can be random
and square integrable. The ambition is thus to define the process

(fom)

Following It6, we start with a finite sum when ¢ is a d-dimensional step process. We impose a predictable
structure to the step process in such a way that the resulting stochastic integral is a martingale. This corre-
sponds to choose the value at the left-end time of intervals in the sum. This It6 stochastic integral coincides
with the Wiener integral when the integrand ¢ is deterministic.

5.1 Itd versus Stratonovich stochastic integrals in a nutshell

Let (B;) ¢>¢ be a one-dimensional BM issued from the origin. Let us try to give a meaning to

t
0

This is not a Wiener integral since the integrand is random. Using an approximation with step processes,
we have, rearranging terms to produce telescoping summation or already known sums,

ZBli By, —Br) = Z(Bi,ﬂ _B?i _B?m + By, Bi;,,)
i

i

Liv1

=Y (B}, —B; — By, (Bi,, —By))
i

=2 (Bf,, — B =Y By (B, —By)~ ) (B, — By)’
i i i
which gives, if we can pass to the limit in probability,

t t
f BydB, = B2 — f BydB, - [Bl,,
0 0

where [B]; is the quadratic variation of B on [0, f] (Theorem 3.2.1). Since [B]; = ¢ (Theorem 3.2.1 again),
t BZ-¢
f B,dB; = —.
0 2

The process (%(B? -1) 120 is a centered martingale. The term —% t is the martingale correction to the dif-
ferential calculus term %B? Taking the value at the left-end time intervals in the Riemann sum produces
a centered martingale and a stochastic integral which is a centered martingale. This is the Itd! stochastic

integral. Indeed this is confirmed by the rigorous construction in this chapter.

INamed after Kiyosi It6 (1915-2008), Japanese mathematician. He used the notation “Kiyosi It6” for his name (Kunrei-shiki

=

romanization), instead of the more standard “Kiyoshi It6” (Hepburn romanization).
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5 Itd stochastic integral with respect to Brownian motion

Let us examine the notion of Stratonovich? stochastic integral which corresponds to take the mean value
of the left-end and right-end times of the intervals in the Riemann sum. Namely, we have

BtH +Bti 1 1
Z IT(BQH -B;) = EZ(B%H —Bi) = EB?,

i i

which gives, provided that the convergence holds in probability, and denoting with o the Stratonovich
stochastic integral to distinguish it from the It6 stochastic integral,

t 1 2
f BsodBs = —Bj.
0 2

This time the rule of differential calculus is satisfied, but the result has no reason to be a martingale. By
symmetry we can also define some sort of anticipative integral from the formula

ZBfi+1(Bfi+1 _Bfi)’
i

which will lead to 2(Stratonovich, — 31t,) = BZ + 3 1.
Coding in action 5.1.1. Numerical stochastic integration.

Could you write a code approximating by simulation the sums related to the integral fot BdB; given
in Section 5.1, and plotting the resulting process?

5.2 Ito stochastic integral with respect to Brownian motion

Let B = (B) ;>0 be a d-dimensional (¥¢) ;-9 Brownian motion issued from the origin. In this section we
construct rigorously the Itd stochastic integral with integrator B, namely, with Section 5.1 in mind,

t
f @sdBg
0

where ¢ is some sort of square integrable stochastic process, that can be at least taken equal to B, say.

A d-dimensional step process (¢;) >, is a process for which there exists 0 < fp < --- < t,, n = 1, and
bounded random variables Uy, ..., U,_; which are %,..., %, , measurable respectively, with for all ¢ = 0,

n-1

@;=Uylp(r)+ Z Uil 1,11 (0).
i=0

Such a step process is progressive (measurable with respect to &), left-continuous, and on each time inter-
val, the random value is measurable with respect to the o-algebra which corresponds to the left end time of
the interval®. The vector space of step processes is denoted .. We have Fa © ,‘féd where

Lo =10, (QxR,, 2, Podi)

is the Hilbert space of d-dimensional processes (¢;) ., which are progressive with respect to (%) ;¢ and

o0 [e.0]
2 _ 2 — 2
[E(fo ol ds)_fo Elgsds =91f: o) <o

2Named after Ruslan Leont’evich Stratonovich (1930 - 1997), Russian physicist, engineer, and probabilist.
3Hence the name “predictable” which is used sometimes.
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5.2 Ito stochastic integral with respect to Brownian motion

Lemma 5.2.1. Approximation or density.

The set S is dense in £2

v namely forall ¢ € guid and all € > 0, there exists ¥ € Sa such that

[E(foool(ps—wslzds) <E.

Proof. We can assume that ¢ is bounded, since by dominated convergence,

I ( * 24 =
m [E 0 I(ps_(psl(pse[_n’nﬂ dS —O.

n—oo

We can moreover assume that ¢ vanishes outside a finite time interval since

lim[E( “ 1 24s) =0
A Qs —@slseionl“ds|=0.

n—oo

We can assume furthermore that such a process is (left-)continuous since

lim fooo 95 f pudufl s

Finally it suffices to approximate such a process with elements of .Y+, namely

2ds) =0.

o0 (o] 2
lim E( f -y ¢l ds) =0
A, 1o re( 4,1
(makes sense since ¢ is bounded, left-continuous, and supported in a finite time interval). |

We denote by .#? be the set of continuous square integrable martingales for (%;),»o. The elements of
(? are seen as random variables on the Wiener space (¥R, R), Ber, r)- Two elements X and Y of 4 2
are equal iff they are indistinguishable processes: P(Vt=0: X;=Y;) = 1.

Theorem 5.2.2. Brownian It6 stochastic integral of square integrable progressive processes.

There exists a unique linear map I: £? — .4? denoted for all ¢ € $ﬂ§d andall t=0as

r
() = fo ¢sdB;,

and called the It6 stochastic integral with respect to Brownian motion, such that

1. (step processes) for all ¢ € S« with decomposition ¢ = Uyl + Z;’:_Ol Uily,y,, ), forall £=0,

t n—1
fo @sdBs= ) U;- (B, nt — Brar)
i=0

2. (It6 isometry) forall ¢ € .Efu%d andall t=0,

([ o)< [ 0]

Moreover this linear isometry satisfies, for all ¢, € ffﬂgd, I(¢p)o =0andforall £ =0,

[E(fotcpsst)ZO and <f0.(psst,/0.1//sst>t:fot(ps.wsds.

Furthermore I(¢) coincides with the Wiener integral of Chapter 3 when ¢ is not random.
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5 Itd stochastic integral with respect to Brownian motion

Note that fot ¢sdBs is centered even if ¢; is not. This comes from progressivity of ¢ and centering of B.
Theorem 5.2.2 provides plenty of continuous martingales from Brownian motion. Moreover contrary to
Wiener integrals, the It6 stochastic integral may produce martingales with non-deterministic bracket.

Proof. Uniqueness. Let I and I' be two linear maps from fféd to ./? satisfying the two properties of the
theorem. Let ¢ € Eﬂid. From Lemma 5.2.1, for all n > 1, there exists " € % such that lim, ¢ = ¢ in
$[§d. The linearity and isometry properties of I and I’ and the equality of I and I’ on F. give

L? L2
Itp); = lim I(yp); = lim I'(y)r =1'(g);.

Therefore I(¢) and I' () are modifications of each other: V¢ = 0, P(X; = Y;) = 1, and since they are continu-
ous, they are indistinguishable, in other words I = I’ in .#>.

Properties for step processes. Let ¢ € Spa. The process (I(g);) ;- satisfies I(¢p)o = 0 and is continuous
since B is continuous. Moreover, by construction I(¢); is the (finite) sum of centered bounded random
variables measurable with respect to ;. Note that here it is crucial that U; is %, measurable for all i.
Furthermore, forall 0 < s < t, if £ € (t, tg41] and if s € (¢, tr41], k' < k, the decomposition

1(@); = Uy (By, = By) +++++ Upr - (Bs— By, ) + Up - (By,,,, — By) +++++ Ug - (B; — By,
gives, using the conditional independence of the increments of B and the measurability assumptions on U,
E(I(p)¢ | F5) = I(g)s +0.

The zero comes from the fact thatforall v=u= s, E(U- (B, —B,) | %) =E(U-E(B, — By | %) | %) = 0 when
U is bounded and .%,-measurable, since B, — B, is conditionally independent of %,. Hence X = I(¢) € .4>.
Let us now establish the formula for the increasing process (X). Let us show thatforall0 < s < f and A € &,

2 32 ! 2
[E(IA(Xt ~ X2 —f pul du)) - 0.
N
Since X is a square integrable martingale, we have*
E 2 w2y — 2 2\y — 2

(La(Xy = X$) =EQa(Xy —2X: X5 + X{)) = E(La(X; — X5)%).
Now, with ¢, = Uplo(8) + X ; Ui1(y;,1,,,1(8), Ay,» = By — By, and fp = 0, we have

X =Up 'AtOth +U; .Atlytz +ee 4+ Uk'Atk,t ifte (tk, tk+1].

Since s < t, there exists ¢ < k such that s € (fy, ty4+1], and thus

X s ifi=¢
1AXi—X9) =Y Ui-Dg,,, with s;:=R1¢; ifie{l+1,...,k}.
i=t t ifi=k+1

Now foralli,je{¢,¢+1,...,k} with i < j, since 17,- is &, measurable, since Asj,
dent of F;, with mean 0 and variance s;.1 — s;, we get

s;+ 18 conditionally indepen-

~ - EE(T; - As, 500 | F6) =BT (i1 —53) ifi=f
[E((Ui'Asi,sm)(Uj'Asj,st))={ TAAV I s i i+1— Si J

E((T; - Mg, ,,)(Uj-E(Ag ., | F5))) =0 ifi<j
It follows then that
k _ ~ k t
LA = X2 = Y BT Ay )T ) = E(14 Y 1UiP (5101 = 50)) = E[14 f pul’du).
i,j=¢ i=¢ s

*In fact Pythagoras theorem in L?(Q, Fs, P): E(X? | F5) = E((X; — X5)? | F5) + E(XZ | F).
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5.2 Ito stochastic integral with respect to Brownian motion

Existence. Let p € .Ef[éd. From Lemma 5.2.1, for all n > 1, there exists " € a4 with

o0 1
(n)2
[E(f0 lps—p " ds) < T

Forall £ = 0, we set X, (m = (w™),. By using the linearity and isometry of I on Fa, we get, for all n and ¢,

[E(|X(") X+ f [ — g 4D |2ds) =

Next, the Doob maximal inequality of Theorem 2.5.7 gives

E(sup |X — X" D1%) <4p(x™ - x"V13) < —

1
s€[0,] an’

Therefore,

1 1 1
EY sup X -Xx"V)=Y Esup X -X"P< Y | sup XU - XV, <00
n=0s€[0,7] n=0 s€(0,7] n=0 s€[0,7]

and thus, almost surely,

Y sup X - x| <00,

n=0s€[0,7]
By using Lemma 4.3.2 with the Banach space (€([0, t],R), -]l = sup (0,71 1D, it follows that almost surely, the
sequence (X"),, of continuous martingales converges uniformly on every finite interval of R, as n — oo,
towards a continuous process X = (X;);»o. This process is a martingale since for all 0 < s < r and all A € %,

E(Q4(X, =~ Xs)) = lim EAL4(X}" = X{) =0.

The process X depends only on ¢ and does not depend on the particular sequence ("), chosen to con-
struct it. Moreover, from the preceding estimates, it follows that for all # = 0, lim;— Xﬁ”) = X; in L?, in
particular E(X;) = 0 since X;") is centered for all n, while

E(X?) = lim E(X™)?) = lim [E f W(’”Fds f lpsl? ds

We set I(¢p) = X. The linearity of I follows also from the construction above.

Additional properties. Since almost surely the above convergence holds uniformly on [0, ] and since
X =0 for all n =1 it follows that Xy = 0. It remains to establish the formula for (X}, and for that it suffices
to show that for all 0 < s < t and all A € %, we have [E((Xf XS2 fs |<pu|2du)1A) = 0. But we have

(X2 X2 - fl(pul du)lA—hm ((X M2 _(x )2 flw(" 2du)1A,

and from what we did for step functions, the right hand side has zero mean for all n = 0.
Finally, the last formula of the theorem comes from the fact that I is a linear isometry, via the polariza-
tion 41(p)I(w) = I(p+y)?> - I(@—-y)? forall o,y € £ Rd’ giving, for all £ =0, (I(¢), [(¥)); = fot((/)s ys)ds. A

Example 5.2.3. | B;dB;.

In the proof of Theorem 5.2.2, the approximation by step functions remains valid for square inte-

grable U;’s. Since (Bslse(o,1)) ¢ € 5£R ,» this gives a meaning to the formula in Section 5.1:

t B?-t
[OBsst—f BSISE[Ot]dBS—IhlmZBtlI(Btl By )= o t=0.

We will learn how to compute many other integrals by using the Itd formula of Chapter 7. The quan-
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5 Itd stochastic integral with respect to Brownian motion

tity above is clearly a centered martingale. We can also easily check the It6 isometry as

t 2y E(B*-2tB2+1t%) 312-212+¢12 2 t
([ nan ) - P -5 = [ s
0 2 0

4 4

Note that we have here a martingale with non-deterministic increasing process: for all ¢ = 0,
L] t
< f B,dB S> . = f B? ds (random and non-Gaussian).
0 0

The angle bracket is a quadratic variation and is thus here some sort of 2.

Example 5.2.4. It6 integration by parts formula.

Let B = (Bf) =0 and W = (Wy) ;o be two BM on R for the same filtration (%) ;»q, with By = Wy = 0. As
in Section 5.1 and Example 5.2.3, for all ¢ > 0 and all subdivision 0 = fy < --- < t,; = t, the identity

ZWti (Bti+1 _Bti) = Z(Wti+1sz‘+1 - WtiBti)
i i
_Z(Wtiﬂ - Wti)(Btiu _Bti)
i

- Z By, (Wi, = W)
i

gives the integration by parts formula (will work for arbitrary continuous martingales)

t t
stst:WtBt—[W,B]t—f B,dW,.
0 0

We recover the formula of Example 5.2.3 when B = W. On the contrary, if B and W are independent
then [W, B]; = 0. Namely, with A? = B; | - B; and A}Y = W, — W;,, we have E(¥; A A?) = 0 while

ZAWAB %)= Z[E((AB HE(AM)? )—Z(tm—m < rmax(tiv1 — ) = 0.

Alternatively we may use [B, W]; = (B, W); and note that (B, W); =0sinceforall0<s <,
[E(BtWt | gzs) = [E((Bt - Bs)(Wt - Ws) + Bth + BsWt - BsWs | 93) = BsWs

thus BW is a martingale and thus (B, W) =

Remark 5.2.5. Reduction to univariate stochastic integrals.

Foralld=1,¢p= ((pl,...,(pd) € 2[;,1 if and only if(pi € Z[é forall1 <i <d, and we have, for all t =0,

f @sdB; = Z (psdBl

The d-dimensional integral is a linear combination of one-dimensional integrals.

5.3 Brownian semi-martingales and It6 formula

Our main objective is to solve Stochastic Differential Equations with respect to X of the form

t t
Xt:X0+f a(s,Xs)st+f b(s, X;)ds,
0 0

74/142



5.3 Brownian semi-martingales and It6 formula

t = 0, driven by a Brownian motion B, where Xj, o, and b are given. The first integral of the right hand side
requires the notion of stochastic integral with respect to Brownian motion, defined in P, while the second
integral requires the notion of Lebesgue - Stieltjes integral w by w. Beyond stochastic differential equations,
we say that a process (X;);»¢ is @ Brownian semi-martingale or an It6 process when it takes the form

t t
Xt:X0+f <psst+f wds
0 0

where ¢ € 3['% is a square integrable progressive process and where v is a locally bounded progressive pro-
cess. The first integral in the right hand side is a square integrable martingale while the second integral is a
finite variation process. Then It6 formula writes, for all f € €%(R%,R),

t 1 t
f(X) - f(Xo) = fo f’(Xs)dXs+5 fo f'(Xs)ds
t t I3
- f f'(Xs)psdB; + f f’(Xs)u/sds+% f f"(Xy)ds.
0 0 0

The problem with this formula is that the first integral in the right hand side is not well defined because
f'(X)¢ is not necessarily in .ffﬁ. Actually this stochastic integral can be defined via a limiting procedure
involving truncation stopping times, producing what we call a local martingale which is not a martingale
in general. Provided that we extend the stochastic integral by this way, the right hand side is a again an
(extended) Itd process, showing stability of this structure by composition with 6? functions.

In Chapter 7 the Itd formula follows from a Taylor formula, and the last term is produced as in Section
5.1 by the quadratic variation of the Brownian integrator. In particular, if f € ¢! (R, R), with primitive F, then

t t
f f(Bs)dlBs:F(Bt)—l f f'(By)ds.
0 2 Jo

We recover as a special case the formula fOt B;dB; = %Bt - % t identified by hand in Section 5.1.
More generally, it is proved in particular in Chapter 7 that if (X;) ;5 is a d-dimensional process for which
each coordinate process is an Ito process, then the It formula writes, for all f € €2([R%,R),

d t .14 t
fX)=fXo)+ ), i 9; f(Xs)dXs’+§Z i 07 f(Xg)ds.
i=1 i=1

If needed, these It6 formulas for It6 processes are essentially sufficient for a first reading of Chapter 8 on
Stochastic Differential Equations driven by Brownian motion, as well as Chapter 9 on the Feynman —Kac
formula and the Kakutani representation of the solution of Dirichlet problems.

The notion of stochastic integral with respect to a general (semi-)martingale integrator beyond BM is
considered in Chapter 6, and the corresponding It6 formula is proved and studied in Chapter 7. These
notions are deep achievement of stochastic calculus. Beyond pragmatism, and in order to avoid being the
Monsieur Jourdain of semi-martingales, the best would be to try at some point to enter chapters 6 and 7.
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Chapter 6

It6 stochastic integral and semi-martingales

Our aim is to construct a stochastic integral which goes beyond the stochastic integral with respect to
the Brownian motion integrator of Chapter 5, with an integrator (M;);>o which can be at least a general
continuous square integrable martingale (M;) ;> and with an integrand (¢;),-, which can be at least ran-
dom and possibly square integrable. The ambition is thus to define the process

(s,

* In Section 6.1, for one-dimensional processes, we construct the Itd stochastic integral when M is a
continuous martingale bounded in L?, and when ¢ is square integrable in a suitable sense. This is
done from step processes and by using the Hilbert structure available for both ¢ and M.

* In Section 6.2, by using truncation (localization via stopping times cutoff), we extend the previous Itd
stochastic integral to the case where M is a continuous local martingale. This It6 stochastic integral
coincides with the integral constructed previously with respect to Brownian motion.

* In Section 6.3, the most general integrators M that we reach for the It6 stochastic integral are sums of
local martingales and bounded variation processes, called semi-martingales.

6.1 Stochastic integral with respect to continuous martingales bounded in 1.2

In this section, the integrator is taken in M2, the set of continuous martingales bounded in L? and issued
from the origin. This allows to benefit from the Hilbert nature of this set, see Theorem 4.3.1'. We would like
to define, for M € Ml%,

t
f @psdM, t=0,
0

for reasonable integrands ¢. Since the integrator M is a one-dimensional process, it is natural to consider
a one-dimensional integrand ¢. Inspired by what we did before for the Brownian motion integrator in the
one-dimensional case d = 1, we denote by %2%(M) the set of progressive real processes (¢;) ;- such that

E( fo ~ PRd(M)s) <co.

In this formula, the integral on [0, c0) is understood at all fixed w as the limit as ¢ — oo of the integral on [0, £]
with respect to the increasing and thus bounded variation function s € [0, t] — (M), see Theorem 1.7.3.
Since the (random) process (M) may be constant on some intervals of time, we define the equivalence
relation ~ on £?(M) by setting ¢ ~ v iff E(fy” (s — ws)?>d(M)s) = 0, and we consider the quotient space
L2(M) = L%(M)/ ~, still denoted £? (M) for convenience. In fact, with this definition and convention,

LM =L*(Q xR, P, ),

INote that the one-dimensional Brownian motion is square integrable but not bounded in L2, but we could restrict our analysis
on processes on the time interval [0, 7], and Brownian motion is bounded in L2 on every finite time interval.
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6 It6 stochastic integral and semi-martingales

where £ is the progressive o-field (Theorem 2.1.1), and u the finite measure defined for all A€ &2 by

w(A) = fg fo 14(@, $)dP(@)d(M) s (@).

Its total mass is E((M)oo) = IM ”i/u? Note that the increasing process (M) is random in general, and this
0

makes a notable difference with the Brownian motion case studied before for which (B) it is deterministic.
The scalar product and the norm of the Hilbert space £?(M) are given respectively by

v san =E( [ owsddny) and Il ([ o),

We denote for short by .# the set of real valued progressive bounded step processes. We have . ¢ £2(M).

Lemma 6.1.1. Approximation or density.

Let M € MS. The vector space % of bounded step processes is dense in %2(M). In other words, for
all p € £?(M), and all £ > 0, there exists y € .% with

E( f " (s —yPdM)g) <e.
0

Proof. Since %?%(M) is a Hilbert space, it suffices to show that for all ¢ € LM, if (@, 9) 20y = 0 for all
ye.#, then ¢ = 0. Let ¢ € £%(M) be such an element, and set, for all £ =0,

t
q)t:ﬁ @sd(M);.

The integral in the right hand side makes sense since by the Cauchy - Schwarz inequality,

el [ psacon) <(e( [ racan.)) eane)

and the right hand side is finite since M € M3 and ¢ € £%(M). This shows that almost surely, for all 7= 0,

t
j(; lps|d{(M); < oco.

The process (®;) ;¢ is continuous with finite variations and @, € L! for all £ > 0. Now, let 0 < s < t and let Z
be a bounded &-measurable random variable. Since (¥,) ,»¢ = (Z1ue(s,1]) =0 € 7> We have

(0, V) 220 = [E(Zfstéﬂud(M)u) =0.

Therefore E(Z(®; — ) = 0. Since Z is an arbitrary bounded &;-measurable random variable and since
@, € L! forall £ > 0, it follows that (®;) ;»( is a martingale for (%;) ;~¢. On the other hand ® is continuous with
finite variations, and therefore, thanks to Lemma 4.1.6, we get ® = 0. Having in mind the initial definition on
®, this means that almost surely the signed measure with density ¢ with respect to d(M) is zero. But this
is possible only if ¢ = 0, d{M) almost everywhere, in other words only if ¢ = 0 in £?(M), as expected. W

Theorem 6.1.2. Itd stochastic integral with respect to elements of Ml%.

Let M € M3. There exists a unique linear map Ins : £(M) — M3, denoted for all ¢ € £%(M) and =0

t
IM((P)tzfo psdMs,

and called the It6 stochastic integral with respect to M, such that
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6.1 Stochastic integral with respect to continuous martingales bounded in 1.2

1. for all ¢ € & with decomposition ¢ = Uply(f) + Z?:‘OI Uil 1,,,1(8), we have
n—1
In (@) = Z Ui(Mt,-H/\t _Ml‘i/\t)
i=0

2. the map I is an isometry, namely for all ¢ € £?(M) add all £ = 0,

E“ﬁm¢¢maf}ﬂqﬁw¢§uMh)

1)l (2.

Moreover, for all ¢ € L2, I M () is the unique element of MI% such that for all N € M% and =0,

t
<1M((P),N>t:‘/(; (psd<M,N>s

Furthermore, for all ¢ € %2(M) and all stopping time T and all £ =0,

tANT t t
f (deM=f (pslssTdM=f (pdeT.
0 0 0

-

In@?T In(plicr)e Iy (@)

Proof. The proof follows the lines of the proof for the Brownian motion integrator.

First of all the definition of Ij;(¢) for ¢ € ¥ does not depend on the decomposition chosen for ¢. It is
immediate to check that the map I, is linear on .. Let us prove that it is an isometry on ..

The following lemma generalizes an observation already made in the proof of Theorem 4.1.4.

Lemma 6.1.3. Baby stochastic integral.

Let M be a continuous martingale, let 0 < u < v, and let U be an %, measurable bounded random
variable. Set M“Y) = UMY — M%) = (U(Myn; — Myn1)) 1=0-

1. M»"'is a martingale, which is almost surely constant outside the time interval (u, v), more
precisely identically zero on [0, #] and constant and equal to U (M, — M,,) on [v, +o0)

2. If M is square integrable, then so is M and (M'%¥y = U2((M)? — (M)*)

3. If M is square integrable and 0 < u < v < ' < v' then (M*?), MW':V']y =0

Proof. Proof of Lemma 6.1.3
1. Almost immediate, the fact that U(M"Y — M%) =0 on [0, u] is crucial
2. [UMY-MM] =[UM'] +[UMY] -2[UM", UM"] = [UM]? + [UM]* =2[UM]*NY = U(IM]? — [M]%)

3. Follows from the definition of quadratic covariation and first property (zero outside intervals).

Forallpe . andalli€{0,...,n—1}, by Lemma 6.1.3,

. n_l .
MY =U;(My; ne — Myas) €M3,  and thus  Iy(@) = Y. MY e M,
i=0

moreover M is constant outside the interval (¢;, t;+1), and for all i,jel{0,...,n—-1},

(MO, MYy = U2((M) ;. ne — (M) ;;00) 112,
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6 It6 stochastic integral and semi-martingales

(note that this implies orthogonality in MI% of MY and M) when i # j). This gives

n-1 . n-1 .
D) = ¥ (MDy = ¥ UM, e — (M) = fo G2dM),.
i=0 i=1
The isometry property follows, more precisely
2 o 2 2
)1 = EC o) =E( [~ 920000)) = Nl

By Lemma 6.1.1, .% is dense in the space %2(M), and the linear isometry Ijs extends uniquely to M%.
Let N € M3. For all ¢ € £2(M), the Kunita-Watanabe inequality (Corollary 4.1.10) gives

o0
£ [ loldd<M, 804l) < Ul zqan | Vg,
It follows that [;° ¢sd(M, N) is well defined and belongs to L!. If ¢ € % then
n-1
(Im(p),Ny= ) (M',N)
i=0

and (M!,N) = U;((M,N)., n. — (M, N),».), and thus
n-1 . n-1 .
<IM((,0);N>= Z(MI;N>= ZUl(<M)N>t,+1/\0_<M)N>t,/\0):j; (de<M7N>S
i=0 i=0

This gives the desired formula when ¢ € .. But the map X € l\/l]é — (X, N)oo € L! is continuous since by the
Kunita-Watanabe inequality (Corollary 4.1.10), we have

E((X, Mool) < E€X)oo) 2ECNY00) "2 = 1N Tlpgz | X gz
If now ¢ € (M) and ¢ =lim,_, ¢ in £?(M) for a sequence (¢""), ., in %, then
oo o0
(In (), N)oo = 1im (Ins (™), NYo = lim f @ d(M, N)s = f @sd(M, N)s,
n—oo n—oo 0 0

where we have used for the last equality the inequality

o0
al fo @ =@M, N} < 10 = 0ll 2200 IN T,

which follows from the Kunita - Watanabe inequality (Corollary 4.1.10). We have obtained
o0
(@), Nyoo = fo 9sd(M, N,
Finally, to replace oo by an arbitrary ¢ = 0, we can replace N by the stopped process N’ = (Ns1s<¢) s=0.
Moreover this formula characterizes Ip;(¢) in MS. Indeed, if X € M% satisfies the same formula, then, for
al Ne M%, (Ipm () — X, N) =0, and taking X = Ip;(¢) — X gives (Ips(¢) — X) =0, thus X = I (¢).

Furthermore, for all N € l\/l](z) and @ € %%(M), and all stopping time T, the properties of the angle bracket
(Corollary 4.1.9) of two continuous square integrable martingales give, for all t =0,

tNT t
<IM((P)T»N>t =y (), N)iaT :fo @sd(M, N); :fo @sls<7d(M, N)s.
Similarly, we have, for all £ = 0,

t t t
(Ipgr (@), NY, = fo @sd(MT,Nys = fo psd(M,N)I = fo @sls<rd(M, Nys.

These formulas, together with the preceding characterization of I, give the desired formulas with 7. W

80,142



6.2 Stochastic integral with respect to continuous local martingales

Corollary 6.1.4. Angle bracket, moments, associativity.

1. Forall M € Mg, allpe L%(M), and all =0,

[E(fot(pdes) -

2. Forall M,N e M3, all ¢ € £*(M), all y € £*(N), and all £ =0,

. . t
<f (deMSvf 1/’3st> :f @sysd(M,N);,
0 0 t 0

which gives
f @sdM; f wsts f @swsd(M, N )
3. Forall M € I\/I](Z), allpe %2(M), and all progressive process ¥, we have
ve L (Iulp) iff @yeL*(M), andinthiscase Iy, @)= Iu(@y).
Proof.

1. Theorem 6.1.2 gives I (¢p) € M%, in particular Ip;(¢) is centered, as for all the elements of M%

2. By polarization, we can assume without loss of generality that M = N. The property follows then
from the isometry property of Theorem 6.1.2 applied with (¢;15</) - together with the stopping time
property in Theorem 6.1.2 with the deterministic stopping time ¢.

3. Byusing Theorem 1.7.3 and then the second property of the present Corollary with N = M and y = ¢,
RS ® 2
| f P2, M) = f w2d f 9%, M)y, = f w2 (@))s),
0 0 0 0
which gives that gy € L2(M) iffyy e ffz(IM((p)). Next, by Theorem 6.1.2, for all N € M% and all £ =0,

t t S t
<1M((P1//),N>t=‘/(; (Psilfsd<M,N>s:f0 UISdfO (ﬂud<M,N>u:f0 wsd{Ip (@), N)s,

which implies, by the characterization via N property of Theorem 6.1.2, that Ip; (@) = I1,,(p) (¥).

6.2 Stochastic integral with respect to continuous local martingales

Up to now we have constructed the It6 integral for an integrator which is either BM or an element of M(Z).
Our aim now is to consider an integrator M € %éoc. The notion of increasing process of a local martingale
is natural, see Lemma 4.2.6. By analogy with what we did before, we consider...

« the set £°(M) of progressive ¢ : Q x R, — R such that almost surely
f @2d(M) < oo,

« the set £%(M) c £°(M) of progressive ¢ : Q x R, — R such that
f <p2d<M> < 00,

both quotiented by the equivalence relation related to equality (M) almost everywhere.
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6 It6 stochastic integral and semi-martingales

Theorem 6.2.1. It6 stochastic integral with respect to continuous local martingales.

Let M € .4°°.

e Forallge £°(M), there exists a unique I Mmp) € %éoc such that forall N € /ﬂé‘)c and £ =0,

t
(IM(¢)7N>t=£ (de<M7N>S

For all ¢ € £°(M) and all stopping time T, we have, for all £ > 0,

tANT t t T
«[0 (pdes:fo (PslssTdMs:fo psdM;

v~

IOH In(plecr) Iyt (@),

If p € £°(M) and if y is a progressive process then

veLUulp) iff pyeL°(M), andinthiscase I, W)= Iy(pw)

We have a defective Itd isometry in the sense that for all ¢ € £°(M) and all £ = 0, in [0, +o0],

e(( [ pan)’) < | prda)

either the right hand side is finite and equality holds or it is infinite and the inequality is trivial.

If M € M3 then I coincides on £?(M) with the It0 integral of Theorem 6.1.2

If M € 42 and ¢ € £L?(M) then I () € 4 and the Itd isometry holds: forall £ = 0,¢ € £ (M),

t
E(Iv()2) = E fo P2 d(M)s.

In particular if M is BM on R then Ij; coincides on g[éd with Theorem 5.2.2 with d =1

Note thatif M € Méoc, then for all £ = 0, the random variable M; may be not integrable and in particular
not square integrable. In particular, the It6 stochastic integral I;(¢) with respect to a local martingale may
not be centered and the Itd isometry may not hold. However, the It6 stochastic integral with respect to
Me /ﬁ[g such as Brownian motion do satisfy the centering and It6 isometry for integrands in %2 (M).

Proof. We proceed by localization with stopping times. For all n = 0 we define the stopping time

t
Ih:nﬁﬁzo:f(1+¢@dm@52n}
0

Almost surely T, /" +00 as n — oco. The fact that it grows with n comes from the way we define T via the
integral of something non-negative for a positive measure. Now for all n = 0, the Doob stopping (Theorem
2.5.1) implies that M Tn g ./%(I)OC. Moreover, thanks to the 1+--- in T}, for all n =0 and all £ = 0, we have

(M™y, = (M) p1, < 1.

Therefore, by Lemma 4.2.7, M1 € l\/l](z). Moreover we have, from the properties of the angle bracket,

00 Ty
fo P2d(M Ty = fo P2d(Mys,

therefore ¢ € £%2(M™) and from Theorem 6.1.2, the stochastic process I, () makes sense and belongs to
M(Z). The sequence of processes (M "), is stationary since for all m > n, we have T, < T, and thus

Ingtn (@) = Ingrinta (@) = (Ipgrm () 1.
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6.3 Notion of semi-martingale and stochastic integration

Therefore there exists a unique process Ip;(¢) = limy_oo I3 () such that Iy (¢p) Tn=p T () for all n = 0.
This process is continuous, adapted, and belongs to Jﬂé"c since (In7(@)) 7 = Iym (@) € M% forall n=0.
Now, let N € Mé"c. For all n = 0, let us define T,’, =inf{t=0:|Ny=n}tand S,, =T, A T,’T Almost surely

S, / +oo as n — oco. We have NTi e I\/I](Z) and, thanks to Theorem 6.1.2, for all £ =0,
(I (@), NYS" = (Ia (@) T, N Ty,

t !
= f @sd(M T, NTny
0
t
= fo @sd(M, N)y"

tAS,
:fo (Psd<M;N>3y

which gives the desired formula as n — +oo. As in Theorem 6.1.2, this formula characterizes I;(¢), mainly
due to the fact thatif M € ﬂé"c is such that (M) =0 then M = 0.
It is not difficult to prove the remaining properties, including the relation to previous integrals. |

Remark 6.2.2. Brownian motion as a martingale.

Let B be a real Brownian motion issued from the origin. We have E(B;) = 0 and E(B?) = t < oo for all
=0 and sup,.,E(B?) = +oo, therefore

Be M c MY° while BgM3.
Moreover since B € ./\°¢ we get that BT» € M2 for all n, where T,, = inf{¢ = 0: |B;| = n}. We could

define stochastic integrals for processes on the time interval [0, ] and BM is bounded in L2 on each

finite interval, and this would correspond to introduce the space I\/I](z) (0,11 Another possibility would

be to generalize the construction of stochastic integral that we gave for BM to integrators in ./%02.

6.3 Notion of semi-martingale and stochastic integration

The notion of quadratic variation of a process is considered in Definition 4.1.1. The quadratic variation
of Brownian motion is considered in Theorem 3.2.1. In dimension one, forall t =0, [B]; = (B); = t.

Definition 6.3.1. Semi-martingales.

A continuous semi-martingale X = (X;) ;> is an adapted process with decomposition of the form

X=Xo+M+V

where M and V are adapted continuous processes issued from the origin and such that

* M = (M;),>¢ is a continuous local martingale issued from the origin (€ /ﬂé‘)c)

* V = (Vy)¢s0 is a continuous finite variation process issued form the origin.

Note in particular that Xy is %y measurable, and that X is adapted.

Lemma 6.3.2. Canonical decomposition.

The decomposition of a continuous semi-martingale is unique.
In particular, a finite variation continuous local martingale is almost surely constant.

Proof. £ X =Xo+M+V =Xp+ M + V. Now the process W = V —V = M — M is continuous and has finite
variation, and thus, by Lemma 4.1.2 (see also 4.1.6) it has zero quadratic variation. Therefore, by Lemma
4.2.6, (M — M) =[M — M] =0, and since My = My =V =V =0, thisimplies M- M =0andthus V=V. N
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6 It6 stochastic integral and semi-martingales

Let £'° be the set of processes which are progressive and locally bounded.

By Theorem 2.1.1, all continuous adapted processes belong to £°P,

Let ./%gemi be the set of continuous semi-martingales issued from the origin.

Let ¢ = (1) ;20 € L1°P and X = M + V € 4™ Then, for all >0, almost surely,

t
fo lpslldVs| < oo

Additionally, we have ¢ € £°(M), and therefore the stochastic integral f; ¢,dM; is well defined. It follows
then that we can define the integral I'x (¢) of ¢ with respect to the semi-martingale X = M + V as

t t t
Ix(g) :/(; (Psts:ﬁ (Pdes""/(; @sdVs,

and we can see that the result Ix(¢) is itself a continuous semi-martingale.

Theorem 6.3.3. Properties of the integral with respect to a continuous semi-martingale.

—

. the map (¢, X) — Ix(¢) is bilinear, from £ x Mgemi to %gemi

\S)

. for all stopping time T, ¢ € £'°P, X € M;emi, we have

tNT t t T
fO (Psts:j(; (PslsSdeszfo (Psts .

Ux(nT Ix(¢Yo,m)) Iyt (@)

3. forall g, e £°Pand X e /%gemi, we have Iy, ) (¥) = Ix(@y) in other words

t N t
f V/Sdf ¢udXy =f @5y sd X
0 0 0

4. forall X € Jlgemi, if X is a local martingale (respectively a finite variation process) then for all
@ € L'°P the process Ix(¢) is a local martingale (respectively a finite variation process)

5. if ¢is a step process with decomposition ¢; = Uyly(t) +Z;?:‘01 Uil 1,00, 0=tg< 1 <+ <y,
n =1, with U; &, -measurable for all i, then for all X € Jlgeml andall =0,

n-1

t
(@) = fo 0sdXs = Y Ui(Xey. nt = Xoon).
i=0

Proof. The first four properties follow immediately from the definition or from the properties of the stochas-
tic integral with respect to continuous local martingales and with respect to finite variation processes.

The fifth and last property does not follow immediately due to the fact that the random variables U;’s
are not assumed to be bounded. It suffices to overcome this difficulty when X = M is a continuous local
martingale. In this case, we define, for all k = 1,

Ty =inf{t = 0:|p;| = k} = inf{t; : |U;| = k} € [0, +00].

It is a stopping time and almost surely Ty /' +ooas k — oo and, forall k=1 and s =0,

n—1
k . k
Pslio,a(8) = Y, UP1(,0,0() with UP =Ujlgsy,.
i=0

Now @1, 1) € %, which allows to write

n—1
U@ eat, = Im@Lio ) e = Y. UP (Myy ne = Miad)
i=0

and it remains to send k to +oo. [ |
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6.3 Notion of semi-martingale and stochastic integration

Theorem 6.3.4. Dominated convergence for stochastic integrals.

et X=M+Ve Mgemi. Let ¢ and ¢, n = 1, be progressive locally bounded processes (€ £'°%P).
Let w be a non-negative progressive locally bounded process (= 0 and € £'°%). Let ¢ > 0. Suppose
that almost surely the following properties hold:

o forall s€ [0, ], lim,_o @ = @

o forallse[0,¢] and all >0, || <y

Then
t - P ¢
/(ps dx, — f @sdX;.
0 n—oo Jo

Proof. From Theorem 1.7.3, the usual dominated convergence theorem gives

t t
a.s.
fo M dv, n?éofo @sdV;.
It remains to address the local martingale part. We do it by localization with the stopping time
N
Ty = inf{s €0, 1]: f v2d(M), = k}.
0
We have T — +oo as k — co almost surely. Now by using the defective Itd isometry

E((ﬁtATk (p(sn)dMs_j(;t/\Tk (deMs)Z) - E(LtATk(wgn) _(ﬂs)zd<M)g)

But by definition of T, and thanks to the assumptions on ¢ and 1, we can use dominated convergence to
get that for all k, the right hand side tends to 0 as n — oo. It follows in particular that for all k,

tAT tATy P
f e dM; — f psdM; — 0.
0 0 n—oo

Therefore, for all € > 0,

t t
[P’(|f (p(sn)dMs—/ @ sd M
0 0

It remains to select k sufficiently large, and then n sufficiently large. |

ATy

tAT
25) <P(T} < t)+ﬂﬂ>()f0 (pg’”dMs—fo @sd M,

o).

Theorem 6.3.5. From sums to stochastic integrals.

LetX=M+Ve ﬂgemi and let ¢ be a continuous adapted process (which is in particular progressive).

Then for all £ > 0 and for all sequence (6,),>o of sub-divisions of [0,¢], §,:0 = t(()”) < e < t,(flli =,

my =1, such that |6 | = maXp<i<m,-1 It,(crjr)1 - t,(C")I — 0 as n — oo, we have

my—1

t
P
&, ¢ e, ~ X EIREE

Proof. For all n = 0, the step process ¢ defined by ¢ = @olo + ¥, ! @1 m o | s progressive and
satisfies all the assumptions of the dominated convergence Theorem 6.3.4 with the f)lrocess v defined by
Ws = Sup,eo,5 l@ul for all s € [0, £]. This process v is indeed continuous and adapted and thus progressive
and locally bounded. The desired result follows then from Theorem 6.3.4 since

mu—

t 1
(n) — —
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6 It6 stochastic integral and semi-martingales

Remark 6.3.6. Multivariate case.

We encounter the multivariate case when X = B is BM in R? and Q= ((pl, ey (pd ) is deterministic and
in L?R . (R4, x), for which Ix(¢) = Ig(¢p) is the Wiener integral

L[ ¢sdBs = 2: wsdB‘

At the opposite side of generality, let X = (X!,...,X%) be a d-dimensional process such that for
alll<is<d X'=M+Vie %gemi. We decide to say that such a process is by definition a d-
dimensional continuous semi-martingale issued from the origin. Then for all d-dimensional process
@=(p"...,p% such thatforall 1 <i<d, ¢’ € £°%P, we define

j1¢udxs—§: pLdX].
In particular, when (pi € L2(MY forall1<i<d,then, forall >0,
t
E((fo (pde) Z (ps(p Tami, My,

i,j=1

When M is a d-dimensional BM then (M!, M) = s1;- j and we recover the It0 isometry
f ‘Psst = f ((,05 zds— f |(ps| ds.
i=1

6.4 Summary of stochastic integrals and involved spaces

Integrator X | Integrand ¢ Integral Ix (¢)
BM, in R? L?R (R4, dx) Gaussian martingale issued from the origin (Wiener integral, Chapter 3)
BM, in R? £z, (¢ (Itd integral with Brownian motion integrator, Chapter 5)
M3 LAEM), X=M | M
MY LOM), X=M | ¢
M gploch A
Space Definition
L?R ,([Ry,dx) | Deterministic square integrable ¢ : R, — R
Fpd Progressive ¢ : Q x R, — R? step processes with bounded increments
a‘f[éd Progressive ¢ : Q x R, — R% such that EJ5° lpsl*ds < oo
4 Progressive ¢ : Q x R. — R step processes with bounded increments
L%(M) Progressive ¢ : Q x R, — R such that E [;° ¢2d(M); < co
L9(M) Progressive ¢ : Q x R; — R such that a.s. f(;)o (p%d(M)S < oo
plocb Progressive ¢ : Q x Ry — R, a.s. sup, [¢s| < oo (locally bounded)
M§ Continuous square integrable martingales issued from the origin
l\/l]g Continuous martingales bounded in L? issued from the origin
Mé‘)c Continuous local martingales issued from the origin
Jlgemi Continuous semi-martingales issued from the origin
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Chapter 7

It6 formula and applications

7.1 1t6 formula

Classical analysis comes with its fundamental formula of integral calculus expressing a regular func-
tion as the Riemann/Stieltjes/Lebesgue/Young integral of its derivative. For the It stochastic integral of
stochastic analysis, the analogue is the It6 formula. This is also known as the “It6 lemma”. A theorem here!
It was discovered in 2000 — see [7] — that we might speak about Déblin! ~It6 theorem/lemma/formula.

We have already seen in Section 5.1 that if B is a real Brownian motion issued from the origin then

B?>=2 f BydB; + (B) € 4™,
0

The It6 formula goes beyond and states more generally that the image of a semi-martingale by a ¢ function
is again a semi-martingale. It can be seen as a fundamental rule of calculus for the Ité stochastic integral.

Theorem 7.1.1. Ité or D6blin formula for d-dimensional semi-martingales.

If X = (X¢) ;>0 is d-dimensional such that for all 1 < i < d its i-th coordinate (X;)tzo is a continuous
semi-martingale with decomposition X = Xé + M + Vi then for all fe €2RY,R) and all £ =0,

o
FX) = FXo) + Z —f(Xs)dX’ f (Xs)d<Ml My,
0 0x; 2, 721Jo 0x;0x
usual calculus term Ito6 stochastic correction
= fXo) + Z f L (xgami+ f —f(Xs)dV' f ' Ml
0x; 2= 0x;
EM&OC finite varlatlon process

In particular f(X) = (f(Xy) ;5 € 5™ For d = 1 the formula simply writes, for all ¢ = 0,

t 1 t
FX) = f(Xo)+ fo FOAX, + fo F(X)d(M)s

~ ~
usual calculus term  Itd stochastic correction

—f(Xo)+[ f(Xs)dMs ff(Xs)st [ f"(Xs)d(M)s

€M, o finite variation process

The example above correspondstod =1, Xo =0, M =B,V =0,and f = (¢)2.
In the case f(x) =xforall xe R% we get the very natural formula fot dX, = X; - Xp.
The It6 formula remains valid for processes defined on a finite and deterministic time interval [0, T].

1. The second order term with the local martingale part of X is typical from the It6 stochastic integral. It
does not appear in the similar formula for the Stratonovich stochastic integral.

INamed after Wolfgang Déblin or Vincent Doblin, French —- German mathematician (1915 - 1940).
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7 It6 formula and applications

2. Alternatively, in a more condensed form, the formula writes, denoting (X) = (M),
t 1 t
P = o)+ [ V0K dX+ 5 [ Hess(0X) - d(X0s.
0 0
The formula can also be written alternatively using differential abstract notation, namely

1
df(X0) = Vf (X)X + S Hess(f) (X0)-d(X) .

3. When d =1 and V =0 then this gives, for all M € .4 loc (heware that we incorporate Xy into M)

t 1 t
f(My) = f(Mo) + fo f’(Ms)dMs+5 fo (M) - d(M)s.

Note that Mj plays no role in the integrators dM and d{M) however it plays a role in the integrands
f'(M) and f"(M). Now if M is additionally bounded then we can take expectations, and this gives

1 t
E(F(M) = E(f (Mo)) + 5 fo £ (M) d(M)s,

We could always localize M — M, with a stopping time in order to get it bounded (in particular in L?).

4. When d =1 and M = 0 we recover the fundamental formula of calculus for the Lebesgue - Stieltjes
integral, namely for all continuous adapted finite variation process V,

t
FOVO) = f(Ve) + fo FlV)dvs.

5. Whend=1and f = ()2 we obtain the formula

t X2 X2 (M)
f X,dX, = Zr o VL
0 2

This generalizes the formula that we have already obtained for Brownian motion in Section 5.1. In
particular when Xy = 0 and X = M in other words when V = 0 then this states

2] M,dM; = M? — (M).
0

Actually we already knew thatif M € Mé"c then M2 = (M2 —(M))+(M) € Mgemi, and more generally, in
the same spirit, if M € .41°° then M2 = M2+ (M — Mp)* — (M — Mp) + 2 Mo (M — M) +{M— M) € ™.

v
EJZ&OC

6. Forall M, N € ./'°¢, the It6 formula with f(x1,x2) = x1 % and X = (M, N) gives, for all =0,
t t
M;N; = MyNy +f Msts+f N¢dM;+ (M, N),
0 0

which is an integration by parts formula. In the same spirit, for all M € .#'°¢ and for all adapted
continuous finite variation process V, taking f(x;, x2) = x1x2 and X = (M, V) gives, forall t = 0,

MV = MyVy +f0tMsts+f0tVdeg.
7. When V =0, X = x, and M = B is BM with By = 0 then (M?, M7), = t1;_; and the Ité formula becomes
f(B[)=f(x)+fOtVf(Bs)‘st+%fOtAf(Bs)ds.
In particular, when f = |-|2, we obtain
|B|* = |x|2+2f0tBs-st+ td.

When d = 1 and By = 0 we recover the formula %(B? -1 = fot B;dB; that we have already found in
Chapter 6. We say that (|B;|),;=( is a Bessel process and that (| B;|?) >, a squared Bessel process.
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7.1 It6 formula

8. Let us consider the case X = (Xj,..., X 41) = (B, V), where B is a Brownian motion in R4, V; = t for all
t=0,and f(x,x4+1) =exp(-x— %Iﬂlzxdﬂ), with A € R fixed. The process NA = f(X) satisfies Né1 =1.
As explained in the proof of Theorem 7.2.1, by the It6 formula, N’ AMisa semi-martingale that solves the
following stochastic differential equation which catches intuitively its exponential nature:

t
A¢:1+jnAﬁdmnBQ
0

An exponential semi-martingale of the same type appears also in Theorem 7.3.1 with more general
ingredients. Such “exponential semi-martingales” are known as Doléans-Dade exponential martin-
gales. When d = A = 1 this process is also known as geometric Brownian motion.

9. For a time dependent function f(t, x), the formula with X = (¢, X) gives

t

t 1 t
f(t;Xl) :f(OIXO) +\/(; a[f(S,Xs)dS‘*’A/(; fo(s;XS) dXS+ EL Hessx(f)(S»XS)d<M>S'd<M>S'

Note that t € Ry — t is a continuous finite variation process. It does not contribute to the last term.

10. The Itd formula extends naturally to a complex valued f : R? — C. Let us examine a nice and impor-
tant special case. Let X = Xy + M + V be a continuous semi-martingale and let A be a finite variation

. 2
process. For all A € R, by the It6 formula for f(x, y) = e+ %V and (Xt, A) 120,
A X 2a, _ idXe iy [T A2t A2t
Nf =it M in | X+ 5 | NTdAG = T | NG D,

Now if additionally Xy = 0 and A = (M) then we get the stochastic differential equation

t
N}=1 +i/1f N} dX;.
0

This semi-martingale is used in the proof of the Lévy characterization of Brownian motion in Theorem
7.2.1. The case N~ is a special case of the Doléans-Dade exponential of Theorem 7.3.1.

The It6 formula involves (M, N) with M, N continuous local martingales. Note that we have defined
(M, N) only when both M and N are continuous local martingales. This coincides with the quadratic vari-
ation [M, N]. Note also that we have defined (when it exists) the quadratic variation [M, N] for arbitrary
processes. In particular [M, N] = 0 if M is a continuous process and N is a finite variation process.

Proof. We suppose first that on some event ', the random variables and processes Xy, M, and V are
bounded in the sense that for some deterministic and finite constant C, almost surely

sup (IXol +M]1+|V/|+ (M7, MP) ) < C.
ls[i,zjosd
Under this assumption, we can assume without loss of generality that f is compactly supported. Next, note
also that under this assumption, for all 1 < i < d, since M’ is a bounded continuous local martingale, it is,
by localization and dominated convergence, a bounded continuous martingale.
A Taylor formula for f gives, for all x, y € RY,

1
fFO)=f)=(Vfx),y—x)+ 5<HeSS(f)(x)(y— x),y—X)+71(x,y)lx—y?

vOf oo 1 Of N 2
‘;a_xi(x)(y’ x’”E;jaxiax,-(x)(y’ x)(yj—xj)+r(x )y —xI°.

2
Since f is 62 with compact support, by Heine theorem, x — f”(x) = Hess(f) (x) = (%a];j) 1=i,j<d is uniformly
continuous, and therefore there exists a bounded continuous non-decreasing function g : R, — R such that
lim,_og(u)=0and |r(x,y)| < g(lx—yl) forall x,y e R.
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7 It6 formula and applications

Now we fix ¢ > 0 and we consider a sequence (6 ) =9 of sub-divisions of [0, ¢],
0,:0= t(()") <o < t,(,’:y)l: t, mp=1

such that limj, ..o maxp<<m,-1 Itk’jr)1 0. To simplify, we drop from now on the superscript . We

denote AY; =Yy, — Yy forall k and all process Y. A telescopic summation and the Taylor formula give

() _
tk | =

FX) = f(Xo) =) (f(Xg,)) — F(Xz)
k

1
= ;w f(Xe), AXg) + > %(Hess( N X )AX, AXy) + % r(Xe X ) IAXEI

N J O\ /N J
—~ " —~

S1 S S3

For the term S;, we have, using Theorem 6.3.5,

t t d ty .
S1 = D AVF(Xe), AV + Y (VF(Xy), AMy) n%ofo Vf(Xs)dV5+f0 Vf(Xs)dM, = Zfo a_gf(XS)dXsl'
k k i=1 l

For the term S,, we have

1
= §Z<HeSS(f) (X1 )A X, AXr)

62
:_ZZ f (th)AXkAX]

k i,j 0x;0x Xj
62f j 2f ] 62f i J
= —ZZ (Xe)AMAM] + 3% ——— (X, )AMjAV] + ZZ (X1 )AVEAV].
kl]aa] kl]aaf kt]aa]
s, sy sy
Now since V/ has finite variation and since M’ is continuous, we have
218y < ZmaxIAM’ zf (X |AV] L Zo f il (Xy)|dIVIs=0
2 k g 0 0xl—6xj s ST
Similarly, using this time the continuity of V/ and the finite variation of V/, we get
2
218y < (th IAV] — Zo ft 9 f (Xs )| dIVIs=o0.

For S),, using the notation M LI for “M*, MJ” and using the formulas of Lemma 7.1.2 in (%) and (%),

*f inngd iy )% o°f 2 inagi o
_ J il iAMT — i,jy )2
E((; ;i) BMAM; — M )) [E(%( T (X)) (AM{AM] - A7)
. : .. 2
< [Hess(NIZE(( X (amiam] - amiyp))
k
*x 2 ingd TG
= IHess(AIZE(( X aMam] - by, )7).
k
We have, for all i, j, using the fact that M is a bounded continuous martingale,
Y AMAM] —(M"y, = 0.
= Sk e

Now, by Theorem 4.1.4 for (M*?, M7y = [M*, M/] for all i, j, the fact that f is €2, and Theorem 1.7.3,

thz—hm ZZ@ 6 (X (MY

n—oo n—-oo l_] 1k
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7.1 It6 formula

1 4 t 62f . .
=— X)d(M', M),
2”2:1[0 S, KO )s

Regarding S3, we have, using the monotony of g and Theorem 4.1.4,

d . .
> I, X IAXE < gmaxIAXiD) ) (Y (AMp°+ YAV’
k

k i=1 k
N————
—_— ——
el Loy, Evy=0
n—oo n—oo

This achieves the proof under the assumptions of boundedness of Xy, M, and V on an event '.
To prove the general case, we consider the sequence (T%) ;o of stopping times defined for all k = 0 by

d . . S
Ty = inf{tz 0:1Xol+ Y IMJI+IVi+ KM, MYy, = k}
i,j=1
then T} / +o0 a.s. as k — oo, and by arguing as in Remark 4.2.3, it follows that X ’* is a continuous martin-
gale. Moreover | XTk| < | Xol1jx,)>k + k1|x,<k a.s. Using the first part on the event Q= Q?c = {| Xo| < k}, this
gives, on Q' , thanks to the properties of (stochastic) integrals with respect to stopping times,

d ptATy of ;1 d tATy 62f ; )
X = f(Xo) + — (XydX, + = Xod(M*, M)y,
fXiam) = f(Xo) ; L oy, 94X 2,-,1221 | axiax,-( s)d( )s
Now both sides converge in probability as k — oo to the desired formula. Indeed we get the desired formula
on the event Q) N {T} = #}, and P(Q| N {Tx = 1}) P 1. [ |
—00

It could be possible to prove Theorem 7.1.1 without truncation by using dominated convergence for
stochastic integrals (Theorem 6.3.4) but still the second order term will remain the difficult part, see for
instance [31]. Another classical proof of Theorem 7.1.1 consists in using the linearity of the statement with
respect to f and the functional monotone class theorem machinery to get it for all f, see for instance [4].
This approach requires a stability by product which amounts to prove separately as a preparatory result
the integration by parts formula. Such a proof may look short at first sight but remains a bit magical and
artificial. The proof that we give based on a Taylor formula is maybe more intuitive and constructive.

Lemma 7.1.2. Quadratic formulas with increments of martingales.

Let M, N be bounded martingales issued from the origin and let Z be a bounded adapted process.
Lett>0andletd:0=1 <--- < t, =t be a subdivision or partition of the interval [0, ¢]. Then,
denoting AXy = Xy, ., — Xy, and Z = Z;,, we have

[E((ZZk(AMkANk _ A(M,N) k))z) - [E(ZZ,%(AM;CAN,C — A(M, N) k)z)
k k

and in particular, reading this formula from right to left when Z =1 gives

[E(;(AM;CAN,C ~ A(M, N)k)z) = [E((Zk:AMkANk —(M, N>t)2).

Proof. The intuitive idea is to rely on conditional orthogonality properties of increments of square inte-
grable martingales. For all k, we denote for simplicity Ty = Zx(AMiANg — A(M, N)). By using the martin-
gale property for the martingales M and N in (*) and for the martingale MN — (M, N) in (* %), we get

E(Tk | F1) = ZkE(M g, Ni,, + My Ny, — My, No, = My Np ., — AXM, N | Fr,)
= ZWE(My,, Nig,, — My N = MM, N) | F)
= ZKE(AMMN) e = AXM, NY i | F,)
= ZE(AMN - (M, N))i | F1,) = 0.
For all k' < k, Ty is %, measurable and E(Ty Tj) = E(TvE(T | F4,)) =0. Thus E(C To)?) =E(C T5). W
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7 It6 formula and applications

Remark 7.1.3. Extension to discontinuous semi-martingales.

Let X be a real semi-martingale, right continuous with left limits (cadlag). A jump occurs at time ¢
when X; — X;- # 0. It can be proved that the quadratic variation of the cadlag local martingale part
M of X, is well defined and admits a decomposition of the form

[M,M]; =Y (Ms— M)+ [M, M]§

S<t

where the sum runs over all jumps up to time ¢ while the super-script “c” stands for “continuous”.
The Doléans-Dade — Meyer generalized Itd formula states then that for all f € ¢2(R,R) and all £ = 0,

t 1 t
FOXD) = F(Xo) + fo FXOAX+ ¥ (PO = ) — f X)X — X )+ fo FUX)dIM, M.

O<ust

An accessible presentation of stochastic calculus for jump processes can be found in [41].

Remark 7.1.4. Stratonovich stochastic integral and It6 formula.

If M and N are continuous semi-martingales, we define the Stratonovich stochastic integral by
t t 1
f M, odN; =/ M dNs+ - (M, N);.
0 0 2
The It6 formula is then simpler and resembles to the fundamental rule of calculus
d rt g f .
X0 =+ Y [ SE (g edxl,
iziJo 0x;

for f € €%([R%,R). For more information and applications, see for instance [4, Chapter 6].

7.2 Lévy characterization of Brownian motion

Theorem 7.2.1. Lévy.
Let X = (X{) ;> be a d-dimensional adapted process such that:

e forall 1 < k < d the k-th coordinate (Xf) />0 18 a continuous local martingale

e foralll < j, k <dwehave ((Xj,Xk)t)tzo = (tlj:k)tzo'

Then X is a Brownian motion (with respect to the same filtration).

In practice, when d = 1, this is often used after showing that (X;) ;=9 and (X? - 1) +>0 are local martingales.

Proof. By replacing X by X — Xy we can assume that X, = 0. By Theorem 3.1.3, in order to show that X is a
Brownian motion, it suffices to show that for all A € [Rd, the process NA = (exp(1- X, + %I)LI2 1) =0 is a mar-
tingale. Now NA = f(X,V)where f(x,x4:+1) =exp@il-x+ %I/llzde) and V; = t for all £ = 0. The It6 formula?
(Theorem 7.1.1) gives that N* is a continuous semi-martingale. It remains to use Lemma 7.2.2.

Lemma 7.2.2. Martingale criterion.

Let (M;);=( be a continuous local martingale such that My € L! and such that for all ¢ > 0, there exists
a finite constant C; such that sup (g  |M;| < C;. Then M is a martingale.

Note that we can construct continuous local martingales which are bounded in L2 but not martingales!

2We can alternatively use the Ito formula for the time dependent f(f, x) = exp(il- x + %I/ll2 1) and the semi-martingale X.
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7.3 Doléans-Dade exponential

Proof. We can assume that M, = 0 by considering M — My. Next, we know that M is localized by (T},) ;>0
where T, = inf{t = 0: |M;| = n}. Now, for all ¢ = 0, we take n > C;, hence T, > t and (M) s¢0.4) = (MsaT,) seqo,n
and since MTr isa martingale, we get that (Mj) ¢[o,; is @a martingale for all # = 0, hence M is a martingale. W

Let us write the Itd6 formula in the proof of Theorem 7.2.1. It is crucial that NA = exp(ir X, + %l/llet) for
a finite variation process V such that thatforall1 < j, k< d, (X/, Xk) =V1j=r. We have

2

~

i d t A
E.Z )Mkfo N;1j=dVg

d t 1
Nr=1+ Zf (AN dxE + AP NV +
k=170 2 jrk=1

t 1 t 1 t
=1+if dem-xsn—wzf N?dvs——wzf N2dv
0 2 0 2 0 )

v~

=0

t
=1+i[ NA(A- Xy).
0

This shows that N” is a semi-martingale solving the stochastic differential equation

N’l=1+if N -dX;.
0

The same idea, with the Laplace transform instead of the Fourier transform, is at the heart of the concept of
Doléans-Dade exponential of Theorem 7.3.1. Note that N~* is a multivariate Doléans-Dade exponential.

7.3 Doléans-Dade exponential
The following theorem generalizes what we already know for the Laplace transform of Brownian motion.

Theorem 7.3.1. Doléans-Dade® exponential.

Named after Catherine Doléans-Dade (1942 -2004), French American mathematician.

Let M = (My);s¢ and V = (V}) ;»¢ be continuous adapted real processes issued from the origin, with
V non-decreasing. For all A € R let us define the process

XM= (X)) 1 = @M 5 ) 1,
Then the following properties are equivalent.
1. Misalocal martingale and (M) =V
2. X" is alocal martingale for all 1 € R.

Moreover, in this case,

t
3. X" solves the stochastic differential equation X} = 1 and X}r=1+2 / XM, t=0.
0

4. X" is a super-martingale, and a martingale if and only if EX;1 =1forallt=0

5. If X" is a martingale and Ee* < oo for all A € R and all £ > 0 then M is a martingale.

Proof. Suppose that M is a local martingale and that we have (M) = V. For all A € R, by the It6 formula,

Xt = 1+)Lf x2dMs.
0
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7 It6 formula and applications

Thus X* is a non-negative local martingale. Conversely, suppose first that for all A € R, X* is a martingale
and that M and V are bounded. Then forall 0 < s< t and all A€ %,

2 2
EQ ™2 V) = E1 4 XY = EA XD = E(14eM T Vo).

Taking the derivative with respect to A, which is allowed here by dominated convergence since X AM=2AV)
is dominated by a constant thanks to the fact that M and V are bounded, gives

2 2
E(L ™2 Ve (M, — AV)) = E(L g™ = Vs (M - AVy)),

which shows by taking A = 0 that M is a martingale. Moreover, taking again the derivative with respect to A,
which is allowed here by dominated convergence since X A(M - AV)2 = V) is dominated by a constant,

EQAAXM(M; = AV)? = V})) = EQ o X2 (M — AVy)? = V),

which shows by taking A = 0 that M? — V is a martingale. In particular we get (M) = V. Back to the general
case, ifforall A € R, X" is alocal martingale, then we proceed by localization via T), = inf{t = 0: | M|+ V; = n},
for which T,, / +oco almost surely as 7 — oo and, for all 7> 0, (X*)T» is a bounded martingale and M’ and
VTn are bounded. We use then what we did for the martingale case to get that M’ is a martingale and
(MTny = VT for all n= 0, which implies that M is a local martingale and (M) = V.

Let us prove the last properties stated when M is a continuous local martingale and V = (M).

3. We already have seen that at the beginning of the proof.

4. Since X* is a local martingale, there exists stopping times (T},) =0 such that T,, / +oo almost surely

and such that (X ;1/\ Tﬂ) 120 is a martingale for all 7 = 0 then for all 0 < s < ¢, by the Fatou lemma,

X¢ = lim X7, = lim E(X}, 7, | F) 2 E( lim X} | F) =EX} | F).
—00

In particular [EX;1 < [EX(;1 =1 and X* is martingale iff* [EX;1 =1forall £=0.
5. We have already seen that at the beginning of the proof!
]

For a continuous local martingale M issued from the origin, there are criteria to ensure that the local
. _1 ) L . . .
martingale e~ 2™ (Doléans-Dade exponential) is a martingale or even an u.i. martingale, namely:

* Domination: a local martingale dominated by an integrable random variable is a u.i. martingale.

* Bracket: alocal martingale with integrable bracket is a martingale (see Lemma 4.2.7). Note that

) . t t
[E(X;‘)t:)LZ[E< f XA M, f X?dMs>[=;LZ[E f M= M5 gy < AZE f eMMs My,
0 0 0 0

* Novikov and Kazamaki conditions or criteria, which are specific to Doléans-Dade exponentials.

Theorem 7.3.2. Novikov” and Kazamaki’ conditions.

“Named after Alexander Novikov, Russian-Australian mathematician.
bNamed after Norihiko Kazamaki, Japanese mathematician.

If M = (My) ;¢ is a continuous local martingale issued from the origin then 1. = 2. = 3. where

1. Novikov condition: Eez Me < oo

. o . . . 1
2. Kazamaki condition: M is a u.i. martingale and Ee2~ < co

41f A < B then A = B iff E(A) = E(B). In particular, a super or sub martingale is a martingale iff its expectation is constant.
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7.4 Dubins - Schwarz theorem

3.

LoD « . .
eM=2M jg 3 u.i. martingale.

This can be skipped at first reading.

Proof.

1.= 2. We have E{M)y, < [Ee%<M>oo < 00, hence, by Lemma 4.2.7, M is a continuous martingale
bounded in L? and thus u.i. in particular My, exists. By proceeding as in the proof Theorem,
7.3.1 eM=3M) {5 g super-martingale issued from 1 and by the Fatou lemma EeM—z M < 1 for
all ¢ € [0, +o0]. Finally by the Cauchy - Schwarz inequality,

1 1 1 1
(Ee2M)? < FeMom2Mopez Mo < Fez Mo < o0,

2.= 3. Since M is a u.i. martingale, by Corollary 4.4.6, for an arbitrary stopping time 7 we have
E(Mwo | #T1) = Mt and by the Jensen inequality

1 1
e:Mr <f(e2M~ | gp).

But since Ee2 M~ < oo, it follows that the family {E(e2Meo | Z7) : T stopping time} is u.i., and by
1
the inequality, the family {27 : T stopping time} is u.i.

Forall a € (0,1) let us define M'» = aM/(a+1). We have

2
e

’

2 2 —
oAM=} aM) :(eM7%<M>)a equazM:( Mﬁ(M))“ (eM(“))l “

and then, for all stopping time T, by the Holder inequality,

2 2
oo~ (oMo 00r) g M)

* a _1_ .2
<E@E™r )

* Kk 1
< ﬂz(eEMT IA)Za(l—a) .

We have used for * the fact that E(eMr~2™7) < 1 which comes from Theorem 2.5.6 with S = 0
1

for the non-negative super-martingale e™~2‘™ with expectation < 1. We have used for xx the

Jensen inequality for the concave function u € R, — 1?1+ thanks to 2a/(1 + a) € (0,1).

aMr-3(Mr .

It follows in particular that the family {e T stopping time} is u.i. Now, if (T3), is a

localizing sequence for the local martingale e ~2(aM) then forall0< s <1,

[E(eaMt/\Tn_%<aM>t/\Tn | Fy) = eﬂMsATn—%(ﬂMh/\Tn’

and we can pass to the limit by the u.i. property for the family indexed by stopping times, hence
1
e*M=2(aM) j5 3 11.i. martingale. Finally, using again the Jensen inequality in the last step,

1 1 a 1 1
1= [E(eaMoo_§<(1M>oo) < [E(eMOO_E<M>oo)u2ﬂ5(eMé0))1_a2 < [E(eMOO_§<M>OO)a2[E(eEMoo)za(l_a)'

Now a — 1 gives E(eM~~2 M) > ] hence E(eM~"2(M=) = 1, thus eM~z™ is a martingale.

7.4 Dubins-Schwarz theorem

The following theorem says that a continuous local martingale is a time changed Brownian motion.
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7 It6 formula and applications

Theorem 7.4.1. Dubins? - Schwarz? or Dambis® theorem.

Named after Lester Dubins (1920-2010), American mathematician.
bNamed after Gideon E. Schwarz (1933-2007), Israeli mathematician and statistician.
“Named after K.E. Dambis, Russian mathematician who apparently published a single article, in Russian, in 1965.

Let M be a continuous local martingale with My = 0 and (M), = co almost surely. For all = 0, let

Ty =inf{s = 0: (M)s > t} = (M);*
be the generalized inverse of the non-decreasing process (M) issued from the origin. Then

L. B=(Myyy1) _, is a Brownian motion with respect to the filtration (¥7,) .-

2. By =0 = (M1) =0-

These equalities are as random variables taking values in € (R, R), in other words “a.s. for all = 0".

For instance, if M = aW where a > 0 is a constant and W is a Brownian motion issued from the origin,
then (M); = a’t and T; = @21, and B = (Mr,) ;5 = (@Wy-2,) ;= is @ BM with respect to (F4-2) ;=¢.

This theorem is as dangerous as the Skorokhod embedding theorem, it does not state that there exists a
Brownian motion B with respect to the filtration for which M is a local martingale and for which By = M.

Proof. Beware that since (M) can be flat on an interval, the map ¢ — T, can be discontinuous. Regarding the
process B = (Mr,) -, Lemma 7.4.2 states that the processes M and (M) are constant on the same intervals.

Lemma 7.4.2. Simultaneous flatness for M and (M).

Let M be a continuous local martingale. Then the processes M and (M) are constant on same inter-
vals, in the sense that almost surely, for all0 < a < b,

Vtela,bl,M; =M, ifandonlyif (M),=(M),.

Let us postpone the proof of Lemma 7.4.2.

For all t = 0, the random variable T is a stopping time with respect to the filtration (%) ¢, and s — T
is non-decreasing. It follows that for all 0 < s < t, we have &7, ¢ &7, and thus (¥71,) . is a filtration.
Moreover for all # = 0, the random variable T is a stopping time for the filtration (%7,) ,.,- We have T; < oo
for all £ = 0 on the almost sure event {{(M)., = co}. By construction, the process (T¢) ;¢ is right continuous,
non-decreasing (and thus with left limits), and adapted with respect to the filtration (%7,),.,. Since M is
continuous, the process B = (M7,) ., is right continuous with left limits. Moreover, for all 1 > 0,

B, =lim By = Mr, .
S?l’

Lemma 7.4.2 implies that almost surely B;- = B; for all ¢ = 0, in other words that B is continuous.

Let us show that B is a Brownian motion for (7,) ,.,. Forall n = 0, the process M Tn is a continuous local
martingale issued from the origin and (M "), = (M), = na.s. By Lemma 4.2.7, we get that for all n > 0, the
processes M Tn and (MTr)2 — (M) Tr are u.i. martingales. Now, for all 0 < s < t < n, and by the Doob stopping
theorem for u.i. martingales (Corollary 4.4.6) and the martingale property, using Ts < T; < Tp,

E(B;| F1,) = E(My" | F1,) = My" = My, 1, = By
and similarly, using additionally the property (M) % =(M), a1, ={(M)T, =1,
E(B] - ¢ | F1,) =E((Mp)* = (M), | F,) = (M")* = (M), = Br,.

Thus B and (B% —1),5, are martingales with respect to the filtration (&7,) ;. It follows now from the Lévy
characterization (Theorem 7.2.1) that B is a Brownian motion with respect to the filtration (%r,) ;...

Let us show that M = B(yyy. By definition of B, a.s., forall £ = 0, Biwy, = M1, . Now Tiany; < < Tipy, and
since (M) takes the same value at Ty, and T(y,, we get ¢ = Ty, and Lemma 7.4.2 gives M, = My, for
all £ =0 a.s. In other words, using the definition of B, this means that a.s., forall 1 =0, M; = MT(M)t = B(my, -
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7.5 Girsanov theorem for It6 integrals

Proof of Lemma 7.4.2. Since M and (M) are continuous, it suffices to show thatforall0<a < b, a.s.
{Vtela,bl: My = Mg} = {{M), = (M)}

The inclusion c comes from the approximation of the quadratic variation (M) = [M]. Let us prove the
converse. To this end, we consider the continuous local martingale (N;) ;>0 = (My — Mtnq) t=0- We have

(N) = (M) =2(M, M) + (M) = (M) = 2{M)“ + (M)“ = (M) — (M)*“.

For all € > 0, we set the stopping time T, = inf{t = 0: (NV); > €}. The continuous semi-martingale N T: satisfies
NOTE =0and (N%)o, = (N)7, <€. By Lemma 4.2.7, N'¢ is a martingale bounded in .2, and for all ¢ > 0,

E(N7 1) =E(N)ia,) <€
Let us define the event A = {{M)}, = (M) ,}. Then Ac {T; = b} and, for all ¢ € [a, b],
EQA4N7) =E(14N}, ) SE(N7, 1) <e.

By sending ¢ to 0 we obtain E(14N?) = 0 and thus N; = 0 almost surely on A. ]

7.5 Girsanov theorem for It integrals

Here is a generalization to random shifts of the Cameron —Martin theorem (Theorem 3.8.2).

Theorem 7.5.1. Girsanov“.

Named after Igor Vladimirovich Girsanov (1934-1967), Russian mathematician. Beware that the “G” in “Girsanov”
should not be spelled like in the English word “Girt” but rather like the “gh” in the Arabic word “Maghrib” spelled in Arabic.

Let T > 0 be deterministic. Let B = (By)¢o, ) be a d-dimensional BM with By = 0. Let ¢ = (1) 4¢(0, 1
be d-dimensional progressive and uniformly locally bounded in the sense that there exists a deter-
ministic C < oo such that sup o 7| 19| < C almost surely. Set k= f; ¢sds. Then:

1. The Doléans-Dade exponential N = (V) (o, 77 defined for all ¢ € [0, T'] by

t 1 t
Nt:exp(fo (psst—EfO stlzds)

is a non-negative martingale and EN; = 1 for all ¢ € [0, T].

2. On the changed probability space (2, %, Q) where Q is defined by dQ = N7dP, the process

t
B—h=(Bt—f (psds)
0 t€[0,T)

is an (%) p<;<7 Brownian motion.

3. If a continuous semi-martingale (X;) (o 77 solves the stochastic differential equation

X=x+B+f b(s, X,)ds
0

with b: R, x R — R measurable and bounded, then the law of (X;) (o, 7}, as a random variable
on the canonical space W =%([0, T1, RY), has a density with respect to the law of x + B given by

T 1 T
weW-—»exp(f b(s, x+ ws)dws—gf b(s,x+ ws)ds).
0 0

Finally, if N is u.i. then all this holds with [0, T], Nt, Fr replaced by R;, Neo, Fxo-
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We recover Theorem 3.8.2 of Cameron —Martin when ¢ is deterministic.

Note that for all ¢ € [0, T], we have N; = 0 and E(N;) = 1 and thus N; is a density. Moreover, for any
bounded &; measurable random variable Z, typically a bounded and measurable function of the trajecto-
ries up to time ¢ of a continuous adapted process, the martingale property for N gives

E(ZN7) = E(ZE(N7 | F1)) = E(ZNy).

In other words the density N7 satisfies a rule of compatibility when T varies, which is a sort of projection
property, and which is directly related to the martingale property of N.

Proof.

1. The process N =eM ~3¢M) i5 a Doléans-Dade exponential where M is the local martingale

! t
M, = f ¢sdBs, which satisfies (M);= f |(p5|2ds‘
0 0

From Theorem 7.3.1, it follows that for all A € R, N* = exp(AM — %(M)) is a non-negative local mar-
tingale, and by Theorem 7.3.1 a super-martingale. In particular with A = 2 we get that for all s = 0 we
have E(e?Ms—(M9) < [ (e2Mo~(M)o)) = 1, For A = 1 we recover N. Let us show that N is a martingale.
As in the proof of Theorem 7.3.1, it suffices to show that the expectation of the angle bracket is finite,
by using the fact that N solves the SDE N; =1+ fot N;dM;. Indeed, for all 0 < ¢ < T we have, denoting
C =supgeo,77l¢ s|? (recall that ¢ is uniformly locally bounded),

E(N) =E(N, N),

:[E< [ Nd M, f Ndes>
0 0 4
t
=E fo N2d(M)
t
= [Ef e2Ms= M|y 12ds
0
t
sCf [E(e2M5_<M>S)ds
0
t
_ Cf (2205601
0

t
< Ceth Ee?Ms—2Msq¢
0
<Ce%'t < 0.

Therefore, N is a martingale thanks to Lemma 4.2.7.

2. In order to check that B — h is a Brownian motion under Q, we use Theorem 3.1.3 which reduces the
problem to show that for all A € R and all fixed T = 0, the process

2
(ea-(B—h),—%t)
0=t=T

is a martingale under Q. Indeed, forall0 < s< < T and A € %,

Er(1 oM B0 _ A-B=A-ff pudu—"E ¢
Qlla€ =[E(14e 2 "Nt

1%

[E(lAefOt(/'H(pu)‘dBu—%fotl/lﬂpulzdu)

jolo [E(lAefoS(A“Pu)'dBu—% o |’1+(p”|2du)

s 2
= [E(lAe’l'B“A'f0 "’"d”_%st)
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7.6 Sub-Gaussian tail bound and exponential square integrability for local martingales

:E@(lAea @-me-s ),

where we have used in * the fact that the process N is a martingale (under P) and in ** the fact that
the process N (with ¢ replaced by A + ¢) is a martingale (under P).

3. We give the proof when b is continuous and bounded. We can assume without loss of generality
that x = 0, otherwise we use X; — x = B; + fotb(s,x + X5 — x)ds. We have ¢, = —b(t, X;). Since the
shift h = [; ¢sds is random, the simple argument used in the proof of Corollary 3.8.3 (Cameron-—
Martin) in order to get the density of the law of B+ h with respect to the law of B is no longer available.
Nevertheless, for all bounded measurable ® : W — R,

E(®(B - h)) = E(®(B-h)N;' N7).

Let us show now that N}l isafunctionof X=B—h.Wehave B=X+h=X+ fo @sds and thus

T T T )
f (Psst:f (Psts+f lps] ds,
0 0 0

hence

T oo
NT :exp( , @sdBs + fo l@s] ds)

T T
( Qs dXs——f I(pslzds)
0 0

T
_exp(f b(Xs)dXS—% f Ib(Xy) ds)
0
=¥Y(X)=¥Y(B-h).

The function ¥ is bounded. We admit that it is measurable. Therefore, using the previous result in *,
E(®(B—-h)) =E(D(B- h)N}lNT) =E(@B-hY(B-h)N7)=Eg(®(B-h)¥Y(B-h)) z E(®(B)Y(B)).
Hence the density of X on the canonical space W with respect to the Wiener measure is V.

Finally, if N is u.i. then by Corollary 4.4.5 there exists Ny, € L1 such that lim;_., N; = Ny, a.s. and in L!, and

= E(Neo | &) for all £ = 0. This implies that (e’1 (B—h)— t)[>0 is a martingale for all A € RY under the
probablhty measure Q on (Q, %) absolutely continuous with respect to [P and with density Ny |

Coding in action 7.5.2. Usage in statistics.

Suppose that a phenomenon is modeled with an unknown function b : R% — R, and the observation
by a process (X;);»o solution of the stochastic differential equation X; = x+ B+ fot b(X;)ds where x is
known and where B is an unobserved BM modeling noise. We would like to estimate b from the ob-
servation of X, or test the hypothesis that b = 0. The Girsanov theorem (Theorem 7.5.1) provides the
likelihood of the observations! Of course life is more complicated because in practice, we observe X
only at a finite number of discrete times. This type of stochastic calculus in action belongs to the field
of statistical analysis of diffusion processes, see [22, 33, 34, 29]. Could you write a computer program
simulating approximate trajectories for a given b and approximating numerically their likelihood?

7.6 Sub-Gaussian tail bound and exponential square integrability for local martingales

99/142
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Theorem 7.6.1. Sub-Gaussian tail bound and exponential square integrability.

Let M = (My) ;0 be a continuous local martingale issued from the origin. Then for all ¢, K,r = 0,

2
[P’( sup | M| = r and (M), < K) <2e K,
se[0,1]

and in particular, if (M); < Kt then
2

r 1
IP( sup |Mg| = r) <2e 2 and [E(e“supﬁ[ﬂvﬂ 'MSlZ) <oco forall a<—.
se[0,1] 2Kt

The condition on (M), is a comparison to Brownian motion B for which (B); = t.

Proof. Let us prove the first inequality. For all A, £ = 0, by Remark 7.3.1, the process

XA = (eAMt—%<M>,) _
=0

is a positive super-martingale issued from 1 and EX? < 1 for all ¢, A = 0. Therefore, forall £,A,7,K =0,

P((M): <K, sup M= r)<P((M)¢ <K, sup X} =V +¥)

O=ss=<t O=ss=<t

2
SIP’( sup X2 ze’”_%K)

O<s<t

2 2
< [E(Xél)e—)lr+%l( _ e ATtHK
where the last step comes from the maximal inequality (Theorem 2.5.9) for X*. Taking A = r/K gives

72
P((M)t <K, sup M, > r) <e K.

0<s<t
The same reasoning provides (note by the way that (- M) = (M) obviously)

2
IP((M)t <K, sup (—Mj) > r) <e X,

O<s<t

The desired result follows now by the union bound, hence the factor 2 in the right hand side.

Finally, the exponential square integrability comes from the usual link between tail bound and integra-

bility, namely if X = supe , |Msl, U(x) = e“xz, a< ﬁ, then, by the Fubini-Tonelli theorem,

X 0 [eo) 0 ) 2
[E(U(X)):[E(fo U’(x)dx):[E(fO lxst'(x)dx)sz U’(x)lP’(sz)dxst 2axe® e i dx < oco.

7.7 Burkholder-Davis - Gundy inequalities

These inequalities allow to control the moments of the sup of a local martingale via the moments of its
angle bracket. This is useful for stochastic integrals, and in particular for stochastic differential equations.
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7.7 Burkholder - Davis - Gundy inequalities

Theorem 7.7.1. Burkholder” - David” - Gundy® inequalities.

9Named after Donald Burkholder (1927 -2013), American mathematician.
bNamed after Burgess Davis, American mathematician.
“Named after Richard E Gundy, American mathematician.

For all p > 0 there exists universal constants ¢, C;, < oo such that for all continuous local martingale
M = (My) ;¢ issued form the origin, for all fixed T = 0, the following inequalities hold in [0, +oc]:

cp( sup [M,") <ECM)D) < CE( sup IMI?P).
te(0,T] te[0,T]

The essential ingredients of the proof are Doob maximal inequality and It6 formula.

This can be skipped at first reading.

Proof. Letus fix T > 0 and set | M|l = supy<,<1 |M;|. We have, almost surely as n — oo,
T, =inf{t =0:|M;| = nor |[{M);| =n} / +oco.
By Lemma 4.2.6, forall n = 0, M Tn is a continuous martingale and
stuglMtT”I <n and stug(MT”) <n.

Moreover, almost surely,

(M™)g=(Mrar, / (M)p and [M"lr=IMlrar, / IMir.
n—oo n—oo

Now if the BDG inequality is satisfied by M» for all n > 0 then, by monotone convergence, it is also

satisfied by M. Therefore, from now on, we can assume without loss of generality that both M and

(M) are bounded. Note that the constants must be universal, depending on p but of course neither

on MnoronT.

Note at this stage that the Doob maximal inequality of Theorem 2.5.7 gives, for all r > 1,

r r 4 r
E(IMIT) = (—— | EQprI".

Case p = 1. In this case E(M) ) = [E(M%) and the desired BGD inequality is verified with ¢; = 1/4
(maximal inequality with r = 2) and C; = 1 (monotony of expectation M2 < |M ||2T).
Case p > 1. We have, from the It6 formula (Theorem 7.1.1) for f(x) = |x|?” and X = M, for all £ >0,

t 3
IM?P =2p f | M |*P~Lsign(M)dM; + p(2p —1) f | M|*P~2d(M)s.
0 0

Despite appearances, f is %2. Indeed, to clarify the situation at the origin, we have, since 2p—-1>0,

— f(0 2p
[ =70 lim Al = sign(x)|x|*P~! — 0,
x—0 x—0 X x—=0

f'(0) = lim
x—0
and, since 2p—-2>0,

— 0.

/ —f(0 2p-1
[ - f(0) - lim | x| _ |x|2p_2
0 x-0 x—0 |Xx| x—0

f"(0) = lim

X—

In the first (stochastic) integral in the right hand side in the display above, the integrand

|M|2P _lsign(M )) is continuous and bounded while the integrator M belongs to MI% (recall that My =0

and M is bounded). As a consequence, this stochastic integral is a martingale issued from the ori-

gin and is therefore centered. Hence, for all 0 < ¢ < T, taking expectations and using the Holder
inequalitywith pand g=1/1-1/p) = p/(p-1),

t
E(M[2) = p(2p - DE f M, 2P-2d (M)
0
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7 It6 formula and applications

< p@p- DEAMIZP ™My 1)
< p2p - DEAMIZ) VP ECMDVP.

Combined with the maximal inequality above used with r = 2p, we obtain the second BGD inequal-
ity. To prove the first BGD inequality, we use the Itd6 formula (Theorem 7.1.1) with f(x1, x2) = x1 X,
= (M, (M)P172),

Mt(M)(p /2 f <M>(p DZgag f Msd(<M>(p D2y

(note that there is no second order term here since either 6? i f=0o0r(X i X7y = 0). Now, if we define

we have, for all ¢ € [0, T,
-1/2
Nl <21 MMy P02,

which gives, using the Holder inequality with pand g =1/(1-1/p) = p/(p—-1),
E(N7) < 4E(I MIZ (M) < 4E€UMIT NP ECH P
Combined with

4 _ 1
E(N?) = E fo MY d(My = SEGD))

we obtain
EGMYY) < Up)PE(IMIF)
which is the first BGD inequality.
t
Case0 < p < 1. Let us define N; :f (M)(p D /szs We have
0

M; = f dMs—f - "’”2<M>§’”‘”’2ds:fot<M>§1‘p”2st
and
N = [Can P an [ nacan P
=Mx+f0 Nod((M) P2,

Therefore, forall ¢t € [0, T,

1-p)/2 a-p)/2

|M;| < 2Nl (M) and Ml r <2|Nlr (M)

thus, using the Holder inequality with 1/p and its conjugate exponent 1/(1 — p),

EQIMISY) < 4PEQNIZ (PP
< @P)*E(INT1%)P ECMYT) =P
< WP ENP)PECMY))P
= 16" (p~'ECMYI)P EUMYIN' P

= (E) ECM)Y).
P T
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7.8 Representation of Brownian functionals and martingales as stochastic integrals

This proves the first BGD inequality. To prove the second BGD inequality, let @ > 0 (the reason for « is
to avoid the singularity at 0 of x — x”~! due to p — 1 < 0). Now write, using the It6 formula (Theorem
7.1.1),

t t
M(a+ M| )P~ =f (a+ ||M||s)”‘1dMs+/ Md(a+ [M)P~!
0 0

t
=Nr+(P—1)/O Ms(a+||M||s)p72d”M||s
t
where Nt=f ((x+||M||s)p_1dMs.We have then (taking @ — 0)
0

! _ 1
|Nt|s||Mt||P+(1—p)f0 M7 1d||M||s=;||M||’f
and thus . )
E f (@ + [ MI2PVd(M)s = E(N?) < ?[E(IIMII?’”),
0

which gives finally the inequality (recall that 2(1 — p) < 0)
_ 1
E((a+ IMI)2P~D(M),) < ?E(nMni”).

But the identity
(M)} = (MY (@+ I M1 )?PP~ D) (@ + [ M )PP

gives, using the Holder inequality with 1/p and its conjugate exponent 1/(1 — p), that
ECM)YP) < ECM) (@ + | M1 )*P~O)P E((a+ M1 )*P)' 7

1)\” -
< (?) QM )P ECa+ IMI)P)' P,
Taking the limit as @ — 0, we obtain
E(M)Y) = — EUMIZ)
p<P

which is the second BGD inequality. |

7.8 Representation of Brownian functionals and martingales as stochastic integrals

Let B = (By) >0 be a d-dimensional Brownian motion, and let ¢ = (¢;) ,», be a d-dimensional progres-
sive process with respect to the completed filtration of B, such that E f;°|¢ps/>ds < co. Then the stochastic
integral [;° ¢sdBs is a measurable function of B seen as a random variable with values on the Wiener space.
Indeed it is the limit in probability of finite sums which are measurable functions of B. Conversely, the fol-
lowing theorem states that every measurable function of B is the stochastic integral of a progressive process.

Theorem 7.8.1. Representation of Brownian functionals and martingales as stochastic integrals.

Let B = (By) 0 be a d-dimensional Brownian motion issued from the origin. Let (%;) ;¢ be its com-
pleted natural filtration, and let #, = 0 (U;>0%¢).

1. For all square integrable random variable Z € L2(Q, o, P), there exists a unique progressive
d-dimensional process ¢ = (@) ;> such that E [;° lp:?dt < oo and

o0
Z=Hm+f ¢dBs.
0
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2. If M is an (%) ;> martingale (continuous or not) bounded in L? and issued from the origin
then there exists a unique progressive ¢ = (¢;) ;o with E f(;’o lp s|?ds <ooand, forall £ = 0,

t
Mt:/(; ¢sdBs.

3. If M is an (%;) ;¢ continuous local martingale issued from the origin then there exists a unique
progressive ¢ = (¢;) ;> such that forall £ =0, fot lps|?ds < oo a.s. and

t
Mtzj(; ¢sdBs.

Being measurable for &,, means being a measurable function of B, and we say Brownian functional.

In the second item, the continuous process f0° ¢sdB;s can be seen as a continuous modification of M. if
M is continuous then M and f; ¢dBs are equal as random variables on the canonical space.

This can be skipped at first reading.
Proof.

1. The uniqueness follows from the representation with the progressive processes ¢ and ¢’ such
that E [;° lg,*dt < co and E [3° [¢}|2d < oo, then ¢ = ¢’ since the Itd isometry gives

[Ef (s — @l)2ds = [E((f ¢+dB; —f <p;st) ) =0.
0 0 0
Let us prove the existence. Let us consider the sub-vector space
o0 [e.0]
F :{Z € LZ(Q,gw,P) 2= [E(Z)+f @ sdB; for a progressive ¢ = (@) ;~, with [Ef I(pslzds < oo}.
0 0
Forall Z and Z' in F, if ¢ and ¢’ are the associated progressive processes, by the It isometry,
[e.0]
EuZ—Z%)sz—EZF+Ef lgs — @ %ds.
0

Hence F is a sub-Hilbert space of L?(Q, %, P). In order to show that F = L?(Q, %, P), it suf-
fices to show that F- = {0}. Note that F contains all the random variables of the form

Z:exp(f0 (psst—EfO lpsl )

where ¢ is deterministic and such that f(;’o lp s]2ds < oo. Indeed, if we define, for all ¢ =0,
t 1 t
X, = exp(/ @sdBs— —f I(pslzds)
0 2 Jo
then Z = X. Since it is a Doléans-Dade exponential (see Theorem 7.3.1), for all £ € [0, 00],
t [ele]
Xr=1 +f XsdB; andin particular E(Z) =E(X,) =1+ [Ef X;dB;,
0 0

which means that Z € F. Let Y € F+.

We have then, for all deterministic ¢ such that fé’o lp s12ds < oo,

[E(Yexp(fooo(psst)) = [E(Yexp(fooo(psst— %fooo|(ps|2ds))exp(%fooo|(ps|2ds) =0.
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7.8 Representation of Brownian functionals and martingales as stochastic integrals

Used with h =Y/, Ail(s,, 5., for arbitrary n =1, A4,...,A, €R, and 0 < 51 <--- < s, this gives
[E(YBAIBSI +-~~+/lnBs,l) —0.

Thus, by analytic continuation,
[E(Yei/llle+--~+M,,Bsn) —0.

Also
E(E(Y 1 (By,,..., By e i 4P )| 0.

Since this is valid for all A4,...,1, € R, we get
E(Y | (Bs,,...,Bs,)) =0.

We have then, foralln=1,all0 < s; <--- < 55, and all bounded measurable f:R" — R,
E(Y f(Bs,,...,Bs,)) =0.

Finally it follows by the monotone class theorem that ¥ = 0.

. Since M is bounded in L?, it is u.i. and My, € L?(Q, %, P), and from the first part

(0]
My =E(Ms) +f @sdBg
0

where ¢ = (¢),s is progressive and such that E [;° |¢;|°ds < co. Now, E(Ms,) = E(Mp) = 0,
while by the martingale property of the stochastic integral, for all £ = 0,

t
M, = E(Moo | 7)) = f ¢5dB.
0

The uniqueness of ¢ follows from its uniqueness in the decomposition of M.

. Forall n >0, let T, = inf{t = 0 : [M,| = n}. The preceding item used for the martingale M =

(M¢aT,) ;50 Which is bounded in L? gives

t
My, :[0 <p§”’st

for a progressive @™ such that E f;° |<p§’” |?ds < co. The uniqueness of the progressive process

gives, forall m < n, (pgm) =171, (s)(p(sn) inL2(QxR;,, Foo®PBr, ,Peds). This allows to construct

a (unique) process ¢ such that for all # = 0, almost surely fot I(pslzds <oo,and M; = fot ¢sdBs.

Corollary 7.8.2. Filtration of Brownian motion and martingale regularization.

Let B = (Bt) ;=0 be a d-dimensional BM with By = 0 and let (%;) ;5 be its completed filtration. Then:

Proof.

1. The filtration (%;) ;»( is right-continuous and left-continuous in the sense that for all ¢ = 0,

Fr=Fy =Nt Fs and Fy=F;_ =0 (Useo,nFs)

2. If M is a martingale with respect to (&) ;»¢, then it admits a continuous modification.
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1. Let us prove right-continuity. Let £ = 0 and let Z be a bounded and %, measurable random variable.
By Theorem 7.8.1 used with d = 1, there exists a progressive process ¢ with respect to (%) ;o such
that [Ef(;’o (p%ds <ocoand Z=EZ+ f(;’o ¢sdBs. For all € >0, the random variable Z in %;., measurable
and by the martingale property of the stochastic integral,

t+e

2 t
Z=HZL@HQ:HZH—O wﬂw%}zﬂm+j"¢ﬁ3y
- 0

Thus Z is equal (as a random variable: a.s.) to an &;-measurable random variable. Since the filtration
is complete, this means that Z is &;-measurable. A similar argument works to prove left-continuity.

2. If M is bounded in L?, this follows from the representation in Theorem 7.8.1. The proof of the general
case is not very difficult but takes a page, and we can find it for instance in [31, p. 130-131].
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Chapter 8

Stochastic differential equations

Let B = (By);>( be a d-dimensional (column vector) (%;),>¢ Brownian motion issued from the origin.
Let M 4,4(R) be the set of g x p matrices with entries in R.
The Hilbert—Schmidt norm of A€ g, a® is |Al = (T, X9, 14;,;)"? = (£ 14:. )"

B2 .
ABi=5 1y satisfies

We have seen in Theorem 7.1.1 that for all A € R?, the Doléans-Dade exponential (e
t
Xo=1 and X;= 1+f X;d(A-B;) forall t=0.
0

The present chapter is devoted to the study of far more general stochastic differential equations (SDE).

8.1 Stochastic differential equations with general coefficients

We seek for a g-dimensional process X = (X;) ;> solution of the stochastic differential equation

t t
Xt:n+f a(u,Xu)dBu+f b(u,X,)du a.s., t=s. (SDE)
S S

Here
¢ s> 0is the initial time

* nisa g-dimensional random vector playing the role of initial value or initial condition or initial data

¢ the functiono:R; x Q x RY — 4,a[®) plays the role of a diffusion matrix

¢ the function b: R, x Q x RY — R4 plays the role of a drift.

For the intuition, the best is to think about X, as the position of a particle in R at time ¢. This physical
picture is made more precise in our study of the Langevin stochastic process (Example 8.2.7).

The Doléans-Dade exponential corresponds to g = 1, n = 1, 0 = A (constant row vector), and b = 0.
Another basic example is given by the Ornstein — Uhlenbeck process (Example 8.2.2).

We say that (SDE) is driven by B. We can interpret (SDE) either as a deformation of Brownian motion,
or as an Ordinary Differential Equation (ODE) with noise!. Note that (SDE) means that forall 1< j < g,

. t t
X{:nj+fs aj.(u,Xu)dBu+fs bjw, X, )du as., t=s
d t t
=le+2[ ojk(u,Xu)dB’Lf+[ bj(u,X,)du as., t=s.
k=17s s

In other words, in differential notations,

Xs=1n, dX;=0(t,X))dB;+b(t,X)dt as., t=s,

1This ODE with noise point of view leads sometimes to put the noise at the end, namely dX; = b(¢, X;)dt + o (¢, X;)dB;.
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8 Stochastic differential equations

in other words
x{=n/, dx]=0;.0t,X)dB,+b;(t,X)dt as, t=s,

d
=Y o (t, X)dBf +b;(t, X)dt as., t=s,
k=1
Note that o and b can be random and may for instance depend on B on the canonical space. We will
sometimes make explicit or not the dependency over w, namely o (¢, w, x) and b(t,w, x) or (¢, x) and b(t, x).
For a given law of initial condition 1, we say that we have...

e existence in law (or weak existence) when (SDE) has a solution on some filtered probability space and
with some BM defined on it which are not necessarily the ones for which (SDE) is stated initially

* uniqueness in law (or weak uniqueness) when additionally all solutions of (SDE) (not necessarily on
the same probability space or with the same Brownian motion) have same law on € (R..,RY)

* pathwise uniqueness (or strong uniqueness) when two solutions of (SDE) defined on the same prob-
ability space and with the same Brownian motion are indistinguishables.

For solving (SDE), we assume that the following properties hold for o and b. Such conditions are natural,
having in mind the (stochastic) nature of the solution, and how we solve basic deterministic ODEs.

* (Lip) Lipschitz regularity in x uniformly in w and ¢. There exists a constant ¢ > 0 such that for all
(f,w)eRy xQandall x,y e RY,

lo(t,w,x)—0o(t,w,y)|<clx—y|l and |b(t,w,x)—b(t,w,y)|<clx—yl

* (Mes) Progressive measurability in w and ¢. For all ¢ > 0 and all x € RY, the following maps are
measurable with respect to %o, ® Z;:

(u,w)e[0,t] x Q—o(u,w,x) and (u,w)el0,t]xQ~ b(u,w,x)
¢ (Int) Square integrability in w and in ¢ (locally). For all # > 0 and x € RY,

t t
[Ef Ialz(u,~,x)du<oo and [Ef |b|2(u,~,x)du<oo.
0 0

Note that (Lip) implies that if (Int) holds for some x € R? then it holds for all x € RY.
Note that (Lip) implies continuity in x and thus measurability in x.
Note that we do not assume continuity of b(¢,w, x) and o (¢, w, x) with respect to ¢.

Lemma 8.1.1. Well posedness of the stochastic differential equation.

Let s =0, and let X = (X;);>, be a g-dimensional continuous adapted process such that for all £ = s,

t
[Ef | Xul?du < co.
N
Then for all £ =0,
¢ q t
flb(u,Xu)Izdu<oo almost surely and Z[Ef |0,~,.(u,Xu)|2du<oo.
s i=1 YS$

In particular, the integrals in the right hand side of (SDE) make sense. Moreover, forall 1 < j < g,

P d t
(f O'j,.(u,Xu)dBu) = ( Z f O'j,k(u,Xu)dBS)
s t=s k=1YS$ t=s
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is a square integrable martingale, and the It6 isometry gives, for all £ = s,

[E( 2) - [E([|a(u,xu)|2du).

Furthermore if X solves (SDE) then for all j, X/ is a continuous semi-martingale, with local martin-
gale part [; 0 .(u, X, )dB,, which is a martingale, and finite variation part f; b;(«, X,)du.

t
f o(u,X,)dBy
S

Proof. Thanks to (Lip), for all (i, w) € Ry x Q, the maps x € R? — o(u,w, x) and x € R? — b(u, w, x) are (uni-
formly) continuous. Since X is adapted and continuous, it is the pointwise limit of a sequence of adapted
step processes taking a finite number of values (discretization of time and space). Thanks to the continuity
of o and b with respect to x, and to (Mes), it follows that the processes (o (t, X;)) ;=5 and (b(t, X;) ;¢ are the
pointwise limit of progressively measurable processes, and are thus progressively measurable.

Now for the integral involving b, we write, using (Lip),

|b(u, X)) |* < 2(1b(w, 0)|* + ¢*1 Xyl?),

and by (Int) for b and the Cauchy-Schwarz inequality and the square integrability assumed for X, we get

E((/tlb(u,O)ldu)z) < (t—s)E(fth(u,O)lzdu) <o

and thus almost surely
ft |b(u, X,,)|du < oco.
s
Let us consider the integral involving o. Similarly to what we did for b, by (Lip) for o,
o (u, Xu)I? < o (u, X)) P < 210 (1, 01 + ¢* Xul?),

and thus, using (Int) for o and the square integrability assumed for X, we get
t t
[E(f Io(u,Xu)lzdu) < [E(f 2(|a(u, 012 + c2|Xu|2)du) < oo.
S N

Hence forall 1 < i < g, the stochastic integral f st o;.(u, X,)dB, is well defined and is a martingale. |
Theorem 8.1.2. Solving stochastic differential equations and pathwise uniqueness.

For all s > 0 and all #;-measurable square integrable random vector 1 of RY, there exists an adapted
and continuous g-dimensional process X = (X;),», such that the following properties hold true:

t
1. foralltzs,[E[ IXulzdu<oo
S

2. X solves (SDE) with initial condition n

3. such a solution is unique up to indistinguishability, hence pathwise uniqueness!

When o and b do not depend on the space variable x, then (SDE) has an immediate explicit solution

t t
Xt:Xs+f a(u)dBu+f b(u)du
N S

which is known as an Itd process. It is a martingale when b = 0, and a finite variation process when o = 0.
The proof below is constructive in the sense that the solution is approximated by S"Y for n large enough
and an arbitrary initial process Y. The solution does not come from the usage of the axiom of choice via
a general theorem such as the Hahn-Banach theorem. However, a true algorithm on a computer would
require to discretize time (Euler scheme for instance) and space and to control the quality of such an ap-
proximation. This is the subject of a whole theory that we can call stochastic numerical analysis, see [27, 26].
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8 Stochastic differential equations

Proof. Theideais to try to use a fixed point method just like in the Picard theorem or the Cauchy - Lipschitz
theorem for ordinary differential equations, adapted to our stochastic processes context.
Let 2 be the set of continuous adapted g-dimensional processes (Y;),», with, for all £ =0,

1Y12 = €[ sup 1V, /2] <co.

SSus<t

For all Y € 9, thanks to Lemma 8.1.1, we can define, for all ¢ = s,
t t
SY (1) :n+f o(u, Yu)dBu+[ b(u,Y,)du.
S S
It is unclear for now if SY belongs to & or not. For all Y!and Y2 in 2 we have, forall ¢ = s,
t t
(SYh,—(SY?), = f (0(u,Y,)—0o(u, Y2)dBy + f (b(u, Yy) - b(u, Y2))du,
S S

and then, by using the Cauchy- Schwarz inequality twice,

2

t t
I(SYl)t—(SYz)tlzszf(a(u,Yul)—a(u,Ylf))dBu +2(t—s)f |b(u, Y,)) - b(u, Y2)*du.

Note that there is not hope to use Itd isometry because the norm in & is the expectation of a supremum not
the converse, but this reminds Doob maximal inequality! Using (Lip) for b, we get, forall = s,

ISY' - SY?||% < 2E sup

SSust

u
f (00, YN - o (v, Y2)dB,
S

2 t
+20%(t - s)f E(Y, — YZ*)du.
N
Next, by Lemma 8.1.1, the Doob maximal inequality (Theorem 2.5.7), the It6 isometry, and (Lip) for o,

t t
||SY1—5Y2||§58[Ef lo(w, Y;) —o(u, Y5)|2du+2c2(t—s)f E(Y; — Y2*)du
N

N

<2c°(4+(t- s))ft[E(IYul —-Y2P)du
s
zgﬁkmﬁ—ﬁﬁmL
Taking Y? = 0, this shows that SY € 2 when Y € 2 (beware that SO # 0). This gives also the inequality
ISY' = SY?|2 < C Yt - Y22

So Sis Lipschitz, but S is not necessarily a contraction because C; can be arbitrarily large. To circumvent the
problem, we bootstrap the estimate by plugin the same estimate into itself recursively. Namely, if we define

o) =E(Y,! - Y215,

and if we denote, for all n =1, by §” = So--- o S the n-th iteration of S, we get

t u
15"V = S"Y2|2 < (C)° f du f E((S" YY), - (8" 2Y2), P)dv )
S S

ps (Cz)nfltzulzmzunzs(l)(un)dul---dun
f— n
<oy -yl

where we used the basic estimate (also used in the study of order statistics and simple Poisson process)

1 :f du;---duy, = Z f Ly, 0z zuppmdi - -duy = n!f 1y >..zu,dur - -dup.
[0,1]" gex, Y(0,1]" [0,1]"
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8.1 Stochastic differential equations with general coefficients

Let us show now that S admits a fixed point. We start from an arbitrary Y € 9, and we set X° = ¥, and
=§"Y for all n= 1. Then we have

[E( sup X" — X"+1|2) 1Y —SY|2. (%)

SSUst

(Ce(z—s)"
n!

It follows that

(Ct(l‘ S))”

EY sup [X!-XI"P< Z — Iy = SY 2= Y - SY[2e“ Y < o0,

n=>0Ssust
Thus, for all ¢ > s, almost surely
Y sup X[ - XIH? < o

n=>0S<ust
By using Lemma 4.3.2 in the Banach space € ([s, t], RY) for an arbitrary say integer ¢ = s, it follows that almost
surely, the sequence of continuous functions (u = s — X};) ., converges uniformly on every compact subset
of [s,00) towards the trajectory of a continuous adapted process denoted X = (X,,) ,>¢ and from (x*) we get

(E( sup |X{;—Xu|2))”25 > IX" = X", — o,

SSU<t m=>n —00
It follows that X € @, that X" — X in 9, and that (recall that X"*1 = §"*1 x = §x")
I X—-SXl; = ||X—Xn+1||z+||5Xn—SX||zn—’ 0.
—00

It follows that X = SX in other words X is a fixed point of S. Finally, if X and X are two fixed points of S, then
foralln=0, X — X = S"X - S"X, and from (%), for all £ >0,

= (Ce(r—9)"
I1X - X1? = = —— X=X} — 0
and therefore X = X, hence the uniqueness up to indistinguishability. |

Theorem 8.1.3. Dependency over initial condition.

For all s = 0, for all #;-measurable square integrable random vectors ) and 7 of RY, if X and X are
solutions on the same space and for the same B, o, b of

t t
Xt=17+f U(u,Xu)dBu+f b(u,X,)du a.s., t=s,
S S

and , .
X[=ﬁ+f U(u,Xu)dBu+f b(u,f(u)du as., t=s
S N

respectively, then, for all ¢ = s, there exists a constant C; > 0 such that

[E( sup |Xu—52u|2) < CE(n-7%.

SSuUst

Proof. This is a byproduct of the proof of Theorem 8.1.2. Let us give a direct proof via Lemma 8.1.4. We have

t t
Xr—Xt=n—ﬁ+f (U(U»Xu)_g(quu))dBu"'f (b(u, Xy,) — b(u, Xy))du.
S S
Forall £ = s, setting
f =[E( sup |Xu—)~(u|2),
SSU<t

we get, by Lemma 8.1.1, the Doob maximal inequality (Theorem 2.5.7), the It isometry, and (Lip),

t t
() <3E(n-1>) + 12[Ef lo(u, X,) — o (u, X,)1>du+3(t - s)[Ef |b(u, X,) — b(u, X,)>du

t
<3E(In-71%) +c2(12+3(t - s))f fwdu.
N

It remains to use the Gronwall lemma (Lemma 8.1.4) with a = 3E(|n — T]Iz) and b=c?(12+3(t-9)).
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8 Stochastic differential equations

Lemma 8.1.4. Gronwall? lemma®.

“Named after Thomas Hakon Gronwall (1877 -1932), Swedish mathematician.
b Original version published in 1919 by Gronwall. There are plenty of versions, differential, integral, with variable coeffi-
cients, etc, including a non-linear version (Bihari - LaSalle inequality). Such lemmas are essential for ODEs and SDEs.

Let s<uand f:[s, u] — R bounded measurable. If for constants a€ Rand b= 0, and all ¢ € [s, u],

t
fH<a+ b[ f(w)dv, thenforall t€ [s,ul, f(£) < ae?™9,
N

Proof. By iterating the condition we obtain, by induction on n, for all n =0 and all ¢ € [s, u], with 7y = ¢,

(b(t—s)" fo n
fO=a+abt=9)++a——0m——+ b”“f f ftni) g2z, diy - dipy.
. N N
Now the integral term is bounded above by || f IIOO% which tends? to 0 as n — oo. [ |
[ |

Theorem 8.1.5. Regular solution of the stochastic differential equation.
For all s = 0, there exists a family (X} (x) : x € RY, ¢ = 5) of random variables such that:
1. forall £ = s, the map (x,w) € R? x Q— X/ (x,w) € R7 is measurable with respect to Brs ® F;

2. for all square integrable random vector 1 of RY measurable with respect to &;, the stochastic
process (Y;) ;> defined by Y;(w) = X} (n(w), w) solves the stochastic differential equation

t t
Y[=n+f o(u, Yu)dBquf b(u,Y,)du as., t=s. (%)
S S

Proof. In order to construct a solution measurable with respect to the initial condition, we discretize the
space using an at most countable mesh and we rely on the regularity of the solution with respect to the
initial condition. Namely, for all n = 0, let (A, ¢),.., be an at most countable partition of R7 such that for all
k=0, diam(A, ) <27". For each k = 0, we select z,, ;. € A, k, and we define, for all x € R,

gn(x) = z,  where k is such that x € A, .

Let z € RY. We consider the solution X,(z,w) of
Xt:z+[ U(M,Xu)st-i-f b(u, X,)du,
S S

forall = s and all w ¢ N, where N, is a negligible set. Let us define

Np={JNg,, and X/(x,0) = Xi(gn(x),0)1q\, @).
k
The map (x,w) — X' (x,w) is measurable with respect to %rs ® %;, and by Theorem 8.1.3, for all x € RY,

- 142
n _ 2 _ 2 -
[E(siligtm”(x) Xy (x)] )SCAJC 8n (1) SCt(zn) .
Thus, for all x e RY,
EY sup |X](x)— Xu(x)| < oo

n=0Ssu<t

1
2The Stirling formula is 7! ~ .o V2R 27"
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8.2 Ornstein - Uhlenbeck, Bessel, and Langevin processes

and therefore, for all x € R, for all ¢ = s, almost surely,
n —_ X E—
Szt;gthu(x) Xu()| — 0.
Now we define (the limit is taken component by component)

X; (x,w) = nlirgloXt"(x,w).

This limit is measurable as a pointwise limit of measurable functions. Now, let 1 be a square integrable
Zs-measurable random vector 77 of R7. One can check easily that an (w)=X t” (n(w), w) solves

t t
Y/ =g,(n) +f o(u,Y,))dBy, +f b(u,Y)du, t=s,
N N

indeed, for all k, almost surely,

t t t
N N N
Finally, one can check easily using Theorem 8.1.3 and Lemma 4.3.2 that for all ¢ = s, almost surely,

sup |Y,) -Y,l — 0,
s<u<t n—0co

where Y = (Y;) ;¢ is the solution of (). It follows that for all ¢ = s, almost surely,

X;(n(w),w) = Yi(w).

Corollary 8.1.6. Composition.

Forall0 < s <t < u, x € RY, with the notions of Theorem 8.1.5, a.s.
X5 (x,0) = XL (X] (x,0), 0)).
Proof. We have
u u
X3 (x) :x+f 0(v,X,§)dB,,+f b(v, X;)dv

St st u u

=x+f U(U,Xf,)dB,,+f b(v,Xf,)dv+f U(U,X,ﬁ)dB,,+f b(v, X;)dv
N " s y t t

:Xf(x)+f a(v,Xj)dBU+[ b(v, X;)dv

t t

where the last equality holds almost surely. Therefore (X;) ., solves the SDE started from X; at time ¢. Now
by the representation of Theorem 8.1.5 and the pathwise uniqueness of Theorem 8.1.2, we get, a.s.

X5 (x,w) = XL (X} (x,w), ).

8.2 Ornstein-Uhlenbeck, Bessel, and Langevin processes

Example 8.2.1. Shifted Brownian motion.

Ifg=d,n=0, o(t,w,x) = Iz (constant), and b(t,w, x) = b(t,w) (possibly random and time varying
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8 Stochastic differential equations

but constant in x), then (SDE) gives, for all £ = s,
t
Xt:Bt+f b(u)du.
S

If b =0 then X = B. If b is deterministic, then Theorem 3.8.2 (Cameron —Martin) gives the density of
the law of X with respect to Wiener measure. See also Theorem 7.5.1 and Theorem 8.4.11.

Example 8.2.2. Ornstein® - Uhlenbeck” process.

“Named after Leonard Ornstein (1880-1941), Deutch physicist.
bNamed after George Eugene Uhlenbeck (1900 -1988), Dutch-American theoretical physicist.

For simplicity, let Xy € L?R , independent of (B;) ;o. The Ornstein—Uhlenbeck process starting from

X, € R? solves the stochastic differential equation (SDE)
dXt = O'dBt - ,UXtdt, r=0,

where o = 0 and p € R are constants (the standard O.-U. is with o = v/2 and p = 1), in other words

t t t
X:=Xo +0’f Bsds+pf Xsds:X0+aBt—pf X,ds.
0 0 0

This corresponds to (SDE) with g = d, o(u, x) = 01, (constant), and b(u, x) = —ux. Let us identify the
solution of this SDE. We use an apriori estimate. More precisely, if X exists and is a semi-martingale,
then, by the It6 formula with f(x, y) = xy and the process (e/!, X;), and by using the SDE, we get

t
det X;) =et'dX; +et' uX,dt =e*'o0dB; andthus e*’X,—e’X,= O'f e dBs,
0
which gives®

t
X, =e M X, +O'f els=(B,.
0

This gives uniqueness, and we check from this formula that this process solves the SDE. The integral

2 -2,
in the right hand side is a Wiener integral. For all £ = 0, since fot (oelb—D)2ds = % I_ETW, we get

0% 1—e %Mt 1—e 2Kt
Law(X; | Xo =x) = ,/V(xe_‘”, YTId) with convention T =2tif u=0.

If Xo = x = (x1,...,X4), then the d coordinates of X are independent one-dimensional O.-U. processes
started from x1,..., x4. By the isometry property for Wiener —1It6 integrals, forall s, =0, 1 <i,j < d,

. s ot ,
Cov(x!, X! | Xo = x) = o f et=94pi f eH-0dp})
0 0

sAt

= azli:je_"(”s)f e?fidy

e Ht=sl 0_ e His+D)
2p

When p > 0 then this quantity is small when both s+ ¢, and |# — s| are large. For all s, =0,

:0'21,':]'( 1H¢0+(S/\ t)l,u:O)-

t+s N
Xirs=e X +e™ o f e“ "dB,=e "X, +e Mo f e MdBy = Fs(Xs, (Bu) ye(s11)-
t 0
The process X is a continuous auto-regressive Gaussian process, constructed by incorporating along

the time a new independent input, nevertheless it does not have independent increments. The SDE
allows simulation as well as a dynamical interpretation of the trajectories, see Figure 8.1.

%This is not the canonical decomposition of the semi-martingale X since fot et~ 4B is not a local martingale even if
Jo €#$dBg is a martingale. The canonical decomposition is given by the SDE. See also Exercise 1 of the 2020-2021 exam.
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8.2 Ornstein - Uhlenbeck, Bessel, and Langevin processes
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Figure 8.1: In black, four trajectories of the Ornstein — Uhlenbeck process with Xy =5,0 =1, u = 1. The mean
converges to 0 while the variance converges to % = % At the beginning, the drift term in the SDE is stronger
than the diffusion term and this has the effect to drive exponentially fast the process to a neighborhood
of the origin. The process fluctuates then in this neighborhood forever, the drift term and the diffusion
term remaining at the same order. The drift term —uX;d¢ has the effect of a spring force (force de rappel in
French) since p > 0. In light gray, the trajectories of the underlying driving Brownian motion of the SDE, the
mean remains at 5 for all times while the variance grows linearly in time (they also corresponds to y = 0).

Remark 8.2.3. Quantitative exponential long time behavior of O. - U. via coupling.

Let X = (X{);»¢ be an Ornstein— Uhlenbeck process solving the SDE
dXt = O'dBt - ,LlXtdt,

with g > 0. Let X' = (X;) £=0 be another Ornstein—Uhlenbeck process in R solving the same SDE
(same Brownian motion) but with an initial condition X possibly distinct from Xj. This is a way to
construct the couple (X, X’). The law of (X, X’) is a coupling of the laws of X and X’. Now

d(X;— X)) = -u(X, - X)dr andthus X;—X,=(Xo—Xpe M.

Let 2, be the set of probability measures on R? integrating |-|>. The Wasserstein®—Kantorovich? -
°Fréchet—Monge? coupling distance W, on @, is defined for all i, v € 2, by

M&uuwzzhﬁly lx - yl*n(dx,dy) = inf E(U-V|?)
Y/ Rd de (u,v)

where the first infimum runs over all the probability measures 7 on the product space with marginal
distribution p and v, and the second infimum over all couple of random variables with marginal laws

115/142



8 Stochastic differential equations

p and v. From now on, let us assume that the laws of Xy and X(’) are in &%,. It can be shown then that
the laws of X; and X; are also in 22, for all t = 0. We have, from our previous estimates,

W, (Law(X,), Law(X})) < |Xo — Xle M.
By taking in turn the infimum over all couplings of Xj and X; we get
W, (Law(X,), Law(X})) < W, (Law(Xp), Law(X))e .
0.2

Finally, recall that we already know that y = A (O,EId) is an invariant law of our Ornstein-—

Uhlenbeck process, in the sense that X ~ y implies X; ~ y for all ¢ = 0. It follows that
W2 (Law(Xy), ) < Wa(Law(Xp), y)e .

This is a quantitative version of the long time exponential behavior of the process.

“Named after Leonid Vaserstein, Russian-American mathematician.

bNamed after Leonid Vitaliyevich Kantorovich (1912 -1986), Soviet mathematician and economist.
“Maurice René Fréchet (1878 -1973), French mathematician.

dGaspard Monge, Comte de Péluse (1746 —1818), French mathematician.

Coding in action 8.2.4. Simulation.

Write a code to simulate approximate trajectories of the Ornstein — Uhlenbeck process in dimension
d =1 and plot them on the same graphics. Hint: use the structure of the increments. What is the
effect of changing p and o on the trajectories? Consider in particular the case o = 0 versus o >0, and
the cases ¢ <0, =0, and p > 0. Could you check numerically the exponential convergence in law to
the standard Gaussian as time tends to infinity when o, i > 0? See Figure 8.1 for an example of plots.

Example 8.2.5. Bessel“ processes.

“Named after Friedrich Bessel (1784 - 1846), German astronomer, mathematician, physicist and geodesist.

For all x € R?, we define the process X = (X;) ;=0 by
Xt = |x+ Btlz.

Let r = |x|> = Xo. We say that X is a squared Bessel process issued from r. The It6 formula (Theorem
7.1.1) with f(x) = |x|*> which is ‘€%(R?,R) gives, via V f(x) = 2x and A f (x) = 2d,

t
|x+ B¢ J* = |x|* + 2[ (x+By)dBs+td, 1=0.
0
Thus on the canonical space for B, the process X solves the stochastic differential equation
t t
Xi=r +[ o(s, Xs)dBs +f b(s, Xs)ds
0 0

with arandom o (s, x,w) = 2(x+w) and b(s, x,w) = d. They are constant in s and Lipschitz in x and we
can use Theorem 8.1.2 to get the existence and pathwise uniqueness of the solution. Alternatively,
the Lévy characterization of Brownian motion (Theorem 7.2.1) shows that the continuous martingale

! B ! B
w=( ], B ) x\/}:d&)go

(with convention 0/]|0| = 1) issued from the origin is a Brownian motion on R since for all ¢ = 0,

[t x+By [Y(+BY-(x+B) . 1.
<W>t—<f0 |x+Bs|st>t_f0 e d<B>s_f0 ds=1.

116/142


https://en.wikipedia.org/wiki/Leonid_Vaserstein
https://en.wikipedia.org/wiki/Leonid_Kantorovich
https://en.wikipedia.org/wiki/Maurice_René_Fréchet
https://en.wikipedia.org/wiki/Gaspard_Monge
https://en.wikipedia.org/wiki/Friedrich_Bessel

8.2 Ornstein - Uhlenbeck, Bessel, and Langevin processes

Now by writing x + B = VX % we see that X solves the stochastic differential equation

t
X, = r+2f vV X, dWs + td.
0

Note that o (x) = 2y/x is not Lipschitz at x = 0 and Theorem 8.1.2 does not apply. However a theorem
due to Yamada—Watanabe states existence and pathwise uniqueness for the stochastic differential
equation dX; = o(X;)dB; + b(X;)dt as soonas 0 : R — R and b : R — R satisfy

lox)-o(I=CyIx-yl and |b(x)-b(y)|=Clx-yl

for some C >0 and all x, y € R. See [31, Exercise 8.14 pages 231 -232].
The local martingale f()' v X,dW; is a martingale since

t t
fE(fO (\/Z)?-ds):fo E(|x + Bs|?)ds < oo.

Therefore (X; — td) ;> is a martingale. This is not a surprise since it is the sum of the martingales
((B;)2 —1),5,- More generally, a squared Bessel process of dimension a > 0 solves

t
Xt:r+2f \/XSdWS+ta.
0

It is not obvious that such a process stays non-negative. The process Y = v'X in known as a Bessel
process. It can be shown that when r > 0,a > 1, Y solves the following SDE with singular drift

a—1dt
dY, =dW, + ——,
2 Y,

see [31, Ex. 8.13]. See also [31, Ex. 5.31 & Sec. 8.4.3] and [43, Ch. XI] for more on Bessel processes.

Example 8.2.6. Time change.

Let X = (X¢(x)) ;=0 be the solution of the stochastic differential equation
t t
Xt:x+[ O'(M,Xu)dBu+f b(u, X,)du.
0 0
Let a > 0. Then the time changed process Y = (X,(x)) ;o solves the stochastic differential equation
at at
Y = x+/ O'(u,Xu)dBu+f b(u, X,)du.
0 0

Now, denoting B= (\/LEBQ £ 0’ we get, with the substitution u = av that Y is a solution of
=

t t
Y; = x+f Vao(av,Y,)dB, +f ab(av,Y,)dv.
0 0
Since B and B have the same law, it follows that Y is a weak solution of

t t
Yt=x+f Vao(au, Yu)dBu+[ ab(au, Y,)du.
0 0

For example, if X is an Ornstein— Uhlenbeck process solution of d X; = 0dB; — uX,dt, with o = 0 and
p € RY, then for all @ > 0 the process Y = (Xg;) =0 is a weak solution of the SDE dY; = vaodB; —
auY,dt. We speed up (respectively slow down) the process when a > 1 (respectively a < 1).
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8 Stochastic differential equations

Example 8.2.7. Langevin® process.

“Named after Paul Langevin (1872-1946), French physicist.

A unit mass particle in R?, with position Y and velocity Z, feels a force that depends on its position
via a potential U : R — R, a friction force that depends on its velocity via a potential V : R% — R, and
arandom Brownian force of variance o> > 0 due to the medium. The Langevin stochastic differential
equation follows from Newton fundamental relation of dynamics®:

dYt = Z[dt
dZ; =yodB,—yVV(Z)dt-VU(Y,)dt.

Here y = 0 is the “friction” parameter. This is our (SDE) with g = 2d, X = (Y, Z), and coefficients

{Vﬁa ifl<j<dandi=d+j
Ui,j=

d b2 z ifl<si<d
, an i(1,2) =
0 otherwise iy

—-yVV(z)-VU(y) ifd+1<i<2d.

They are deterministic, constant in time, and Lipschitz iff VU and VV are Lipschitz. When U(y) =
%I y|?> and V(z) = %Izlz, the Langevin process X = (Y, Z) is known as a kinetic Ornstein— Uhlenbeck
process. When y = 0 then there is no randomness and we speak about a Hamiltonian equation.

The position Y; and the velocity Z; are coupled in the second equation above via the drift term
—VU(Yy)dt. It turns out that they decouple in the limit of a time —friction scaling. Namely, we can
dilate time with a factor a > 0, giving the equation (we keep same notations for processes)

dYt = atht
dz; =,/ayocdB;—ayVV(Z)dt—aVU(Yy)dt.

If @ — 0 (slow down the process) and y — oo (high friction) while keeping ay = 1, we get dY; = 0 and
dZt = O'dB[ - VV(Z;)dt

This is known as an overdamped Langevin equation, as a generalized Ornstein—Uhlenbeck equa-
tion, and also as a Kolmogorov equation in [46]. We recover Ornstein— Uhlenbeck when V (z) = |z|2.
The initial Langevin equation is called sometimes the underdamped or kinetic Langevin equation.
We refer to [12] for a presentation of the physical aspects of Brownian motion and the Langevin equa-
tion, from the historical roots to nowadays physics, see also [17]. Beyond its physical signifiance, the
underdamped Langevin process is a key ingredient in the Hamiltonian or Hybrid Monte Carlo (HMC)
computational algorithms for the simulation of probability measures, see for instance [32].

“The first equation expresses the fact that the derivative of position with respect to time is the velocity, while the second
dz; dB; dB;

the fact that mass x acceleration = g =sum of forces = \/]_/O'W —-yYVV(Z:) - VU(Yy). The term a is a white noise.

Example 8.2.8. Geometric Brownian Motion and Black®- Scholes” process.

“4Fisher Black, American economist (1938 —1995).
v Myron Scholes, Canadian-American financial economist (1941 -).

The Black- Scholes process solves the SDE
dst:Sl»(UtdBt'Fﬂtd[), S()>0.

By using the It6 formula for log(S), we obtain

t 1 t t
St =Spexp (f chst——f U§d8+f ,usds).
0 2Jo 0
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8.3 Markov property, Markov semi-group, weak uniqueness

In the original model, o and p are constants and we find the geometric BM
02
S; = S()eUB’_7 t+yt.

This was used historically in the study of European options pricing, see [30, 25]. The usage of stochas-
tic calculus in mathematical finance is widely developed in specialized courses of the Master MASEE
Coding in action 8.2.9. Simulation.

Write a code to simulate approximate trajectories of the Bessel processes with various parameters,
and for the Black-Scholes process. How to deal with the singularity at the origin of the Bessel SDE
for non integer parameter? Do the same for the overdamped Langevin process with potential V = |-|4
by using an Euler scheme for the SDE.

8.3 Markov property, Markov semi-group, weak uniqueness

In this section, we assume that o and b are deterministic (do not depend on w) and that:

e there exists a constant C > 0 such that for all x, y € R and all u € R,

lo(u,x)—o(u, )| +1b(u,x) - b(u, y)| < Clx—y|

e ¢ and b are measurable maps from R, x R7 to Mg aR) and RY respectively

e forall t>0andall x e RY,
t
f(IG(u,x)|2+|b(u,x)|2)du<oo.
0

With these simplified assumptions, the initial assumptions (Lip), (Mes), and (Int) are satisfied. For all s = 0,
we denote by (X} (x, w)) the regular solution of (SDE) provided by Theorem 8.1.5.

xeR9,t=s

X;(x)=x, dX;(x)=o0(t,X;(x))dBs+ b(t, X} (x))dt, t = s.
Theorem 8.3.1. Weak Markov property.

For all s = 0 and x € RY, let (X (x)) . be the solution of (SDE) with n = x. Then for all bounded and
measurable f:RY — R, and for all u = t = s, almost surely

E(f (X5()) | F1) = E(f (X5, (x)) | X7 (x)) = 0, () (X7 (x)),

where for all z € RY,
M, (f)(2) = E(f(X.(2)).

A Markov process has no memory, it the sense that for any time ¢ interpreted as the present, the con-
ditioning of its future with respect to its present and past is equal to the conditioning with respect to the
present. This is equivalent to conditional independence of future and past given the present. On the other
hand, a process with long memory can always be seen as a Markov process by seeing the whole trajectory
as a state, simple examples are provided by ARMA time series and high order Markov chains for instance.

Proof. A key observation is that the stochastic integral [;*o (v, X!)dB, involves the increments of B after
time ¢ and is thus independent of the portion of B before time ¢. For all z € RY, almost surely,

Xf,(z):z+f 0(v,X,€(z))dB,,+f b(v, X} (2))dv
t

t

u—t u—t
:z+j' o(p+uxgvund35+f b(t+v), X/, ,(2)dv,
0 0
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8 Stochastic differential equations

where B! = (Bﬁ)vzo = (Br+y — Bt) y=0 is a translated Brownian motion, independent of %;. Corollary 8.1.6
gives X3 = X/ (X; (x)) = F;,4(X; (x), B") where F;, is measurable. Since X;(x) depends only on (B,)s<,<, it
is #;-measurable and independent of B’. Hence, for all bounded measurable f:R7 — R, by Remark 1.5.2,

E(f(Xp) | F0) = E(f (Fiu (X7, BN | 1) = E(f (Fru(X], BD) | X7) = 10 (H(X])

where for all z € RY,
M, (f)(2) = E(f (Fyu(z, BN)) = E(f(X)(2))).

An explicit construction of F; ;, can be done on the Wiener space. |
Remark 8.3.2. Markov transition kernel and Markov semi-group.

Forall 0 < s < ¢, let I ; (x,dy) be the Markov transition kernel on R given for x € R? and A € %Bgrs by

I, (x, A) = P(X; (x) € A).
It acts on bounded measurable f:RY — R as
s, (f)(x) = fu@q fs (x,dy), xeRY.
Theorem 8.3.1 gives, for u = ¢, Il ,, =[5 ; o I1; , in the sense that for all f and x we have

I, () () = E(f (X,(0)) = EE(f (X5, () | F1)) = E([ 1, () (X7 () = 5, (T, ()) (),

and Theorem 8.3.1 with f replaced by I1; ,(f) gives that the process

(Ht,u(f) (Xg(x)))te[s,u]

is an (%) jc(s,,) Martingale. This gives the (non-homogeneous) Markov semi-group property:

Hsyu(x,dy):f s, (x,d2); (2,dy), u=t=s=0, xeR7.
RY

Conversely, the Markov semi-group (Il ;(x,dy)) <<, fully determines the law of (th (€9) e Indeed,
foralln=1,0<s<1t <t <--- < t,, and bounded and measurable f,..., f,, from R to R, we have

E(f1 (X, (0) -+ fu(Xg () = E(fi (X5 () -+ frn1 (X, I,y (fi) (X5, (D)

In—1 tp-1

=qu s 0, (e, dy )y g, (v1,dy2) -y, (V-1 dYn) fi(y1) -+ fu(Va).

Theorem 8.3.3. Uniqueness in law or weak uniqueness.

Let (O, F,(Z,) =0, P) be another filtered probability space on which is defined a d-dimensional
(%1) =0 Brownian motion B = (Et),zo issued from the origin. Let x € RY, and let X = (X/(x,)) ;=0
and X = (X,(x,w) ;>o be the solutions of the respective stochastic differential equations:
t t
X (x) :x+f o(u,Xu(x))dBu+f b(u, X, (x))du a.s. t=0,
0 0

and
t

I3
Xt(x):erf a(u,Xu(x))d§u+f b(u, X, (x))du a.s. t=0.
0 0

Then these processes X and X have the same law on (€ (R4, RY), B, ra))-

Proof. Since o and b do not depend on the randomness, regarding weak solutions, we can play with the
probability space. We consider the canonical Brownian motion 7 = (77;(w)) ;¢ defined on the Wiener space

W =€ R,,RY), Bu, (F1) 120, 1)
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8.4 Martingale, generator, Kolmogorov equations, strong Markov property, Girsanov theorem

where p is the Wiener measure. Let (Y;(x, w)) >0, ew be the regular solution provided by Theorem 8.1.5 of
the stochastic differential equation

t t
Yi(x)=x +f o(u, Yy, (x))dm, +f b(u,Y,(x))du p almost surely.
0 0

We can check easily that the processes Z;(x,w) = Y;(x, B(w)), t 20, w € Q, and Z:(x,®) = Yy(x, B(@)), t =0,
@ € Q are respectively solutions of the SDE satisfied by X and X. The pathwise uniqueness of these solutions
provided by Theorem 8.1.2 gives that (Y;(x, B(w)) ;=0 = (X¢ (%, ®)) ;=0 P-a.s. and (Y;(x, B(@®)) ;=0 = (X¢ (%, ®)) 10
P-a.s. But the Brownian motions B and B have same law on W = € Ry, R4), which is the Wiener measure U,
and therefore the processes X and X and (Y;) ;> have the same law on € (R, RY). |

8.4 Martingale, generator, Kolmogorov equations, strong Markov property, Girsanov theorem

In this section, we consider the deterministic case and we assume furthermore that o (¢, x) and b(#, x) do
not depend on the time variable ¢, in other words ¢ and b are two deterministic maps from R9 to Mg aR)
and RY respectively. This case is also referred to as the deterministic and time homogeneous case.

We denote by (X (x)) ;>0 = (X?(x)) the regular solution of the SDE provided by Theorem 8.1.5:

t20
t t
X (x) = x+f o (X, (x)dB, +f b(X,(x)du as., t=0, xeRY.
0 0
Theorem 8.4.1. Simple Markov property.
For all u = t = 0 and all measurable and bounded f:RY — R,

E(f (Xu (X)) | F1) = E(f (Xy (1) | X¢(x)) = Iy (f) (X (X)) as.

where for all s =0 and x e RY,
I () (x) = E(f (X (x))).

In the case of the Ornstein — Uhlenbeck process of Example 8.2.2, we have the “Mehler formula”

1 —e—2ut
f(xe_‘”+a\/e—Z
2p

Note that with 0 = 1 and p — 0 we recover the heat kernel formula for Brownian motion, namely

M;(f)(x)=E where Z~.A4(0,1;).

E(f(x+B,) =E(x+0Vt2).
Proof. Thanks to Theorem 8.3.1 with s = 0 it suffices to show that forall u = ¢ = 0,
E(f (X, 00)) = E(f (X, ().

But

u—

u—t t
X;(x)=x+f0 U(Xtt+s(x))st’+f0 b(X/,)ds,

where B! = B;,;— B; for all s =0, in other words, setting Y;(x) = X/, ((x),

N

1gu)=x+/)au@und35+/)baaundu as, s=0,
0 0

Thus the process Y (x) solves a stochastic differential equation similar to the one solves by X (x), obtained
by replacing the Brownian motion B by the translation Brownian motion B’. From the weak uniqueness
property (Theorem 8.3.3), it follows that the processes X (x) and Y (x) have same law, and thus, for all s = 0,

E(f (X{,5(x)) = E(f (X0 (x)).
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8 Stochastic differential equations

For all ¢ = 0, let IT(-, dy) be the Markov transition kernel on RY defined by
;(x,A) =P(X;(x) € 4), xeR9, Ac PBpa.

It acts on a bounded or positive measurable function f : RY — R as

() (x) =quf(y)H(x,dy) =E(f(X;(x), xeRY.

On bounded measurable functions, it defines a homogeneous Markov semi-group (I1;(x,dy)) />,

IMo=1d, Il oll;=1Il;y, s,£=0.
In other words for all s, = 0 and all x € RY,

Myee(x,dy) = fR (3, 2T (2, dy) = (1,11, dy)).

Theorem 8.4.2. Markov semi-group properties.

For all £ = 0 the operator I1; preserves globally
1. the set 4 (R9,R) of bounded and measurable functions R? — R
2. the set €, (R7,R) of bounded and continuous functions R — R

3. the set 6y(RY,R) of bounded and continuous functions R? — R vanishing at infinity
provided however that the coefficients o and b are bounded.

The stability of bounded continuous functions is known as the Feller® continuity.

The condition for the last property to hold is very simple but too restrictive, for instance the Ornstein—
Uhlenbeck process satisfies the property as one can check using the Mehler formula and dominated con-
vergence, while the drift is not bounded.

Proof.
1. Immediate for a Markov transition kernel
2. We need to establish preservation of continuity. Let t = 0, f € 6,(R?,R), x = lim;_ x, € R7. We have,
[T (f) () =TT () O] = E(f (X (X)) — E(f (X ()]

Since by Theorem 8.1.3, E(| X;(x) — X; (%)% < C;lx, — x|?, it follows that lim,,—.oo X;(x,,) = X;(x) in L?,
and thus in law, and therefore lim oo [T (f) (x) = I1;(f) (x), which implies I1;(f) € €} (R, R).

3. It suffices to establish the preservation of nullity at infinity. Let f € 6,(R9,R) and € > 0. There exists
A > 0 such that for all y € R such that |y| > A, we have |f(y)| < €. Let (X¢(x)) ;»¢ be the solution of the
stochastic differential equation associated to the semi-group, namely

Xi(x) = x+f0tU(Xs(x))st +/(;tb(XS(x))ds.
We have, for all x € RY such that |x| > B > A, using the Markov inequality and the It6 isometry,
IECf (X (DI = EAf(Xe (D) 1x,(0)1>4) + | flooP (X (X)] < A)
= IIflloo[P’(| fOIU(Xs(x))dBS + [Ot b(Xs(x))ds| =B- A)

+ Il flloo
(B - A)?
I flloo
(B-A)?
< 2¢ for B sufficiently large.

t t 2
[E(UO U(Xs(x))stJrfo b(Xs(x))ds’ )

<e+2

(o llZ, ¢+ bl D)

3Named after William Feller (1906 —1970), Croatian-American mathematician specializing in probability theory.
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Remark 8.4.3. Brownian motion and the Laplacian.

If f:R7 — R is € then the It6 formula gives, for all x € RY and ¢ > 0,

t t
f(x+Bt):f(x)+f Vf(x+Bs)st+%f (Af)(x+ By)ds.
0 0

If f has bounded first and second order derivatives then in particular the stochastic integral term is
a centered martingale and the second integral is integrable, and by taking the expectation we get

t

1
E(f(x+By) :f(x)+f0 [E(E(Af)(x+Bs))ds.

If we denote IT,(f) (x) = E(f (x + B;)), this implies
1
0r=0I1:(f)(x) = EAf(x).

Alternatively, if we do not know the It6 formula and if f : R? — R has third order derivative with
bounded second order derivative (Hessian), then a Taylor formula gives,

9.4f 1 & o%f ko k
fax+R)=f@)+) =—Whi+= ). Ohihj+ ). rer(Wh kY
i=10x; l 2721 0x;0x; o £120,...,k; =0 ! ! I

k1+"'+kq:3

where ry i is continuous with limy,_. 7 k() = 0 and supy,cpq |7,k ()| < co. Taking h = By, £ = 0, and
the expectation, using the independence of the components B, ..., Bf of By, their mean 0, variance
t, and third absolute moment 3/2 = o(¢), and dominated convergence for the remainder term,

1
E(f(x+Bp)=f(x)+ tEAf(x) + o(1).

In other words, here again, the partial derivative of IT;(f) (x) = E(f(x+ B;)) at t = 0 is equal to %A fx).
We will see that more generally, we can associate to the solution of (SDE) a second order partial
differential operator, involved in formulas related to the time derivative of the Markov semigroup.

Let 6?(R9,R) be the space of functions R? — R of class %6? in other words twice differentiable with
continuous second derivative (Hessian). We define the second order linear partial differential operator with-
out constant term L: €% (R9,R) — € (RY,R), by, for all f € €?(R%,R) and all x € RY,

1 4 8> q 0
LN =5 Y. aij(x) / (x)+_Zbi(x)a—£(x), (9)

i,j=1 0xi6xj i=1

where b(x) = (by(x),...,bq(x)) and a(x) = o (x) (0(x))T in other words

d
ai,j(x) =) 0;rk(X)0jr(x).
k=1

For all x € RY, the matrix a(x) is symmetric, and positive4 since for all y e RY,
(a(x)y,y)=lo(x) T yl*=0.

We say that L is elliptic when the inequality is > 0 for all x and all y # 0, and sub-elliptic otherwise. There are

also other notions such as uniformly elliptic and hypo-elliptic, which are outside the scope of this course.
If L is elliptic in the sense that a(x) has full rank d for all x € R, then there exists linearly independent

vector fields Vy, V3,..., V; on R9 such that L = V12 +--e 4 Vj + V, see for instance [4, Proposition 6.32].

4When the inequality is strict whenever y # 0 it is customary in matrix analysis to say that a(x) is positive definite.
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8 Stochastic differential equations

Example 8.4.4. Langevin, Ornstein - Uhlenbeck, Brownian motion.

From Example 8.2.2 & 8.2.7, we get

Process | SDE | Operator
Brownian motion | dX; =dB; L(f)(x) = %(Af) (x)
Ornstein—Uhlenbeck | dX; =odB; — uX,dt L(f)(x) = %Z(Af) (x) —px-Vf(x).

Overdamped Langevin | dZ; =odB; - VV(Z)dt | L(f)(x) = %Z(Af) (x)-VV(x)-Vf.

For the underdamped Lagevin, we find L(f) (y, z) = y";(Azf)—yVV(z)-sz—VU(y)-sz+VV(z)-Vyf.

Theorem 8.4.5. Martingale, generator, Duhamel” formula, and Kolmogorov equation.

9Named after Jean-Marie Duhamel (1797 — 1872), French mathematician.

Let x € R and let (X;(x)) ;> be the regular solution of the SDE as in Theorem 8.4.1.

e Forall fe®€ 2(RY,R), the following processis an (&) ;»( local martingale issued from the origin:

t
M =]y = | FOX00) - fx) - fo(Xs(x))ds) :

t=0

where L is the differential operator defined in (L) and where

My = fo I'(f)(Xs(x))ds where T(f)(x)=lo(x)"VF(x)*=a@xVfx)-Vf(x).

e Forall fe ‘gg(ﬂ%q ,R) in other words has bounded first and second order derivatives then M/ is
a martingale with respect to the filtration (¥;) ;o and we have the Duhamel formula:

t
Ht(f)(x):f(x)+/0 I(L(MN(0ds, =0,

in particular we obtain the Kolmogorov equation

011 (f) = (Lf).

If Lf = 0, we say that f is harmonic with respect to L, and M7 = (f(X;) - f(x)) />0 is alocal martingale.
The functional quadratic form I is known as the carré du champ operator of the Markov process X. The
formulaT'(f) = %L(fz) — fLf is at the heart of [2]. When ¢ is constant and equal to I thenT f = IV f12.

We say that X solves a Stroock - Varadhan martingale problem with respect to the differential operator
L, see [47, 21, 15, 24].

Proof. Let X'(x), 1 <i < g, be the coordinates processes of the process X(x). Let f € €?(R9,R). From the
SDE, X' (x) is a continuous semi-martingale with martingale part

X ° d °
Mz:f 0i..(X)dBs = Zf 0 k(Xs(x))dBF
0 k=1Y0

and finite variation part f b;(Xs(x))ds. Now the idea is to use the Ito6 formula for f(X(x)) and to collect all
0

the non-martingale parts into an operator. The Itd6 formula of Theorem 7.1.1 applied to f(X;(x)) gives

F(Xi(x)

Lo
=fx)+ Z a—f(Xs(x))dM’ + Z a—f(Xs(x))b (Xs(x))ds+ = Z f

i=1J0 ljl

i pgi
e 6 -(Xs(0) (M, M)
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But now, since we have

. . d t d t t
(M, MTy="Y" A 04 k(X5 ()0 0 (X5 ()d(B¥, BOys = Y fo 0k (Xs(x)0 e (Xs(x))ds = fo a;, j (Xs(x)ds,
k=1

we get that

t q ta
= (X (0) - f(x) - fo LIPS 0nds =3 | a_;]:-(xs(x”dM’ = Z Z —(Xs(x))o, £ (X (x)dBF
i=1 i

i=1k=1

is an (#;) ;>0 local martingale. Note that in particular, forall1 <i < g,
. o . o d
(M'y=(M' M") = fo a;,i(X(x))ds = fo Y 0 ((Xs(x)ds.
k=1
Moreover, using the fact that (B¥, BFy s=Slp—p,

(M, = Z Z —(Xs( Do o (Xs(x))alk(Xs(x))a]k(Xs<x))ds
k=11i,j= 1

Furthermore, if now f € ‘65 (R9,R), then for all 1 < i < g, by using the boundedness of 9; f, the Fubini-
Tonelli theorem, and the square integrability of o; j(Xs(x)) which comes from (Lip) and Theorem 8.1.2,

‘(of i e ['(9f 2 &,
E f (a—l(xs(x))) (M), =E fo (5 6] Y 07 (Xs()ds < oo,

and thus M7 is a martingale as a finite sum of martingales. Finally, when M/ is a martingale, then the initial

condition Méc =0 gives [E(M{ ) =0 for all ¢ =0, and the Duhamel formula follows from the expression of Mmf
by taking expectations and using the Fubini—Tonelli theorem. |

Corollary 8.4.6. Infinitesimal generator of Markov semi-group.
The following properties hold true:
1. Continuity. For all f € 6p(R9,R), lim;—q+ [TT:(f) = flloo =0
2. Differentiability. For all f € 62(RY,R) in other words 62 (RY,R) with compact support,

lim t(f)

t—0*

-] =

We say that L is the infinitesimal generator of the semigroup (I1;) ;=¢, and formally IT, = e’’.

Proof.
1. The Duhamel formula of Theorem 8.4.5 gives, for all g € %”5 (R, R),

t t
Hz(g)(x)—g(x)=f0 Hs(L(g))(x)ds=[Ef0 L(g)(Xs(x))ds

and thus ||ITI(g) — glleo < tILglleo — 0 as t — 0. Now if f € 6y(R?,R), then, for all € > 0, we there exists
g€ %ﬁ (RY,R) such that | f — gl < €, and if follows then that for ¢ > 0 small enough,

ITL:(f) = flloo = T (f — )lloo + 1 (8) = lloo + 18 = flloo = 2& + IT1;(8) — 8lloo = 3¢

Let us detail an approximation argument to construct g. Since f € 6,(R?,R), by the Heine theorem,
f is uniformly continuous and thus there exists 1 > 0 such that for all x, y € RY, if |x — y| < n then
|f(x)— f(»)] <e. Next, let p € €°(R7,R) be a compactly supported probability density function with
support included in the ball {ze R7 : |z| <n}. Wehave g= f*p € %go(ﬂ%q, R), and, for all x € RY,

If(x)—g(x)lSIWIf(x)—f(y)Ip(x—y)dyz y If(x)— fDMIpx—ydy<e.
x-yl=n
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2. Forall fe <€c2 (R7,R) and all ¢ > 0, we have, from Duhamel formula, using the first part for the last step,

”%t)_f _Lf”oo =H;f0t(HS(L(f)) _L(f))dSHoo < sup] ITIs(L(f) — L) lleo o 0.

sel0,t -

(we have used the fact that f € €2 gives Lf € 6, < 6).

Theorem 8.4.7. Strong Markov property.

Let x € R? and (X;(x)) ;¢ be the regular solution of the SDE as in Theorem 8.4.1. Let T be an (%) ;>
stopping time and let &7 be its stopping o -algebra.

1. For all bounded measurable f:R9 — R, and all £ =0,

E(f (X1+:(0) 1 7<c0 | F1) = T () (X7 (%) T<c0-

2. For all bounded measurable ®: ¢(,R9,R,) — R,
E(@((X7+5(X))520) 1 7<c0 | F1) = V(X7 (X)) 17<00
where the measurable function ¥ : R? — R is defined for all y € R by

W (y) =EP((Xs(¥)) 520)-

When T = s (deterministic) then we recover the weak Markov property (Theorem 8.3.1).
Ifd=q,0 =1, and b =0, we recover the strong Markov property for Brownian motion (Theorem 3.5.1).

This can be skipped at first reading.
Proof.

1. Suppose first that T takes its values in an at most countable set 9~ < [0,00]. We have to show
that for all Ae % and forall £t =0,

E(f (XT+01 an{T<oo}) = EAT: () (X1 (X)) 1 An{T<o0})-

Indeed, using the simple Markov property of Theorem 8.4.1, the left hand side is equal to

Y B Xt lanr=r) = Y. EAL (X)L anir=r) = EQL () (X1 (X)) 1 an{T<00))-

reg \{oo} reJ \{oo}

Suppose now that T takes arbitrary values in [0, 00]. It suffices to prove the desired property for
all bounded continuous f. Let us define, for all n = 0, the discretized stopping time

Tp=)

n
k=0 2

k+1

Lik/on, (k+1)72m) (T) + 00l T=c0.

We have T, \\ T. For all n = 0 and all A€ &7, we get, from the first part of the proof,

E(f(XT,+:(x)1 an(T,<o0}) = EAT: (f) (X1, (X)) 1 An(T, <00})-

By letting n — oo and using the right-continuity of X and dominated convergence, we obtain,

E(f (X1+:(0))1 aniT<oo}) = EAT: () (X1 (X)) 1 Ani{T<00})>
where we also used Theorem 8.4.2 about the continuity of I1; to get

() (X7, )17, <00 — T(HXr (D)1 7<o0 as.
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2. Suppose that @ is cylindrical, in the sense that for some n = 1, some s, = --- = §; = 0, and some
bounded measurable fi,..., f, : RY — R, we have, for all w e W,

d(w) = fl(w51 fn(wsn

We have in this case to show that

E(fi (X745 (X)) -+ fn(XT4s, ) 1700 | F1) = V(X7 (X)) 17<00 @S-

where ¥ : R7 — R is the function defined for all y € RY by

W () =E(H X ) - fu(Xs, ().

Indeed, for n = 1, this is the first property of the Theorem that we have already proved. We then
proceed by induction on 7, and suppose that it is already proved for some n = 1. Let us prove
it for n+ 1. We have, denoting for short Y; = f; (X714, (x)),

E(Y1- YnYnilr<oo | gT) =E(Y1- YpE(Ynr11l7<oo | g;sn+T) | gT)
=E(Y;--- Ynnsnﬂ—sn (fn+1)(XT+sn MM 7r<co | F71)
=¥V (X1 ()1 1<co

where
Y(y) =E(fi(Xs, () -+ fu(Xs, ODs,, =5, (fus1) (X5, (1))).

But using the induction hypothesis and the simple Markov property of Theorem 8.4.1,

W(y) =E(fi (X5, () - fu (X5, ONE(frn1 (Xs,,, () | Fs,))
= [E(fl (Xsl (y)) ce fn (Xsn (y))fn+1 (Xsnﬂ (y)))

This gives the result for ® cylindrical. Finally we can use monotone classes (Section 1.8).

Theorem 8.4.8. Heat-type equation and Kolmogorov equation.

Assume that o and b are moreover ‘513, in other words %2 with bounded first and second derivatives.
Let L be the differential operator defined in (L). Let f € <€§ (R9,R). Then:

* There exists a unique ¥ = (¥ (¢, x)) r>0, xers solution of the following problem:
- (t,x)— ¥(t,x)is €' in t and ‘65 inx

— forall (t,x) e Ry x RY,

oY oY
5,60 =L ENW =2 Ejmﬂm um+2bu) (,%).
t l] 1 i=1 xl

- forall x e RY, ¥(0, x) = f(x).
e Forall x € R and ¢ = 0, denoting (X;(x));=o the solution of the SDE as in Theorem 8.4.1,
W(t,x) =E(f (X (x))) =) (x).

In particular the infinitesimal generator L determines the Markov semi-group (Il;),>¢ which
characterizes the law of the Markov diffusion process (X;(x));xo-

* In other words, we have the Kolmogorov equation

011, (f) = LI (f).
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Remark 8.4.9. Kolmogorov equations and Markov processes.

The combination of the Kolmogorov equations provided by Theorem 8.4.5 and Theorem 8.4.8 pro-
vides a commutation between semi-group and generator, namely

th'l,f = LHt = HtL

The special case 0,=oI1;(f) = IIo(Lf) = LIIo(f) = f is already provided by Corollary 8.4.6. The Kol-
mogorov equation is an essential feature of Markov processes. It expresses the remarkable fact that a
Markov process is a deterministic evolution in time of distributions at time ¢. The determinism is at
the level of the distribution of the stochastic process instead of being at the level of the trajectories of
the stochastic process. In the case of diffusion processes solutions of (SDE), the deterministic evolu-
tion is described by a linear partial differential operator (L) of second order without constant term.
The identification of the deterministic behavior of distributions of stochastic phenomena was a great
scientific discovery, which can be traced back to Laplace?, Queteletb, Boltzmann®, and Maxwell?,
among others, connected in a way to the mechanical view of nature developed by Darwin®.

“Pierre-Simon Laplace (1749 -1827), French scholar and polymath.

bAdolphe Quetelet (1796 —1874), Belgian astronomer, mathematician, statistician and sociologist.
“Ludwig Boltzmann (1844 -1906), Austrian physicist and philosopher.

dJames Clerk Maxwell (1831 —1879), Scottish scientist in the field of mathematical physics.
¢Charles Darwin (1809 - 1882), English naturalist, geologist and biologist.

Remark 8.4.10. Kolmogorov equations and Fokker? - Planck” equation.

“Named after Adriaan Fokker (1887 —1972), Dutch physicist and musician.
bNamed after Max Plack (1858 —1947), German theoretical physicist.

If we denote by u; the law of X;, then the Kolmogorov equation provided by Theorem 8.4.5 writes
0¢ [ fdu; = [ Lfdu;. This is, in the sense of Schwartz distributions, the Fokker - Planck equation,

Orpe = Ly
If u; has density p; then, denoting L* the adjoint of L,
1 4 ) q
L*f(x)= > > aiyj(ai,j(x)f(x)) + ) 0;(bi(x) f(x))
i,j=1 i=1
and the Fokker — Planck equation becomes
0:p:=L"p;.

This is also known as the forward Kolmogorov equation, while the one provided by Theorem 8.4.5
or Theorem 8.4.8 is known as the backward Kolmogorov equation. The terms forward and backward
can also be understood from the formula IT,_; = II; ;, which allows to take the derivative with respect
to t (forward in time) or with respect to s (backward in time).

This can be skipped at first reading.

Proof. We admit the following result, which relies on the assumptions made on ¢ and b, see [18]:
forall f € €;(R7,R), the quantity IT;(f) (x) is €} in x.

The fact that IT;(f) (x) is %1 in t can be checked on the Duhamel formula of Theorem 8.4.5.

Let u =t > 0. The Itd formula (Theorem 7.1.1) for function I1,,_;(f) and semi-martingale X (x) gives,
proceeding as in the proof of Theorem 8.4.5,

t
My () (X (%) =y (f) (x) + Ny +f0 (L —0u) (y—s(f) (X5 (x))ds
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8.4 Martingale, generator, Kolmogorov equations, strong Markov property, Girsanov theorem

where (Ny);»( is a continuous local martingale. But as observed in Remark 8.3.2, the process
(Ty— ¢ (f) (X (X)) 4e(0, 1 18 @ continuous martingale. It follows then that the finite variation process

t
( fo (L—au)(Hu_s(f))(Xs(x))ds)

t=0

is a continuous local martingale, issued from zero, and thus identically equal to zero. Thus

1 t
(L=0,) I, (N0 = lt% ;fo I ((L = 04) (y—s(f)) (x)ds = 0.

Therefore the formula for W in the statement of the theorem provides a solution to the problem (heat
equation) considered in the theorem, since Iy (f)(x) = f(x). Conversely, if ¥ (¢, x) is a solution to this
problem then for all u > 0 the It6 formula for (W (u — £, X;(x))) e[0,, giVeSs

W(0, Xyu(x)) = f(Xyu(x)
=¥(u,x)+ Nu +[0u [ -0,V (u—1t, X () + L(¥Y(u—t,))(X¢(x) |dt
=W¥(u,x)+ Nu
where (N,) 0 is a stochastic integral with zero expectation, and therefore

W (u, x) = E(f (Xu(2))) = () (x).

Theorem 8.4.11. Girsanov theorem for overdamped Langevin process.

Let T > 0 be a fixed number. Set s=0,d =g, 0 =I5, b=—-VV for a “potential” V € C65([@‘1, R). Then

t
X,(x) = x+B; —f VV (X, (x)ds,
0

and the law of (X;(x)) e[, 7], seen as a random variable on the canonical space € ([0, T1,R), is abso-
lutely continuous with respect to the Wiener measure, with density w € €([0, T], RY) — e~ HW) where

T
Hw)=V(x+wr)—V(x)+ %f (IVVI2 —AV)(x+ wy)ds.
0

Proof. Thanks to the proof of the Girsanov theorem (Theorem 7.5.1), X = (X;(x)) (e[, 77 has density

T 1 T )
exp(—fo VV(Xs)dXS—EfO IVV(Xy)] ds)

with respect to Q. Now the It6 formula (Theorem 7.1.1) gives

¢ ¢
V(XT)=V(x) +f VV(Xg)dX+ %f (AV)(Xs)ds,
0 0

Therefore

T 1 rT
—f VV(X)dXs=V(x) - V(Xr(x))+ 5[ AV (X,)ds,
0 0
hence the formula, since according to Theorem 7.5.1, X with respect to  has the law of x + B. |

There are other instances of the Girsanov theorem, for instance with a general L, or between the solu-
tions of two SDE driven by the same BM with the same diffusion coefficient o but with distinct drifts b.
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This can be skipped at first reading.
8.5 Locally Lipschitz coefficients and explosion time

We assume in this section that o(f,w, x) and b(t,w, x) depend neither on the randomness w nor on
the time ¢. They are defined on R7 and take values in ./, 4(R) and R?. We also assume that they are
locally Lipschitz?: for all bounded K < RY, there exists a constant Cx > 0 such that for all x, y € K,

lo(x)—o)|+1bx)—b(y)| = Cxlx—yl.

Beware that these assumptions are not a specialization of the general assumptions made at the be-
ginning of the chapter: deterministic is less general than random, but locally Lipschitz is more gen-
eral than Lipschitz. The main problem with these assumptions on ¢ and b is that the SDE

t t
X (x) :x+f U(Xs(x))st+f b(X,(x))ds
0 0

may not have a solution X;(x) for all time ¢ = 0, and an explosion may occur in finite (random) time.
A way to define a solution for all time is to use a localization procedure in order to define the process

before explosion, and then to stick the process to an extra point at infinity after explosion. We use the

Alexandroff? compactification R9 U {oo} of R obtained by adding to R? a point at infinity denoted co.

The neighborhoods of oo in R? U {oo} are the complements of the closed proper subsets of RY.
Theorem 8.5.1: Solving SDE with locally Lipschitz coefficients

For all x € RY, there exists a unique couple (X*,¢*) where ¢* is a stopping time taking values in
(0,00] called the explosion time and where X* = (X;(x)),s( is an adapted process with values
in R? U {oo} such that the following properties hold:

1. a.s. the path t — X;(x) is continuous from [0, {*) to R? and X;(x) = oo for all ¢ = &*

2. almost surely, on the event {¢* < oo},

lim | X;(x)| = +oo
FSEx

3. for all stopping time T such that {T < ¢*} almost surely on {¢* < oo},

t t
Xt,\T(x):x+f lssTU(Xs(x))st+f 1,<7b(X(x))ds a.s., t=0.
0 0

(this SDE has random coefficients, it involves only the values of X at times before T').

Before giving the proof of Theorem 8.5.1, let us prepare some ingredients.
From the assumption on o and b, for all n = 1, there exist maps

0n:RY— Myq®R) and b, :RT—RY
such that the following properties hold true:
o for all x € RY with | x| = n, we have 0,,(x) = o(x) and b,,(x) = b(x)
* there exists a constant ¢, € R, such that for all x, y € RY,

|on(x) =0 (X)| +|bp(x) = b(x)| < cplx—yI.

These extended maps can be simply obtained by using cutoff and regularization by convolution.

For all n>1 and x € RY, let (X/'(x)) ., be the solution of the SDE (provided by Theorem 8.1.5)

t t
Xt"(x)zx+f Un(Xs"(x))st+f b,(X!(x)ds as., t=0.
0 0
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For all m = 1, let us define the stopping time
T)'(x) =inf{r = 0: | X[ (x)| = m}.
Forall m = n =1 and x € R7, we have
TV =Tr(x)<T)(x) as.,
and, for all # € [0, T} (x)], we have

X' (x)=X"(x) as.

.

Proof of Lemma 8.5.2. Letus define T = T,}(x) A T} (x). We have, for all £ =0,
t

t
X;’AT:x+f0 135Tan(XfAT)st+f0 Li<rbn (X[ )ds

and , ,
X,{';sz+f0 135Tam(XS"AlT)st+fo Li<7bm (X7 )ds.

n

tA T) =0 and (Xm

inT) i=0 SOlve the same SDE

By definition of T, the processes (X

t t
Zt:x+f lsSTU(Zs)st+f ls<7b(Zy)ds,
0 0

and thus, using the pathwise uniqueness (Theorem 8.1.2), we have X' ,.(x) = X/"' .(x) a.s. forall £ > 0.
Moreover, on the event {0 < T < oo}, forall £ € [0, T),

X" =1X/(x)<n and [X]'(x0)|=|X7(X)|=n.

It follows that T = T}!(x) = T} (x). Furthermore, if T =0, then |x| = nand T = T)}(x) = T}}(x) = 0,
while if T = oo, then T} (x) = T}} (x) = co. Finally the continuity of X" (x) gives T} (x) < T,/ (x). |

Proof of Theorem 8.5.1. Existence. We set {* = sup,,~, T (x) where T,(x) = T)}(x). If |x| < n then
T, (x) >0 and thus £* > 0. Let ¢ € [0,¢¥). By definition of ¢*, there exists n such that T, (x) > t and for
all m = n, we have X;"(x) = X;l (x) a.s. from Lemma 8.5.2. We can then define

X, () = {nmnﬂ, XM(x) iftel0,&

00 iftE[fx,oo).

This process (X;(x)) o verifies the first property stated by the Theorem. Moreover, on {{* < oo}, we
have T, (x) < Tp+1(x) <---<¢* and | X1, (x| = 1, and therefore, almost surely, on the event {¢* < oo},

lim | X;(x)] = +o0.
rSex

Now let us proceed by contradiction and suppose that

IP( lim | X, ()] < +oo, &* < oo) >0.
rSéex

Then we can find real numbers r and R such that 0 < r < R < oo and

P( lim 1X,(0)| <7, im |X,(0] > R, §* <o0] >0. ()

ti‘fx t_’fx
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8 Stochastic differential equations

Let f € 6€?(RY,R) be such that f(x) =0if |x| = r and f(x) = 1 if |x| = R. Now, by Theorem 8.4.5,

t

(Fecren - f L"(F)(X} (0)ds)
0 t20

is a martingale, where L" is the infinitesimal generator of X". The differential operator L" coincides

with the infinitesimal generator L of X(x) on {x € R : |x| < n}, and since f is compactly supported, if

follows that L" f = Lf for n sufficiently large, and we can replace L" by L. Next, it follows by the Doob

stopping theorem (Theorem 2.5.1) that for all m = n, the process

INT,,

(Fex g, oo - fo L(H(X] (x))ds]

t=0

is a continuous martingale. By letting n — oo, by dominated convergence, we get that

INT,
(FXent,, 00 - fo L(H(X()ds]

=0

is a continuous martingale. Now by letting m — oo, we see similarly that

INEF
(Pt [ pOLods)
0 =0
is a continuous martingale. Note that if ¢ < ¢ then X1 7,,(x) (X) — X;(x) as m — oo while if £ = {* then
FXiaT, 0 (X)) = f(XT,,(x (X)) — 0 as m — oo. It follows then that the process ((f(X[(x))(x))IKp)EO
is a continuous martingale. Now the left continuity of this process at ¢ = { contradicts (%) and the
definition of f. It follows that the second property stated in the theorem holds true: a.s., on {¢£* < oo},

lim | X;(x)| = +o0.

t5Ex
Furthermore, the third and last property stated in the theorem can be deduced as follows: if T is a
stopping time such that T < ¥ almost surely on {¢* < oo} then for all n = 1 we have

t t
Xf/\T/\T,, :x"'fo lssT/\TnU(Xsn)st'*'fO lssT/\Tnb(XSn)dS,

thus,

t t

XinTAT, =x+f0 lssTATnU(Xs)st+/0 ls<TaT,b(X)ds,

and the desired result follows by letting #n — co and using dominated convergence.

Uniqueness. Let (X,¢) and (X',¢) be two solutions with same initial condition x satisfying to the
theorem properties. Then they are both solutions of the SDE with random coefficients given by the
third property, with T =& A &', Now, if we force them to zero after T, then, by proceeding as in the
proof of Theorem 8.1.3, we get X = X’ on [0, T]. Let us prove that ¢ = ¢’. On {¢ < &'}, we have T = ¢,
and by definition of ¢, lim; ~¢|X;| = +o0, while by the definition of ¢', lim, - |X}| = IXéI since X' is
continuous on [0,¢') and € € [0,¢'). Contradiction. Thus {¢ < ¢} = &, and by symmetry, & = ¢'. [ |

AThis is the case for instance when ¢ and b are ¢! on RY.
bNamed after Pavel Alexandrov (1896 1982), Russian mathematician.
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Chapter 9

More links with partial differential equations

9.1 Feynman-Kac formula

Let o :R7 — .4, 4(R) and b:R7 — R7 be Lipschitz. For all x € R?, let (X]) ,_, be the solution of the SDE

=0
t t
X _ X X
X; —x+f U(XS)st+f b(XY)ds, r=0.
0 0

Its infinitesimal generator is the differential operator (linear, second order, without constant term)
1 J T 2 /
L=> i%(a(x)a (x))i,j07 ; + l:zl b;(x)0;.

We have seen that L is the infinitesimal generator of a Markov semigroup (I1;) ;o associated to X. But what
can be done for more general linear partial differential operators? The simplest generalization beyond L is
obtained by adding to L a zero order term, say U € €2 (R9,R), which gives the linear operator

Ly=L+U

in the sense that for all f € 6?(R7,R) and x € RY,

1 q q
Ly(H) =5 Y (@0 (0)4,;07 ;£ () + Y bi(0)0: f () + U ) f ().

i,j=1 i=1
The following theorem states that there exists a semi-group associated to L.

Theorem 9.1.1. Feynman® - Kac” formula and semi-group.

“Named after Richard Phillips Feynman (1918 — 1988), American theoretical physicist.
bNamed after Marc Kac (1914 — 1984), Polish American mathematician.

Let U € €%(RY, (—o0, c]) be upper bounded, for some finite constant c. For all ¢ = 0 we define the
operator Q; acting on bounded and measurable functions f : R? — R by the Feynman - Kac formula

x€R — Q;(f)(x) = E(f(X; (x))els UX:ds)

1. The family (Q;);>¢ is a semi-group (known as the Feynman - Kac semi-group).

2. Forall fe <g§ (R9,R), all £ =0, and all x € RY, there is a Duhamel formula

t
QN =fe0+ [ QuLu(fds
0
which involves the real Schrédinger operator (diffusion operator + multiplicative potential)

Ly()(x) = L(H)(x) +UX) f(x).

In particular we have the Kolmogorov equation

0:Q:(f(x) = Qe (Ly (N (X).
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3. The semi-group (Qy) ;> is continuous in the sense that for all f € €, (R7,R),

lim |Q/(N) - fl o =0.

4. The operator Ly is the infinitesimal generator of the semi-group (Q;) ;~o, namely, for all f € €2,

QN-f
t

lim
t—0+

—LUf“oo - 0.

We could also prove a Kolmogorov equation similar to the one of Theorem 8.4.8, namely 0,Q; = Ly Q;(f),

in other words (0; — Ly) Q¢(f) = 0, which includes the version at t =0, 8;=¢+ Q:(f) = LyQo(f) = Ly f.

In the formula defining Q;(f)(x), the exponential weight involves the accumulated value of U along the

trajectory s € [0, t] — X7. When U = 0 this is an amplification while when U < 0 this is an attenuation. The
quantity Q;(1 4) can be interpreted as a quantity of matter or particles in the set A at time ¢, which is subject
to amplification or attenuation according to the Feynman —Kac evolution equation.

We have 0,Q; = Q;(Ly). We say that Ly is a linear second order differential operator with a multiplica-

tive potential U. This potential models a medium with amplification or attenuation depending on its sign.

The semi-group (Qy);>( is positive in the sense that for all t = 0, f = 0 implies Q;(f) = 0. However,

it is not a Markov semi-group in the sense that if we denote by 1 the constant function equal to 1 then

Q:(1) = [E(efot UX:)dsy js not equal to 1 in general when ¢ > 0.

Proof.

1. For all bounded and measurable f:R7 — R, all x e R? and s, ¢ = 0, the Markov property for X* gives

Ql’+8(f) (x) — E(efot U(X;f)dle(f(X;C_'_s)eszs U(X,Jf)dl) | gt))
= E(eh VXD Q () (X))
= Qe (Qs(fN(x).

2. Forall f € 62(RY,R), all x € R?, and all ¢ > 0, we have, from Theorem 8.4.5,
f t
FXH = foo+ M + fo (L) (XF)ds.

Note that M/ is a martingale and not only a local martingale because f is of class %05 and not only €2.
Now, from It6 formula (Theorem 7.1.1) for F(y, z) = ye® and semi-martingale (Y, Z;) = (f(X}), fot U(Xs)ds),
t

t
¥Mn+j'n¥mg

F(Ys, Z0) = F(Yo, Zo) + f
0 0

t t
= f(x)+ f e (dM! + (Lf)(X)ds) + f YseZ U(X;)ds.
0 0
Note that we do not have a second order part in the It6 formula since the local martingale contribu-
tions for (Y, Z) comes from Y and on the other hand a‘i‘,F (,2) =0.

By taking expectations, the martingale term disappears, and we obtain
Qi(NHx)=f0)+ fOtE((Lf) (XHeZ)ds+ fot[E(YSU(Xs)eZS)ds
=f(x)+f0t(Qs(Lf)(x)+Qs(fU))ds
=fx0)+ fot Qs(Ly(f))ds.

We have used the Fubini - Tonelli theorem to swap E and f; ds, which is allowed since Ly (f)(X. S)eh UX)dv
is integrable for P ® 1o ;jds since U is upper bounded and f € ‘65.
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3. Proceeding as in Corollary 8.4.6, we first show that the result holds for f € <€§ via the Duhamel formula
for (Q) ;¢ and the boundedness of Lf, and then we generalize to f € 6, by density w.r.t. |||l oo-

4. Proceeding as in Corollary 8.4.6, it suffices to use again the Duhamel formula for (Q;);>o and the
previous item for Ly f, which belongs to %, since f € €2 and U € 6°.

Remark 9.1.2. Killing.

We take Theorem 9.1.1 settings with U € €?(RY, (—o0,0]) bounded. We think about X; as the position
of a particle in a medium at time ¢, —U(x) as a quantity of poison at position x, and — fot U(X;)ds as
the total quantity of poison accumulated by X along its trajectory on the time interval [0, #].

Let E ~ Exp(1) be an exponential random variable of unit mean, independent of X. Let us define

t
T = inf{t >0: f _U(X,)ds = E}
0
We extend R? by a cemetery state co ¢ R7, and we define the process X with state space R7 U {oo} by

~ X, ift<T,
t= .
oo ifr=T.
In other words, starting from x € R9, the process X evolves like X in R? and after an exponential time

it jumps to co and stays there forever, while if it starts from co then it never moves. It can be checked
that X is Markov, with infinitesimal generator L given for f:R7 U {oo} — R which is €2 on RY by

~ 0 if x=00
L(f)(x) = _
L(f)(x) = U(x)(f(o0) - f(x)) ifxeRY,

In particular, if f(co) = 0 then we recover the Feynman —Kac operator

L(f) = Ly(f),

and from this point of view, when U is negative, the Feynman —Kac operator and semi-group can be
interpreted as the description of the killed Markov diffusion process X. Let us check that indeed, L is
the generator of X. If we define Ax(t)=—- fot U(X,)ds, then we have T = )L)‘(l (E), and

{t< T} ={t< A5 (B)} = {Ax(D) < EL.
In particular, using the boundedness of U we get (beware that t — 0* and not ¢t — +00)
P(t<T|F)=PAx(t)<E|F)=eh VX =140, 0 )

and .
P(t=T|F,)=1-eh VXIS - _117(x) + 0,0+ (1)

where the o(1) are uniform in w. Now we can write

E(f (X)) - f(x) = EE(f (X)) - f(x) | F1)
=E(f(X) = fF)P(t < T F)) + (f(00) = FOEP(t = T | F1))
=E((f (X)) = f(x) (A +0(1) + (f(00) = £(x) (~tU(x) + 0(1))
=E((f(X0) = f(x) (1 +0(1))) + (f(00) = £(x) (~tU(x) + 0(1))
= L(f)(x) + 0(1) — U(x) (f(00) — f(x)) + 0(1)
=L(f)(x) +o(1).

This suggests to interpret Ly as the generator of a Markov process with killing. When U is constant
and equal to —A with A > 0 then T ~ Exp(A) is independent of X and, as soon as f(oco) =0,

Q) =E(f(Xe M =E(f(X)P(t < T) = E(f (X)) 1i<1) = E(f (X))
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9.2 Kakutani probabilistic formulation of Dirichlet problems

Let us give first an informal presentation of the Dirichlet problem in the case of the Laplacian, and
its probabilistic representation using Brownian motion. Let D be an open subset of R¢, with boundary
8D = D\ D. The Dirichlet problem consists, for some prescribed g: 0D — R, to find u: D — R such that u is
harmonic on D in the sense that Au = 0 in D, while u = g on D. Following Hilbert, the Dirichlet problem
can be solved by using functional spaces and a variational formulation (it can also be solved using pure
probabilistic arguments). If we assume that the solution u exists, it is also possible, following Kakutani, to
obtain a probabilistic representation for u. Namely, let B be a d-dimensional Brownian motion issued from
the origin. Assume that for all x € D, Typ = inf{f = 0: x+ B; € 0D} satisfied P(T5p) < co. The It6 formula gives

tATsp
u(x + Biat,,) = u(x) + M, +f Au(x+ By)ds,
0 —

tATyp

=0,5<Tsp
for all x € D and all £ = 0. The integral in the right-hand side is zero since Au =0 on D and x + Bs € D if
s < Tap. Moreover if g is bounded then M, T, 15 @ martingale issued from 0, and taking expectations gives
E(u(x+ Braty,)) = u(x).
Now, if © is continuous and bounded on D, we obtain, by dominated convergence and since u = g on dD,
E(g(x+ B7)) = u(x).

This is the Kakutani probabilistic representation of the solution of the Dirichlet problem. It shows by the
way the uniqueness of the solution. It allows Monte — Carlo methods. Note that when d =1 and D = (a, b),
then u(x) = ax+ B for all x € [a, b] with a = (g(b) — g(a))/(b— a), and B = (bg(a) —ag(b))/(b— a).

We can define more generally the Dirichlet problem for a linear partial differential operator of second
order, possibly with constant term, and with a prescribed arbitrary value inside the domain. To study this
generalization, we take the following ingredients.

e D cRYis open and bounded. Its boundary is 8D = D\ D. We have DNndD = @ and D = DU D.

e xeRYI— a(x) = (ai'f(x))lsi,jsd = U(x)aT (x) where o (x) is a d x g matrix, Lipschitz in x.

x€RT— b(x) = (b;(x))1<j<q is a vector field, Lipschitz in x

e f:D+— Riscontinuous and bounded.

* g:0D— Ris continuous and bounded.

* ¢:D— (—00,0] is continuous and negative.

differential operator L = % Z?j:l ai,j(x)ai_yxj + Z?:l bi(x)0y,.

The Dirichlet problem! on D consists in seeking for u € €2 (D,R) N 6°(D,R) such that

Lu(x) +c(x)u(x) = f(x) forallxeD,

L) () (DirP)
xlin)} u(x) = g(xop) for all xo € 0D,
— X0

xeD

When ¢ =0 and f = 0 then Lu = 0 on D and we say that f is harmonic for L on D. Let us consider the
solution (X;) ., provided by Theorem 8.1.5 of the stochastic differential equation

t t
Xf=xH:[(ﬂX@st+f b(X)ds, =0, xeRY, (SDE)
0 0

INamed after Peter Gustav Lejeune Dirichlet (1805 — 1859), German mathematician.
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9.2 Kakutani probabilistic formulation of Dirichlet problems

where B = (B;) 5 is a d-dimensional BM. For all x € D, we define the stopping time
Tsp =inf{t = 0: X; € D} € [0, +00].

In the sequel, we abridge X* into X and we denote by P, and E, to indicate the starting point of X.
The Dirichlet problem by itself is a static problem (does not involve time), but the Kakutani probabilistic
representation of its solution is dynamic, it involves a stochastic process, an evolution equation, time.

Theorem 9.2.1. Kakutani? probabilistic representation of the solution of the Dirichlet problem.

“Named after Shizuo Kakutani (1911-2004), Japanese mathematician.

Suppose that there exists a solution u to (DirP).

o If f=c=0,then,forall xe D, if P, (Thp <o) =1, then

u(x) = Ex(g(Xtyp)).

* More generally, for all xe D, if Ex(T5p) < co then

T, D T@ N
u(x) = Eo g, yelo or c(Xs)ds Df(Xs)efO c(Xv)dUdS )
0

Moreover if f = 0 then E,(Tsp) < co can be replaced by the weaker condition P, (T5p < o0) = 1.

In particular the solution in unique.

Remark 9.2.2. Existence of solution with probabilistic arguments.

Following [31, Section 7.2], it can be shown, say in the simple case c= f =0and L = %A, that we have
Ex(Typ) < oo, and thatif g e ¢%0D,R) then x € D — u(x) = Ex(g(Xr,,)) is %2 (D,R) and harmonic on
D in the sense that Au = 0 on D. This can be done by showing that u has the mean value property
and this can be proved by using the strong Markov property for X. We have then also u = g on 0D.
However there are extra regularity assumptions on D to get u € €0 (5, R).

Proof. We have already produced a proof for g =d, 0 =I5, b =0, f =0, c = 0. We now follow the same
scheme in the general case. We suppose first that u can be extended to RY as a ‘65 function. The It6 formula

(Theorem 7.1.1) for (x, y) — u(x)e” and (X, Y; = fOtC(Xs)ds) gives, forall 1 =0,

t t t
u(X)e¥ — u(x) :f (Vu(Xs)eYS,U(Xs)dBS)+f f(XS)ests+f (Lu+cu— f)(Xye'ds.
0 0 0

If we replace t by t A Typ, the third and last integral in the right-hand side vanishes due to the fact that
Xs € Dwhen s < T and u solves (DirP) namely Lu+ cu — f = 0 on D. Next, since u is bounded on D, the
first integral in the right hand side above is a continuous martingale issued from the origin, and thus, by the
Doob stopping theorem (Theorem 2.5.1), its expectation is zero. This gives finally that

ux) = [Ex(u(XMTaD)eY”\TaD) _Ex(fomTaD f(XS)eYXdS).

Since Py (Thp < o0) = 1, the desired formula follows then by letting + — oo and using dominated con-
vergence. The condition E,(T3p) < oo is used to handle the integral involving f via the uniform bound
IfOTaD f(Xsoe¥sds| < || flloo Tsp- When f =0, we could replace E,(Tjp) < oo by Py (Top < o0) = 1.

Actually what we did is similar to the proof of the Duhamel formula for the Feynman - Kac operator L,
in the proof of Theorem 9.1.1 except that before taking expectation we stopped the process and we used the
definition of the stopping time to in order to use the fact that u is a solution of the Dirichlet problem.

The general case on u can be addressed as follows. We have to take into account the fact that Vu and
Au may blow up when approaching du, because we only know that u € €2(D)N€° (D). Thus we restrict the
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domain D to gain regularity. For all n = 1, let D, = {x € D : dist(x,0D) > 1/n}. For all x € D, we have x € D,
for n large enough. For all n = 1, D,<cDys1 <D, and U,D, = D. Forall n =1, let u, € Cglf(lR{q,[R) be such
that u, = u on Dy,. This can be constructed by proceeding as in Lemma 9.2.3 below. The function u,, solves
the Dirichlet problem on D,, with boundary condition u,lsp,. Then, for all x € Dy,

Yy Topp Y.
Up(x) = ulx) = [Ex(u(XTaDn)e 6Dn) —[Ex(fo fXye Sds).
We have Tpp, < Tp,,, /T as n — oo, and it remains to let 7 — oo and to use dominated convergence. Wl

Lemma 9.2.3. It6 formula on a domain.

The Itd formula of Theorem 7.1.1 remains valid for all f € €2(D,R) where D < RY is open, provided
that Xy = x € D, and, almost surely, for all 1 =0, X; € D.

Proof. Since f may blow up at the boundary of D, the idea is first to reduce the domain and then to extend
the restricted function, which is bounded, to the whole space. Namely, forall n = 1, let

D, ={xe D:dist(x,0D) > 1/nj}.

We have U,,D,, = D, and forall n > 1, Dn cD,c D,Hl Let ¢, € € (R%,0,1]) such that ¢, =1on D, and
@n=00n (Dy41)¢. Letus define f by f = f on D and f =0 on D°. Let us define

fo=fon+ Q=@ (f*@n).

Now f € €°(Dp+1,R) gives f, € %go(Rd,lR), and f, = f on D,. The It6 formula (Theorem 7.1.1) for f,, gives
the canonical decomposition of the semi-martingale (f,(X:a1;,,)) 5, Which depends only on f. Finally,
since f;, — f as n — oo on D, it remains to use dominated convergence as n — 0 (Theorem 6.3.4). [ ]

Remark 9.2.4. Brownian motion.

Let us consider the simple situation where g =d, 0 =15, b=10, f =0, ¢ = 0, for which X = x + B.
The fact that P(T3p < oo) = 1 for all x € D follows from the fact that the coordinates of B are one-
dimensional BM and that with probability one they exit any given finite interval, see example 2.5.2.
Let us show that for all x € D, E,(T5p) < co. Since B is continuous, it suffices to show that for all R > 0,

E(r) <oo where 7=inf{t>0:|B; =R}=inf{r>0:|B,>=R?

(recall that By = 0). The process |B|? is a squared Bessel process issued from the origin and
(IB;|> — td) ;¢ is a martingale. The Doob stopping theorem (Theorem 2.5.1) gives, for all £ >0,

E(|1Br|%) = dE(£ A T).

By definition of 7, the left-hand side is bounded by R?, and by monotone convergence for the right
hand side, we get E(7) < R?/d, which implies P(t < co) = 1, which gives by dominated convergence

2

E(r) = g < oo.

We may also compute the exponential moments of T with an exponential martingale.

Remark 9.2.5. Assumptions.
For a complete probabilistic analysis of Dirichlet type problems, we refer to [40].

1. If c takes its values in (—oo, —al, a > 0, then the assumption E(Typ) < co is useless, and we get

138,142



9.2 Kakutani probabilistic formulation of Dirichlet problems

from the proof by letting t — oo in the display with ¢ A Typ that
T, Top
u(x) = [Ex(u(XTaD)efo » C(Xs)dslTaD@o) - [Ex(f f(XS)eYSds).
0

2. If for some a > 0 and all x € D, E(e?7%?) < oo, then Theorem 9.2.1 remains valid for ¢ taking
values in (—oo, a] with a > 0. This is the case for instance if for all x € D, Tp is bounded.

3. In the proof of Theorem 9.2.1, we can simply assume that (SDE) admits a (weak) solution for
all x € D, the coefficients o and b being supposed mesurable (not necessarily Lipschitz!). The
hypothesis of continuity for f, ¢, and g are superfluous as well, and one can assume that they
are just mesurable, f and g being bounded and non-negative. This remark is useful for certain
problems in stochastic control theory.

4. The probabilistic representation provided by Theorem 9.2.1 shows that it suffices to give gon a
subset dp D of 0D such that Py (Xr,, € 0rD) = 1 for all x € D. The elements of such as subset are
called regular points of the boundary. This same representation shows also that the Dirichlet
problem is ill posed if g is arbitrary outside 0z D.

5. The It6 formula of Theorem 7.1.1 can be generalized to functions which are not €2 but are
differentiable in a weak sense, and it follows that the probabilistic representation provided by
Theorem 9.2.1 remains valid in this general case.

Remark 9.2.6. Harmonic measure and Poisson kernel.

The exit law I[1(x,dy) = P (X7, € dy) is the harmonic measure. When the ingredients 0D, L are reg-
ular enough, then sup,.pEx(Tsp) < 0o, and (DirP) has a solution u (say f = 0, ¢ = 0), the assump-
tions of Theorem 9.2.1 are satisfied, and the harmonic measure is absolutely continuous. Its density
II(x,dy) =1I(x, y)dy, x € D, y € 8D, is the Poisson kernel:

u(x) = Ex(g(X,,)) = /(;D gWI(x,dy).
The function (x, y) — II(x, y) is strictly positive, €2 in x € D, and
xlin)} I(x,y)=0 forall y,y9 € 0D, y # yo,
—JYo
xeD

)Clgrj} ITI(x, yo)| = +o00 forall yg€dD.
xEDO

We refer to [37] and [40] for more details on these aspects.

Remark 9.2.7. Discrete Dirichlet problem.
Let (Xy) neo,1,2,..; be a simple random walk on 7% defined by X, € Z% and
Xni1=Xptepn=Xo+ter+--+€pn
where (¢,) 0 are independent and identically distributed “increments” uniformly distributed on
{xeq,...,tey4}

where ey,..., ey is the canonical basis of R4, This is the discrete time and space analogue of Brownian
motion. Its physics is essentially the same, since it is a matter of space-time scale. Mathematically, in
discrete settings, we do not have the difficulties of regularity and infinite dimensional analysis, how-
ever we do not have the advantages of continuity and the chain rule for differentials. The simulation
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of Brownian motion on a computer always reduces to some sort of discrete time and space random
walk, and the link between the two is the subject of stochastic numerical analysis in relation with the
central limit phenomenon. The Feynman - Kac formula and the Dirichlet problem have fully discrete
analogues. For instance, for the Dirichlet problem, if D c Z4, we could define

dD={x¢D:|x—yl=1} and D=DudD
where |x — y| = 1 is equivalent to say that x — y € {+e1,...,+e4}, and
T=inf{n=0: X, € dD}.
Now if D is not empty and bounded, then, for all g:dD — R, there exists a unique
u:D—R

such that u = g on dD and Au = 0 on D where for all x € Z¢,

1
Au(x)=— Y uly)-u(x.
2d yilx=yl=1

This discrete Laplacian leads to the continuous Laplacian via a second order Taylor formula and the
approximation eZ%¢ — R as € — 0. The discrete Kakutani probabilistic representation simply reads

u(x) = Ex(g(Xr,,))-

Remark 9.2.8. Dynkin formula.

For all x € RY, all stopping time T with E,(T) < oo, and all f € 6?(RY,R) with compact support,

T
Ex(f(Xr) = f(x) +Ex fo LF(Xyds.

If T is the exist time of a bounded set then we can drop the restriction of compactness of support.

Coding in action 9.2.9. Simulation.

Write a code for the simulation of the law of Tjp and X7, for various choices of D, d, when X is BM.
Same question when X is an Ornstein—Uhlenbeck process. Hint: start with the discrete Dirichlet
problem, and then think about the discretization of the continuous case.
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