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DIFFERENTIAL-SPACE 
By NORBERT WIENER 
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The Browll1an Movement 
Differen bal-Space. 
The Non-Differentiability CoeffiClent of a Function 
The Maxunum Gain m Com-Tossing 
Measure in Differential-Space 
Measure and Equal Continuity 
The Average of a Bounded, Uniformly Continuous Func: 

The Average of an Analytic Functional 
The Average of a Funcbonal as a Daniell Integral 
Independent Linear FunctlOnals. 
Founer Coefficients and the Average of a Functional 

Introduction. The notion of a function or a curve as an 
element m a space of an mfill1tude of dimensions is familiar to all 
mathematic1ans, and has been smce the early work of Volterra 
on functions of hnes It 1S worthy of note, however, that the 
physiClst IS equally concerned with systems the dimensionality 
of wh1ch, 1f not infill1te, is so large that it invites the use of limit­
processes in wh1ch 1t is treated as infinite These systems are the 
systems of statistical mechanics, and the fact that we treat the1r 
dunensionality as infill1te is w1tnessed by our contmual employ­
ment of such asymptotic formulae as that of Stirhng or the 
Gaussian probab1lity-distnbutlOn 

The phYS1C1St has often occaSlOn to cons1der quantibes which 
are of the nature of functions Wlth arguments ranging over such 
a space of mfinitely many dimensions The density of a gas, or 
one of its veloClty-components at a pomt, considered as depend­
mg on the coordmates and velocities of its molecules, are cases 
m point He therefore is unphC1tly, if not explicitly, studying the 
theory of functionals Moreover, he generally replaces any of 
these functlOnals by some kind of average value, which is essen-
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tIally obtallled by an llltegratIOn III space of lllfillltely many 
dImenSIOns 

Now, llltegratIOn III infillltely many dimensions IS a relatIvely 
lIttle-studIed problem Apart from certalll tentatIve lllvestlgatIOns 
of Frechee and E H Moore2

, practically all that has been done 
on It is due to GateauxS

, Levy', DalllellD
, and the author of thIS 

paper6 Of these lllvestlgatIOns, perhaps the most complete are 
those begun by G1teaux and carned out by Levy III hIS Ler;:ons 
d' Analyse F onctwnnelle In thIS latter book, the mean value of 
the functIOnal U 1 [x(t) II over the regIOn of functIOn-space 

f;[x(t) Pdt:S 1 

IS conSIdered to be the lImIt of the mean of the functIOn 

. ,xn) = U/[gn(t)ll, 

( where g,,(t) =x" for 
k-1 k) -<t<-

n - n 
over the sphere 

+xn
2 =n 

as n lllcreases WIthout limIt 
The present paper owes Its lllceptIOn to a conversatIOn which 

the author had Wlth Professor Levy in regard to the relatIOn whIch 
the two systems of llltegratIOn III lllfillltely many dlmensIOns­
that of Levy and that of the author - bear to one another 
For thIS llldebtedness the author Wlshes to gIVe full credIt He 
also Wlshes to state that a very conSIderable part of the sub­
stance of the paper has been presented, albeIt from a dIfferent 
standpoint and emploYlllg dIfferent methods, III hIS preVIOusly 

1 Sur l'mtegrale d'une fonctwnnelle dendue a un ensemble abstrazt, Bull Soc 
Math de France, Vol 43, pp 249-26i 

2 Cf Amencan l\Iathematlcal Monthly. Vol 24 (1917), pp 31, 333 
3 Two papers. publIshed after hIS death by Levy, Bulletm de la SocIete 

Mathematlque de France, 191G 
4 P Levy, Lerons d'Analyse Fonctwnnelle Heremafter to be referred to 

as" Levy" 
:; P J Damell, A General Form of I ntegraZ, Annals of l\Iathematlcs, Senes 2 

Vol 19, pp 279-294 Heremafter to be referred to as " Damell" Also paper 
m Vol 20 

6 N WIener, The Average of an Analyhc FunctIOnal, Proc Nat Acad of 
Su., Vol 7, pp 253-26, The Average of an Anal)'Nc Functwnal and the Brownwn 
Movement, zbzd, 2lJ4-298 Also forthcommg paper m Proc Lond Math Soc 
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cIted pubhcatlOns It seemed better to repeat a httle of what had 
already been done than to break the contmmty of the paper by 
the constant reference to theorems m other Journals and based on 
treatments so dIstmct from the present one that It would need a 
large amount of explanatIOn to show theIr relevance 

§2 The Brownian Movement. When a suspensIOn of small 
partIcles m a hqmd IS vIewed under a mIcroscope, the partIcles 
seem ammated WIth a pecuhar haphazard motIOn - the Browman 
movement ThIS motIOn IS of such an Irregular nature that Pemn7 

says of It "One reahzes from such examples how near the mathe­
matICIans are to the truth m refusmg, by a logIcal mstinct, to 
admit the pretended geometncal demonstratIOns, which are 
regarded as expenmental eVIdence for the existence of a tangent 
at each pomt of a curve" It hence becomes a matter of mterest 
to the mathematICIan to dIscover what are the defining condItIons 
and propertIes of these partIcle-paths 

The phYSIcal explanatlOn of the Brownian movement is that it 
IS due to the haphazard Impulses glVen to the partIcles by the 
colhSlOns of the molecules of the fimd m which the partIcles are 
suspended Of course, by the laws of mechamcs, to know the 
motIon of a partIcle, one must know not only the Impulses whlCh 
It recelVes over a gIven tIme, but the mltIal velOCIty WIth whIch 
It IS Imbued Accordmg, however. to the theory of Emstem,8 
thIS ImtIal velOCIty over any ordmary mterval of tIme, IS of negh­
glble Importance in companson WIth the Impulses receIved dunng 
the tIme m questiOn Accordmgly, the dIsplacement of a partIcle 
dunng a glVen tIme may be regarded as mdependent of ItS entIre 
previOUS hIstory 

Let us then conSIder the tIme-equatIOns of the path of a partIcle 
subject to the Browman movement as of the fonn x = x(t), y = y(t), 
z.=z(t), t bemg the tIme and x, y, and z the coordmates of the par­
tIcle Let us hmlt our attentiOn to the functiOn x(t). Smce there 
IS no apprecIable carrymg over of velocity from one mstant to 
another, the dIfference between x(t1) and x(t) [tl> tJ may be 
regarded as the sum of the dIsplacements mcurred by the partIcle 

7 P 64, Brownwn Movement and },folecular RealIty, tr by F Soddy 
8 Pernn, pp 51-54 
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over a set of llltervais constitutlllg the interval from t to tl In 
particular, if the constituent intervals are of equal size, then the 
probability-illstribution of the displacements accrued in the differ­
ent intervals will be the same Slllce positIve and negative dis­
placements of the same size will, from phys1cal considerations, 
be equally hke1y, 1t Wlll be seen that for llltervais of time large 
with comparison to the intervals between molecular colhslOns, 
by dividing them lllto many equal parts. which are stIll large 
Wlth respect to the llltervais between molecular collisions, and 
breaking up the total lllcurred d1splacement lllto the sum of 
displacements incurred in these intervals. we get very nearly a 
Gaussian illstnbutlOn of our total d1splacement 9 That 1S, the 
probab1hty that X(tl) - x(t) he between a and b is very nearly of 
the form 

--;:==1 ==lb e - <t>(~l~t) dx 
V 7T<pCtl - t) a 

(1) 

Since the error incurred over the interval t to tl 1S the sum of the 
independent errors lllcurred over the periods from t to t2 and from 
t2 to tl. we have 

x' 

x, 

vi 7T{ <P(t1-t2)+<P(t2-t) l 
'Cf. Pomcare, Le calcul des probab~ht( s, Ch XI. 
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It IS readily venfied that this cannot be true unless 

c/>(tl-t) = c/>(t1 -t2) +c/>(t2-t), 
whence 

c/>(u) = Au, 

135 

(3) 

(4) 

and the probabilIty that x(t1) - x(t) he between a and b is of the 
form 

1 Ib "" e - A (/,-1) dx 
V7TA(t1-t) a 

(5) 

10 RT a. According to EInstein's theory A = - -- where 
, N 37Ta, 

R is 

the constant of a perfect gas, T IS the absolute temperature, N 
is Avogadro's constant, a the radIUs of the sphencal particles sub­
Ject to the Brownian movement, and g the viscosIty of the fluid 
contaInIng the suspensIon. 

§3. Differential-Space. In the Brownian movement, It is not 
the position of a particle at one ttme that is independent of the 
position of a particle at another; It IS the dIsplacement of a particle 
over one interval that is independent of the displacement of the 

parttcle over another interval That is, Instead of j (~), . . .• 

j (~), , j (1) representIng" dImensions" of j (t), the n 

quantitIes 

Xl =j (~) -j(O) 

X2 =j (~) -j (D 

Xk =j (~) -j e: 1
) 

(n-1) 
Xn =j(1) -j n 

10 Pernn, p. 53. 
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are of equal weIght, vary independently, and m some degree 
represent dlmenslOns It IS natural, then, to consIder, as Levy 
does, the properties of the sphere 

X1 2+ +x/=rn2. 
In parttcular, let us consIder the measure, m terms of the 

whole sphere, of the reglOn m whIch j(a) -j(O) , assummg it to 
be representable in terms of the x/s, hes between the values 
a and f3 Now, we have 

na 

j(a) -j(O) L: Xk (6) 
1 

Hence, by a change of coordmates, our questlOn becomes glVen 
that n 

2:t~=r~, 
1 

what IS the chance that 

a ::S ... 1;;; tl2:. f3 ? 

Letting tl=P sin e, Vt22+ +tn2=p cos fJ, thIS chance 
becomes 

{3 

!
sm- ,

rnvna 
S1O-

' 

.~ cosne d e 
rn v na 

1T J: cosn e d e 
2 

as has been indIcated by Levyll. ThIs may also be written 

f 
""S1O-1 .~-v rn v na 

n X 
_ a cos --=dx Vn sm-1 .f- . In 

rnvna V 

f
vn1T 

-2 n X 
COS. I-dx 

V;;;' Vn 
--2-

11 Levy, p 266 
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x' 

Now12, for n large, cm,n ~ converges umfonnly to e-"'j" for Ixl < A 
,\/ II 

It may be deduced ,wIthout dIfficulty from thIS fact that the 

mtegral m the denommator tends to 1: e-¥- dx, whIch IS ,,/27T 

As to the numerator, If the hmlts of integration approach hmltmg 
values, It v\'Ill also converge If m particular r n IS a constant, 
then smce 

- -1 a a 
hm vn sm -= =--_, 

n--.;.oo rVlla rva 

whlle a hke Identity holds for the upper hmlt, we have for the 
probabIhty (m the hmIt) that f (a) he between a and f3 

f3 

1 fda -~ 1 Jil -!!:. 2 2 ' 
V27T _u_ e dx= rV27Ta u e ar- du 

r fa 

(7) 

Let It be noted that thIs expresslOn IS of exactly the fonn (5) 
We shall call the space of whIch the constituent pomts are the 

functlOns f(t) , and m whIch the measure of a reglOn IS detennmed 
as the hmit of a measure m u-space m the way m whIch fonnula 
(7) IS obtamed from (6), by the name dlfferentwl-space The 
appropnateness of thIs name comes from the fact that It IS not 
the values of f(t) , but the small dIfferences, that are umfonnly 
distnbuted, and act as dimenSlOns 

§4 The Non-Differentiability Coefficient of a Function. 
It thus appears that If we consIder the dlstributlOn of f (a) - {(OJ 

na n 

= ~Xk m the sphere ~xk2=r2, we get m the hmit a distnbutlOn 
1 1 

of the values of f(a) -f(O) essentially hke the one mdlcated m (5) 
Now, we have 

12 Levy, p. 264 
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Our result so far suggests, then, that the probabIlIty that 

n ((k) (k-1)) 2 L 1 f - -f -- f exceed r2 becomes increasmgly negligi-
1 l n n J 

ble as n increases, or at least the probability that it exceed r2 by a 
stated amount On the hypothesis that f(t l ) - f(t) have the dis­
tribution indicated in (5), and that the variation of f over one 
interval be independent of the vanation of f over any preceding 
mterval, let us dIscuss the distribution of 

t If(~)-fe-I) l2 
1 n n J 

Clearly, the chance that t Jf(~) -fe-I)) 2 lie between 
1 l n n 

a2 and /32 IS the average value of a function of Xl, , xn whIch 
IS 1 when X1 2+ +xn2 lies between a 2 and /32, and 0 other­
Wise, glVen that the weIght of the reglOn 

(k=I,2, . , n) 

IS 

+X'n) (9) 

as follows from (5). Now, let us put 

Xl=P sin(h 

X2 = P cos/h sin02 

Xa = p COSOI COS02 smOa (10) 

Xn-I = P COSOl COS02 COSOn_2 sinOn_l 

Xn = p COSOI COS02 cos On-l 
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We shall then have 

p2=XI2+ +Xn 2 

dX
n 
= pn-ICOSn-2 01 COSn-302 

~, (11) 
dOn- 1 J 

the last of which fonnulae may be readily demonstrated by an 
evaluation of the JacobIan 

aXI ax! aXI -- --
ap a 01 a 0n-I 

aX2 aX2 aX2 --
ap a 01 a 0n-I (12) 

aXn aXn aXn 

ap a 01 a 0n-l 

Employing a fonnula of Levy to the effect that 

(13) 

n r ( k ) (k -1) ) 2 we get for the chance that ~ i f -;; - f --;;- lie 

a 2 and {32 

between 

(
In) n J.1l _ np2 -I n-2 lji '\j 7T A "pn-l e A dp k =1 -i coloda 

_ ( j-;;)n 2n-2 7T 7T 

- \l7TA 2(n-2) 2(n-4) j ll np2 
7T n-l - Ad - pep 
4 " 

If n ]s even 

_ ( in)n 2n-2 7T 7T 

- '\ TTA 2(n-2) 2(n-4)· 

'f 111S odd. (14) 
13 Levy, p 26.3 
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The coeffic1ents of the mtegral may be reduced m e1ther case to 
the fonn 

7TA~r(;) 

so that the whole expresslOn may be wntten, by a change of 
vanable, 

n fl 

n2 J VA n-I -nu' d 1£ e 1£ 

7Tr(;) Jx 

The mtegrand vamshes for u zero and u mfinite 
11-1 

those pomts 1t attams Its maXImum for u 2 = --
2n 

(15) 

Between 

which for 

large values of n IS m the neIghborhood of 1/2 It hence becomes 
interestmg to note how much 1S contributed to our mtegral 
by values of u 2 near 1/2 and how much by values remote from 
1/2 

Let us then evaluate 

remembenng that the mtegrand IS a decreasmg functlOn Let 
us dISCUSS the ratlO 

(u+1)n-1 e-n(u+I)' 

un-1 e-nu2 ( 
1 ) n-I 

1 + - e 
u 

3n- 1 

< - < 1/2 
- e2n 

-n(2u+I) 

(16) 
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We see at once that 1t follows from th1s that 

(17) 

For 11 large, by StIrlmg's theorem, th1s latter expresslOn IS 
asymptotIcally represented by 

7T --1 2 (11 )~-1 
2 

(18) 

As 11 grows larger, th1s m turn may be represented asymptotIcally 
by 

(19) 

Now, e2'> 1+2e, as may be seen d1rectly from the Maclaunn 
senes for eX Hence (19) may be wntten 

J( Vn-2 en, 

where J( 1S a constant and C 1S a pos1tIve constant less than 1 
ThIs, of course, tends to vamsh for It large 
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We may prove III a sImilar way that 
n 

n 2: 1u, = 31-e n-l -nu' d u e u 
7rr(;) 0 

tends to valllsh for n large Clearly, for n sufficIently large, 
n-l 
-- will be greater than 1/2-E Under these cIrcumstances, 

2n 
n n n-l 

n 2: 1U2 = 31-. n 2: ( 1 ) 2 7rr(;) 0 u
n
-

1 

e-
nu

' du <27rr(;) 2- E 
e-

n
(31-

E

) (20) 

ThIs latter quantIty IS asymptotIcally represented by 

.!!... n-l 
n 2 ( 1 ) 2 -nOre) 

( n ) ~-l l-!'.. I (n ) 2 - E e 
27r 2 - 1 Z e Z ~ 27r 2 - 1 

(21) 

ThIS IS in turn asymptotically represented by 
__ n 

1 1 ~n-2[(1_2E) eZ']~ 
27r (1- 2E) 31 7r 

(22) 

Now, since by Taylor's theorem with remainder, e-z, = 1-2e+ !!...2, 
2 

8 being a positIve number less than 2E, we get (1-2E)i< < 1. 

Hence expression (22) is again of the form KYn-2 en, e being 
a posItive constant less than 1, and approaches zero as n increases 

It will be seen, then, that for n sufficiently large, the chance 

that ~ 1 / (~) -/ e: 1) ) 2 diverge from A/2 by more than E is 

less than an expression of the form Kyn-2 en, III which K 
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and Care posltlve constants llldependent of n, and C < 1 It 
follows that for n sufficiently large, the chance that any ± { J(~) -Je~l) t 2 differ from A/2 by more than f, for N 

1 l J 
~n, IS less than 

whIch IS the remalllder of a convergent senes, and hence vamshes 
as n becomes infinite In other words, the chance that 

n ( 1 2 

Ihm ~:t~U~)_J(k-1) i -A/2!>f 
n~oo ~ ll\lI 11 J 

IS less than any assIgnable positlVe number, If f IS any posltlve 
quantlty 

Let J(t) be a contllluous function of limIted total vanatlOn T 
between 0 and 1 Then clearly 

~ {J(~)-Je:1)) 2<maxIJ(~)-Je:1)ltIJ(~) 

-fC:1)1~ Tmaxk(~)-Je:1)[ (23) 

Hence 

~ ( (k) (k -1) 2 1 hm "V U - -J - f =0 
n~oo ~ l 11 11 J 

(24) 

ThIS W1ll in partlcular be the case when J(t) possesses a denvatlve 
bounded over the closed lllterval (0, 1) Hence it is lllfimtely 
improbable, under our dIstribution of functlOns J(t) , that J(t) 
be a continuous functlOn of hmlted total vanation, and in particu­
lar that It have a bounded denvatlve We may regard 

n r 2 1 
hm 2: j J(~) _J(k-1) i as m some sort a nondlfferentiabll-
n~OO 1 l n n J 
ity coefficient of J 
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§5 The Maximum Gain in Coin-Tossing. We have now 
mvestIgated the dlfferentIablhty of the functlOllS f(t) , It behoves 
us to mqUlre as to thelr contmUlty To thlS end we shall dlSCUSS 
the maXlmum value of f(t)-f(to) mcurred for to::::'t::::'tl' and shall 
determme ItS dlstnbutlOn As a slmple model of thlS rather com­
plex sltuatlOn, however, we shall conslder a problem m com-tossing 

A gambler stakes one dollar on each throw of a coin, whlch IS 
tossed n tImes, losing the dollar If the throw IS heads, and gammg 
It If the throw IS taIls At the begmning he has lost nothmg and 
won nothing, after m throws he wlll be k m dollars ahead, k m 

bemg posltive or negatIve The questlOn here asked IS, what IS 
the dlstnbutlOn of the maXlmum value of k m for 111 <n? 

Let n throws be made m all the 2" possIble manners Let 
An (p) be the number of throw-sequences m whIch max (km) = P 
Clearly An( -fL) =0, If fL IS posItIve, smce ko=O Furthermore, 
any throw-sequence m whIch the maXlmum gain IS zero consists 
of a throw-sequence m whlCh the maXImum gam IS eIther 1 or 0 
preceded by a throw of heads That is, 

(25) 

A throw-sequence m which the maxlmum gam IS p>O conslsts 
elther of a throw-sequence m whlch the maXlmum gam IS p-1 
preceded by a throw of taIls, or a throw-sequence m whlch the 
maXlmum gam IS p+l, preceded by a throw of heads That IS, 

An(P) = A n-1(p-1) + A n-1(p+ 1) (26) 

Let us tabulate the first few values of An(P) We get 

An(P) n=1 2 3 4 5 6 

p=O 1 2 3 6 10 20 

1 1 1 3 4 10 15 

2 0 1 1 4 5 15 

3 0 0 1 1 5 6 

4 0 0 0 1 1 6 

5 0 0 0 0 1 1 

6 1 0 0 0 0 0 1 
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It w1ll be seen that the vanous numbers m the table are the b1-
nom1al coeffic1ents, begmmng m each column w1th the m1ddle 
coeffiCIent for n even and the next coeffic1ent beyond the m1ddle 
for Il odd, and WIth every coeffic1ent m the expansIOn (1 + l)n 
repeated tW1ce, w1th the exceptIOn of the m1ddle coeffic1ent for 
Il even That 1S, as far as the table 1S carned, we have 

\ 

A 2n (2p) = A2n(2p-1) (211)! I 
(n+p) 1 (n-p) 1 ) 

A (2 )-A (2 +1)- (2n+1) 1 
2n+l P - 2n+l P - (n+p+1) 1 (n-p) 1 

(27) 

We may then venfy (25) and (26) by d1rect substitutIOn, thus 
provmg that the values gIVen for Am (q) m (27) are vahd for all 
values of 111 and q 

Let us now cons1der a senes of n succeSS1ve runs of 111 throws 
each, for pomts of 1/ y';;;' dollars, In bemg even The chance 
that the amount gamed III a smgle run he between a and f3 dollars 
1S then fJ'Vm 

1/2"'L B m(k). (28) 
a'V;;; 

where a' y'111 1S the even mteger next greater than or equal to 
a'y';', f3'y'm IS the even mteger next less than f3y'm and 
B m(k)/2m IS the chance that of 111 throws of a com Just k more 
should be taIls than heads - that 1S, 

Bm(k) = 11/
1 

111-k, 11l+k, (29) 
2 ' 2 . 

If we begin by assummg a and f3 pos1tIve and less than y. expres­
SIOn (28) w1ll he between the values 

({3' - a')y';;; 

{3(' -a')y';;; 
2m +1 



146 WIENER 

Now, by Stirling's theorem, we have uniformly for a</" f3 </' 

(f3'-a'hlm m! 
11m m+l 
m--+ 00 2 

f3-a ( m2 )~ (m-f3vm)fJV;' =hm-- z 2 
m--+OO V27T m2-(32m m+f3vm 

f3-a m flVm fJVm 
= 11m --= (1-f32/m)2 (l-f3/vm) -2 (1+f3/vm)--2-

m--+oo v27T 

f3-a -~ = __ e 2 (30) 
V27T 

We have, then, for m sufficIently large, by combming (30) Wlth 
.an analogous theorem, 

f3-a e-f <1/2m fli: f3m(k) < f3-a/~;" (31) 

V27T • .'v,,; V27T 

Moreover, smce (30) holds uniformly, the value of m necessary 
to make (31) vahd depends only on f3-a 

Now, let us dIvide the interval (a, (3) mto the p equal parts 
(a, al), (al, a2), , (an-I, (3), and let us choose m sufficIently 
large for us to have over each mterval 

a" Vm a'k+l k+l a'k 
ak+l-ake--2-<1/2m L Bm(k) < aH;l-ak

e- T , 
V27T a'k Vm 'V 27T 

where ak' vm IS akvm If thIs IS an even mteger, or otherWlse 
the next larger mteger, and ak" V m = akvm - 2 Then we have 

n a'k+l fl'Vm 
1 LCaHl-ak)e--2-<1/2m L BmCk) 

V27T 1 ' a'Vm 
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where the value of m needed depends only on akH - ak Since e-'2 
is a decreasing function, we hence have 

where a mmimum value of m may be determined m terms of 
w·rm 

akH -ak alone In other words, 112m 2: Bm(k) converges unr 

a'V;:' 

/ormly in a and f3 to 

1 lfl x' 
v'27T a e-zdx. 

provided only a and f3 are pos1hve and smaller than '1 It 1S 
obVlous that the requirement of pos1t1veness 1S superfluous, if 
only I a I <y, 1f31 <'1 

Thls last restnctlOn can be removed In the first place 

BmC2k)/BmCk) = (m-k) I (m+k) I 
(m-2k) I (m+2k) I 

(m-2k+ 1)Cm-2k+2) 
Cm+k+1) (m+k+2) 

(m-k)k 
< m+2k 

If now k> I v'm, we have 

(m-k) 
(m+2k) 

- V- v-
Bm(2k)IB m(k) «vm-/) m «1- 1_) m <rt, 

vm+21 vm 

for k<m. If k>m, we have clearly 

(33) 

(34) 
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Hence III general, for all k> IV m, 

Bm(2nk) :2e-nl Bm(k) (34) 

It follows that by maklllg y suffic1ently large, we can make 

(35) 

where y' V m is the integer next larger than y V m and I is in­
dependent of m The result 1S that 

(36) 

umformly III m Hence if we consider 

we may first choose y so large that the d1fference III this expression 
made by replaclllg a or (3 by±y, III case they he outside (-y, y), 
1S less than e/2, and then choose m so large that w1thlll the regIon 
(-y, y), the expresslOn 1S less than e/2 That 1S, by a choice 
of malone, llldependently of a and (3, we can make (37) less than e 

Now let us wnte 

f3'Ym I 
~m+1 L Bm(k) = CPm«(3) I 

-00 ~ (38) 

1 i f3
-==- = cp(f3) I --= e 2 dx 

J V21T -00 

Clearly, the probab1lity that the max1mum amount won for any 
value of k at the end of the first km throws out of mn for V m 
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dollars each he between 0 and U W1ll be the Stleltjes mtegral 
expresSlOn 

+ 

(39) 

conslstmg of 1+ 1 +2'+3 ,+ +n' tenns If in this expre~Slon 
we substItute 4> for 4>m, It results from what we have Just said of 
the umfonnlty of the convergence of cPm to 4> that the expresslOn 
we obtam W111 be umfonnly the ltmit of (39) ThIs expresslOn wIll 
represent the chance that after n mdependent games, m each of 
whlch the chance of wmmng a sum between a dollars and f3 

1 'f!_~ 
dollars IS v'- j e.l dx, the maXImum gam mcurred lIes between 

211" a 

o and u We shall denommate thIs quantlty G (u, n), and expres­
SlOn (39) Gm(u, n), 

It is obvious from the defimtlOn that G (u, 11) IS more than 

u'v:m k=u'vrn 
1I2mnL: Amn (k) = 1/2mn

-
1 L: mn' (40) 

o k=O (mn;k) , (mnik), ' 
where u'v'nL IS the mteger next larger than uv'm. By going 
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through an argument precisely analogous to that by wh1ch (32) 
was obtained, we see that 

HencE: 
~21U -~ = - e 2ndx 

n'Tr 0 

2 u __ 

~
- x' 

G (u,n) > - r e 2ndx. 
n1rJo 

(41) 

(42) 

§6 Measure in Differential-Space. To revert to differenttal­
space, let us consider a functional Fill. 1 belllg defined for argu­
ments between zero and one, and let us see if we can frame a 
definitlOn of its average To begin with, let us suppose that F 
only depends on the values ofl for the arguments t1 <t2, <tn 
F will then be unchanged if we alter 1 to any other function, 
assumlllg the same values for these arguments - in partIcular, 
to a step-function 1.(t) w1th steps all of length 1/v, v belllg suffi­
ciently large 

Let us now call the difference between the he1ght of the kth 
step and that of the (k -l)st by the name Xk We shall then have 

F 11. I = F(j.(t1) , 1. (t2) , 

=F(X1+X2+ 

XI+X2+ 

+XTl> X1+ X2+ 

+XTn), (43) 

where Tk is Vtk if this is an integer, and otherwise the next smaller 
integer Now, the region of the space (Xl, X2, , xn) which 
corresponds to d1fferentIal-space 1S the lllterior of the sphere 

Over the interior of this sphere we may take the average of 
expresslOn (43), let 1t approach a hmit as v increases indefinitely, 
and call this hmit the average of F in dtfferential-space. 
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By the change m coordmates 

Xl+X2 + • +XT, =vT1 fl 

XTl+l + +XT, =VT2-T1 f2 

XTn_l+l + +XTn =VTn - Tn- 1 fn> 

fn+l, , f n represent coordma tes orthogonal to f 1, 

we change our sphere mto 

f12+ 
and have also 

By a transformatlOn hke (10), thIS will become 

151 

1 

I 
~ (44) 

I 
In J 

Flfvl =F(VTl p sm OJ, VT2 - Tl P cos 01 sin O2, 

The average value of thIS over our sphere is 

.. 
- v-I v-2 v-3 / " _~ dOv_1 P COS 01 COS O2 

.. .. 
l r 

dp j~ dOl, J2 v-I v-2 -i: dOv- 1 P COS 01 COS Ov-2 

.. 
j~ dOn pv-1COSv-2 0l 
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( 
- Ul 

F VTpsin I' 
'" V 

WIENER 

"if; 

1_2- d v-I v-2 UI 
"if; Unp COS --= 

-2" Vv 

(45) 

If we now consider the mtegrands m the numerator and the 
denominator for lUll < U, , I Un I < U, and let v mcrease 
mdefinitely, we see14 that 

Ul 
lim cosv

-
2 --= 

v ~oo V v 

U1 2 U n 2 

=e- 2 - -2 F(PUlVtl, 

and 

. Un 
SIn --=-

Vv 

(46) 

(47) 

umformly, provided only F IS contmuous If m addItion F van­
Ishes for I uri> U, , I Un I> U, we have for the hmit of 
the expreSSIOn in (45) 

V P"dP!:aU, 
100 dUn e- u~'_ 

U n2 

1 -2 

-00 
F(pulVtr, , pUn V tn - tn-I) 

I 

lim 
J 

v_oo l' pv-Id P 100 dUl 
100 u,' U n 2 

. dUn e- Z - . -Z 

o -00 -00 
14 Cf note 12. 
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This will be the case even 1f F has a set of <llscontinuities of zero 
measure, provided F vamshes for lUll> U, , I Un! > U, 
or even, as may be shown without dtfficulty by a limit argument, 
provided merely that IFlls bounded It follows at once that, 
under these conditions, the expression in (45) becomes 

nl°O = (27T) -2" -00 dUl . 

n 
= (27Tf2" r-n[t1(t2-t1) 

JOO dUn e - ~'- . - U2n
2 

-00 

F(rU 1V t:, . 

(48) 

to being zero. In particular, if F (YI , • • . . , Yn) is 1 when 

Y11 < Y1 < Y12 

)'21 < Y2 < Y22 

)'n1 < Yn < Yn2 

we get for the average value of F 

n 2 

exp "'" Yk 
~2r2(tk-tk_l) 

This we shall term the measure or probab~hty of region (49). 

(49) 

(50) 
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§7. Measure and Equal Continuity. Let us now consIder all 
those functlons f(t) (0.:5 t.:5 1) for which f(O) = 0 and which for 
some pair of rational arguments, 0.:5tl<t2.:51, satisfy the ine­
quahty 

I 

If (t2) - f(t1) I > ar(t2 - t1)T< (51) 

If thIs inequality is satisfied, we can certainly find an n such 
that 

while the vanation off over the mterval (k: 1, k~ 1) will exceed 

I 

ar(t2-tlf"z-< That is, the class of functIons satisfying the ine-
quality (51) is a sub-class of the class of functions for which the 

(
k -1 k ) ar <- ~ 

vanation over some mterval --, - exceeds - n 2. Now, 
n n 2 

every such functlOn must have either the dIfference between some 
. ar <_!c 

posltlve value in the mterval and ItS mlttal value exceed - n 2, 

4 
or the difference between its initial value and some negatlve value 

I ar <--
in the interval must exceed - n 2 • 

4 
To dIscuss what we may interpret as the measure of the set of 

functions (51), we may hence mvestigate the measure of the set 
of functions WhICh over an mterval of length lin depart from theIr 
initial value (for some rational argument, be it understood) by 

I 

more than ar n<-Z:. Now, if we subdIvide the interval of length 
4 

lin into m parts, each of length limn, the probability that m 
a given one of these sub-intervals the total difference between 
the initial and the final value of the functlOn he between a and f3 
is, by (50) 

V-jll mnx2 
~ e- 2r2 d _ x. 
rV217" " 

(53) 



DIFFERENTIAL-SPACE 155 

Hence the probability that the maximum dIfference between the 
value of f at the end of one of these sub-mtervals and its initial 

1 ar ,--
value be greater than - n 2 is by (42) less than 

4 

nEar 
= _n_ e-""4 

r 2V7T 
(54) 

ThIS WIll be true no matter how large m IS Hence those functions 

f for which the maXImum dIfference between f (~ + _1_) and 
n mn 

f ( ~ ) is greater than a: n'-Yo, 1 being an mteger not greater than 

m, whIch IS any mteger whatever, can be meluded m a denumerable 
set of regIons such as those contemplated in the last sectIOn, of 

nEar 
n --total measure less than --= e 4. If now we let k vary from 1 

r2V7T 
to n, we shall find that those functions whose posItIve excurSIOn in 

one of the intervals ( !!..-, k+ 1) for some ratIOnal argument exceeds 
ar 1/ n n n2 _nEar 

- n'-72 WIll have a total measure less than --= e 4 ,in the sense 
4 ~V7T 

that they can be meluded m a denumerable assemblage of sets 
measurable m accordance WIth the provIsions of the last sectIOn, 
and of total measure less than thIs amount If m this last sentence 
we replace the words " posItIve excursion" by the words " POSI­
tIve or negatIve excursion," we get for the total measure of our 
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nEar 2n 2 
set of functions a quantity less than ----= e --4-. It follows 

r 2Y7T 
that all the functions satisfymg (51) can be included in a denumer­
able set of reglOns of total measure less than 

2 00 near 

--= 2: 112 e - -4-

r2y 7T 1 
(55) 

This senes converges If a has a sufficIently large value inde­
pendent of it, as may be seen by companng it Wlth the series 

2 00 E: 

--_ "" n2 (nT
e4

, 
r 2Y7T ~ 

which converges for a sufficiently large Moreover, If (55) con­
verges for a=al, we may write (55) m the fonn 

<[ ~ fn 2 e- n:a"]eca,-:)r 
r2Y -rr 1 

(56) 

for a> al Hence we have 
2 00 _~ 

lim --_ "" n 2 e 4 =0 (57) 
" ...... 00 r2y -rr ~ 

That is, by making a in (51) sufficiently large. the functions satis­
fying (51) may be mcluded in a denumerable set of such reglOns as 
those discussed in §6, of total measure as small as may be desired. 

Let us now consider the sphere 

X1 2+ ... +xn 2 =r2, 

and on thIS sphere, a sector subtended at the center by a given 
area of the surface Let us cut off a portion of this sector by a 
concentric sphere of radius rl <r, and let us measure the volume 
of this new sector in tenns of the sphere of radIus r. Let us com­
pare the quantity thus obtamed Wlth 

n n J J C
x,'+ +xn')n 

(2-rrf"2 r -nn2 d"'l . dXn e - 2r2 , (58) 
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the mtegral being taken over the same sector. The ratio between 
these two quantittes may reamly be shown to be 

r-n(~} 1r1 n-l d 
n P P 
- 0 

7T2 

= 

US 

Smce e· '2 is a decreasing functlOn, we have 

> (n)!l.j 00 n-l _~ 
- 2 U e 2 du 
2 0 

(n) !I.-I - 'n2 
2 

(n) !'.-l - 'n2 
2 

~~~~--~--- =1 

(n)!'. en 1) ~-1 - 2 -- '2~ 
2 2 

(59) 

(60) 
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Hence if we consider a region of the sphere ~xk2=r2 bounded by 
radii and the sphere ~Xk 2 = r) 2, its measure in terms of the volume 
of the sphere ~Xk 2 = r2 is greater than its measure as given by an 
expression such as (58) In this statement we may replace the 
sphere ~xk2=rI2 by any region such that if it contains a point 
(Xl, , Xn) It contains (OXI , , OXn) (0':::: 0':::: 1), since 
such a region may be approximated to WIthin any desired degree 
of accuracy by a sum of sectors. It hence results that the measure 
of all the points m ~xk2=r2 but wtthout such a region IS less than 
the measure after the fashion of (58) of all the points WIthout 
such a region We may conclude from thIS fact and (57) that 
in the space ~Xk 2 = r 2, the measure of all of the pomts (Xl> , xn) 
such that for some k and I> k, 

I ±x./>a r(l-k)~-E 
k+l n 

(61) 

vamshes uniformly in n as a increases. 

§8 The average of a Bounded, Uniformly Continuous Func­
tiona1. Let F Ifl be a functional, defined in the first instance 

for all step-functions constant over each of the intervals (~, k~l) 
for some n, and having the following properties. 

(1) F Ifl < A for all f, 
(2) There IS a functlOn o/(x) such that 

hm o/(x)=O, 
x-o 

and 
IF Ifl-F If+gll <o/(max IgJ) 

We shall speak of the function F (Xl,. ., xn), which is F Ifn J, 
where 

k-l <t< ':.. 
n -n' 

as the nth sectwn of F Ifl. I say that for any functional F If I 
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satisfymg (1) and (2), the average of the nth section over the 
n 

sphere ~xk2=r2 approaches a limit as n increases mdefinitely, 
1 

which linut we shall term the average of F Ifl 
To begin with, let us have given a positive number 'YJ; we shall 

construct a value of n such that the difference between the aver­
ages of the nth and the (n+p)th sections of F IS always less than 
2'YJ FIrst choose a so great that the measure of the points m 
~xk2.:sr2 satisfymg (61) IS for all n less than 'YJ/2A Next find 
a number ~ so small that 

(62 

DIvIde the mterval (0, 1) mto portions of WIdth no greater than 
~, and let tI, , tm be the boundaries of these intervals Let 

and let 
Glfl =FltfJl 

Form the average of G as in §6, and let n be so large that this 
average dIffers from the average of 

+XTl' Xl+X2+ +XT2' 

Xl+X2+ +XTm)15 

by less than 'YJ/4 Then lt is Immediately obvious that the dIffer­
ence between the averages of the nth and the (n+p)th sectlOns 
of F is less than 2f In other words, the average of a functlOnal 
satlsfymg (1) and (2) necessanly eXIsts 

An example of such a functlOnal is 

1 

1 + 11 [f(x) J2dx 

Another method of defimng the average of a bounded, uni­
formly continuous functlOnal F IS as 

(63) 
15 Cf (43) 
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There IS no partIcular difficulty in showing the eqUIvalence of 
the two definitions with the aId of (57). A fuller discussIOn of 
this defimtIOn of the average of a functional IS to be found III the 
papers of the author WhICh have been already cited It is easy 
to demonstrate, as the author has done, that the dIvIsion Illto 
parts that are exactly equal plays no essentIal role in definition 
(63), and can be replaced by a much more general type of division 

For the average of FIJI as here defined, we shall wnte 

Ar{F) (64)' 

§9. The Average of an Analytic Functional. Let Flfl be a 
functIOnal such that 

(1) Given any positIve number E, there is an increasing 
functIOn A(E), such that If 

max If(t) I <E, 
then 

I FIJI I <A(E) 

(2) GIVen any positIve number E, there is a function cp(x) 
such that 

hm cp(x) =0, 
x-o 

whIle if 
max If(t) I <E, max Ig(t) I~E 

then 
I Flfl-Flg] I <cp(max If-gl) 

Let.us wnte 

F H If I =F If I for max lJ(t) I <H 1 
F H If I =F \ f(H) I for max If(t) I > H I (65) 

max lJ(t) I 
F H If I is clearly bounded and uniformly continuous, and as such 
comes under the class of those functionals which have averages 
in the sense of the last paragraph. 

Let us define for any functIOnal Glfl the functIOn G(Xb ,xn) 

as III the last paragraph, and let us wnte Ar n { F) for the average 
of F (Xl, , Xk) over ~xk2=r2. Let Hand K> H be any 
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two positive numbers Clearly by (42) and the argument whIch 
follows (60), the set of functIOns for whIch max IJ(t) 12: H can 
be enclosed over ~xk2=r2 in a region of measure 

Hence 

y2 

e- 2r' dx A(K) (66) 

In particular, if e::;'1 

IA/{FH} -A/{FH+O}I <~~ 2 (00 e- 2::dxA(H+l) 
r 7T J H 

Hence If K - H <m, m being an integer, we have 

IA/{FH }-Arn{FK}1 <i ~ 2 t 100 
e-;;' dx A(H+i+l). 

r 7T 1 H+. 

It follows that If 

then 

A(p+l) 100 

e--f. dx 
hm 

P->OO A(p) 1'" e- ;:, dx 
p-I 

<1, 

hm I A,n { F H } - A,n { F K } I = 0 
11->00 

(67) 

(68) 

(69) 

umformly in nand K ThIS wIll be the case, for example, if A(p) 
lS a polynomIal In p, or IS of the form aP• Under these circum-
stances 

hm A,n {F} = hm lim Arn{ F H} 
n--+OO n--+oo H--->o>oo 

= lim hm A,n { F H } = hm AT { F H } 
H~oon~oo H~oo 

(70) 
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exists. We shall call this quantity Ar { F } There is no difficulty 
in showing that fonnula (63) holds in this case also. 

Now let us have an FIJI of the fonn 

FIJI =Il(.+ l~l(t)J(t)dt+ 

., 

(71) 

given that 

A(u) =ao+u 11/ K 1(t)/dt+ 

+un 11 dtl . . 11dtn/ Kn(tb . (72) 

eXIsts for all u and satisfies (68). Then if 

maxJ/(t)/ <B, 

we have as an obvious result that (1) at the beginning of this 
section IS satisfied Moreover 

x { [max I G(x) I +max IJ(x) - g(x) I r - [max 1 g(x) 1 r} 
(73) 
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If max I/(x) I < B, and max I/(x) - g(x) I < e, 

00 11 IFI/I-Flgl!'-:: L [(B+er-Bn] dth 
1 0 

< ten(B+er-l11dtl ··11dtnIKn(tl' ,tn)1 

(74) 

Senes (74) converges for all e, smce senes (72) has a convergent 
denvative senes Hence condItion (2) may be proved to be 
satIsfied In other words, Fill has an average m the sense of 
this paper 

ThIs result may be much generalized without any great diffi­
culty It may be extended to functlOnals contammg StIeltJes 
mtegrals such as 

(75) 

proVlded 

00 11 A(u)=ao+ Lun 
1 0 

(76) 

eXIsts for all u and satisfies (68) This class of funct10nals mcludes 
such expres<;lOns as 

111111 [j(tl)]m [j(t2)ln l!(taW K(tl' t2, ta) dtl dt2 dta 

16 Cf Damell, Functwns of Lzmzted Vanatwn zn an Infimte Number of 
D~menswn, Annals of Mathemattcs, Senes 2, Vol 21, pp 30--38 . 
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On the other hand, A(u) in (72) may be replaced by 

ao+V;; ~ 11

[Kl(t))2dt + 

(77) 

the K's bemg all summable and of summable square, and by the 
use of the Schwarz inequahty, (1) and (2) may be deduced 
Again, we may under the proper condItIons concerning 4> show 
that 

4>(FdJJ. (78) 

has an average m the sense of thIS paper, If Fl , , Fn are 
such functionals as we have already described. 

I here W1sh to dIscuss only such a functional as 

FIJI = 11 11(f(tl)t' (f(t.W· K(tb .. tJ dt . dt. 

The average of this functional wIll be the hmit as n increases 
indefinitely of 

t (27T) -i-r- nn-i-l: dXl 
k. =1 

(Xl + +XkJ'" 

- -n n 

l:dtl 

tl (tl+ t2)1'2 
k, 

r n dt
l }k,-l 

n 
-

n 

, t.) 

(80) 
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because of (63) ExpresslOn (80) clearly approaches the lim1t 

l1dtl 

proVlded that K is of hmited total variation This agrees with a 
defimtion already obtamed by the author 17 

§10 The Average of a Functional as a Daniell Integral. 
Daniell18 has discussed a generalized definitlOn of an integral in 
the following manner he starts with a set of functions f(p) of 
general elements p He assumes a class To of such functions 
Wh1Ch 1S closed w1th respect to the operatlOns, multiplication by 
a constant, add1tion, and takmg the modulus He also assumes 
that to each f of class To there corresponds a number K, inde­
pendent of p, such that 

If(p) I <K, 

and that to each f there corresponds a finite "mtegral" U(j) 
having the properties 

(C) 

(A) 

(L) 

(P) 

If 

Uc(f) =c U(j), 

h > 12 > >O=hmfn, then 

hm U(fn) =0, 

U(f) ~O 1f f>O 

There is no difficulty m showing that if To be taken as the set 
of all functlonals F such as those defined by (1) and (2) of §8, 
and the operator Ar is taken as U, all these cond1tions are ful-

17 The Average of an A nalytfc Functwnal, p 256 
18 Damell, p. 280 
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filled save poss1bly (L) I here wish to d1scuss the questlOn as to 
whether (L) 1S fulfilled 

Let 1t be noted that (L) mvolves the knowledge of those entltles 
which fonn the arguments to the members of To Up to thlS 
pomt we have regarded the arguments of our functlOnals F as 
step-functions However, 1f Flfl 1S a bounded, umfonnly con­
tmuous functional of all step-functlOns constant over every mterval 

( k ~ 1,~), it may read1ly be shown that 1f f 1S the umfonn hm1t 

of a sequence of such step-functlOns fn, then lim F lin I exists, is 
independent of the partlcular sequence fn chosen, and is bounded 
and umfonnly contmuous We shall call th1S hm1t F Ii I Th1s 
exten,slOn of the arguments of F does not v1tiate the vahd1ty of 
any of the Danliell cond1tlons In fact, no cond1tion save posslbly 
(L) 1S v1tlated 1f we then restrict the arguments of our functlOnals 
of To to contmuous functlOns f(t) such that f(O) =0 

We Wlsh, then, to show that1f FI >F2 > >O=hm Fn , for 
every f that is contmuous, then 

hm Ar{ Fn} =0 

Let us notice that 1t follows from (50), (55) and (63) that 

(82) 

where Sa is the set of all functlOns f for which for every tl and 
t2 between 0 and 1, 

If(t2) - f(t l ) I <ar (t2 - tl ) 'ire. 

By (57), the first tenn in (82) can be made as small as we please 
by takmg a large enough Accordmgly, we can prove (L) 1f we 
can show that for every a, the set of functlOns ~n consistmg m 
all the functions f m Sa for wh1ch F n If I >TJ can be made to become 
null by making n large enough, whatever TJ may be We shall 
prove this by a reductlO ad absurdum 
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~n IS m the language of Frechet an extremal set, m that It IS 
closed, eqUlcontmuous, and umformly bounded 19 Hence eIther 
all the ~n's from a certam stage are null, or there is an element 
common to eyery ~n 20 Let this element be f(t) Then for all n, 
we have 

Fnlfl~1J (83) 

ThIS however contradIcts our hypothesIs 

Our operatIOn of takmg the average IS hence a Daniell integra­
tIon, and as such capable of the extensIOns whlch Damell develops 
Damell first proves that If fl~f2~ is a sec"ucnce from To, 
then the sequence U(jn) IS an mcreasmg sequence, and hence 
eIther becomes posItIvely mfimte or has a limIt If then f = hm fn 
eXIsts, Daniell defines U(f) as hm U(fn), and says thatf belongs 
to Tl Our Tl WIll contam all the functIOns dIscussed m §9, and 
It admits of an easy proof that the defimtIOn of AT { F} m §9 
accords WIth the defimtIon arismg from the Daniel extensIOn of 
AT whenever the former defimtIOn is apphcable Daniell then 
defines for any functIOn f the upper semI-mtegral U(f) as the 
lower bound of U(g) for g m Tl and g>f He defines r;(j) as 
- [T(-f), and U(f) as r)(f) If U(j)= U(f)=fimte,fbemg then 
called summable All these extensIOns are apphcable to our 
average operator An as IS also Dall1ell's theorem to the effect 
that If fj, , fn, IS a sequence of summable functions 
WIth hmItf, and If a sumrnable function c/> exists such that Ifn I <c/> 
for all n, f IS sumrnable, lim U(jn) eXIsts and = U(j) 

It may be shown from theorems of Damell that if the measure 
of a set of functIOns be held to be the average of a fUnctIOnal 1 
over the set and zero elsewhere, and the outer measure the upper 
semI-average of a functIOnal lover the set and zero elsewhere, 
then the defimtIOn in §6 will comcIde WIth thIS whenever it is 
applIcable §4 may be mterpreted as saymg that the measure 
of the set of functIOns for whIch the non-d fferentlablltty coeffiCIent 
dIffers from r by more than E is zero, and §7 as saymg that the 
outer measure of the functIOns satIsfymg (51) IS less than (55) 

19 Sur quelques powts du calcul fonct1Onnel, Rend Clr Math dl Palermo 
Vol 22, pp 7, 37 

20 IbId, p 7 
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§11. Independent Linear Functionals. Let us consIder a 
functional 

F If I = cf>(l~(x)f(x)dx, lQ (x)f(x) dx ), 

K and Q bemg summable of summable square, and cf> bemg 
bounded and umformly contmuous for all arguments from 
- 00 to 00. We then have 

nIt l~I K(x)dx l~p(x)dx 
=cf> J L: Xk f_ K(x)dx, Inn 

l I Jk~ I t LL~ K(x)dx J 
I -

n 

" e 
X LXkJk_I K(x)dx 

I - n 

nit 1: J\:(x)dx 1: Q(x)dx 

+ L: Xk[1_1 Q(x)dx - 1 n n ' 

1 n t [1>{(X)dX T 
1 - n 

1
1 ) 

X k-1 K(x)dx J f 
n ) 

"11 11 L: K(x)dx Q(x)dx 

l in [ [1 J" 1 k-l k-l 
=cf> ~ ~ ~ Jk-l K(x)dx -, ~ :: 1 n 2 

n ,I~ [i1 K(x)dxJ 
n 
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+'YJ 

n e 11 ) 
n 1 [2: }k-l K(x)dx k_P(x)dx T I 

'""'[1 J" 1 - - ) 
~ Q(x)d'r -_ n n , 

1 k-l 2:n [11 - J2 n I\. (x)dx 
, k-1 

1 - n 

~ and 'YJ being two orthogonal umt functlOns As'YJ mcreases, the 
arguments of ¢ approach umfonnly 

and 

~ 1'111 K(x)dx 11Q
(X)dX }x 

~ 11 [1 1 

K(x)dx TdX 

[

1 11 2 [lTl 1 K (x)dx jlQ(X)dX }x ] 2 

[ Q(x)dx J dx- 1'1[11 J2 . 
,Ox K(x)dx dx 

, 0 x 

If in partlcular 11 K(x)dx and 11 Q(x)dx are nonnal and 

orthogonal, 

" " 1212 COSn-lOI COSn-2 02 ¢(sm OJ, sm (2) dOl d02 

Ar{F}= lim _--::....2_--=.2 ___________ _ 
n ---+ oo~ 7r 1T 1212 COS"-lOI cOSn-2 02 dOl d02 

-2 -7 

(84) 
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That is, the average of F w!th respect to f can be obtamed by 
first formmg the average with respect to f of 

q{l~(x)f(x)dx, l IQ (X)g(X)dX). 

then formmg the average of this average with respect to g, and 
finally puttmg f = g A sImIlar theorem can be shown by the 
same means to hold of 

cp( 1~1 (x) f(x)dx, 

m case the set of function{lIKk(x)dx] is normal and orthogonal. 

If now cp IS not a bounded function, but is merely umformly 
contmuous over any fimte ranges of its arguments, and 

eXIsts, It may be proved by a simple hmit argument that (85) 
represents the average of 

§12 Fourier Coefficients and the Average of a Functional. 
The functlOns 

- v"2 sin n7TX = ji n'TTv"2 cos n'TTX 

form a normal and orthogonal set. Accordingly if we have a 
functlOnal 

of the function 
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1tS average w1ll be 
n 

1
C>:J _ ~Xk' (Xl 

-C>:J dXn e 2r' 1> 7T' , Xn) (86) 
7Tn 

prov1ded th1s eX1sts and 1> 1S contllluous, or even prov1ded 1> 1S 
a sum of step-functlOns In part1cular 1f F I/(x) I = 11f am 2+ 
+an

2+ 2:. a2 and zero otherw1se, 1tS average will be less 
than the average of a functional wh1ch is 1 1f for some k between 
m and n lllcluded, 

and zero otherwise The upper average of th1s latter functlOnal 
1S by (86) not greater than 

(87) 

for m suffiClently large, where 
a.". 

( i -~) t L=e I
J >1 

Senes (87) converges Hence as m lllcreases, the measure of 
the set of functions for wh1ch am

2+ +an
2 + > a2 

approaches zero 
In this demonstration, we have made use of several theorems 

of Damell which it d1d not seem worth while to enumerate in 
detatl They may all be found III his dIScussIon of measure and 
llltegratlOn 21 

21 Damell, loc CIt. 
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Let us now consIder a bounded functIOnal F If I that IS uni­
fonnly contmuous in the more restrictlve sense that for any 
positlve YJ, there IS a posltlve fJ such that 

IF If I - Fig II < YJ 

whenever 

11 [jet) - get) j 2dt < fJ 

Let F If I be mvanant, moreover, when a constant is added to f 
It wIll then be possIble to wnte F Ifl m the fonn 

), 
where 

, an, 0, 0 . )-</JCal, ) I <YJ 

whenever 

Hence 

1 [00 
IAr{F)---!! dXl, 

(27Tr 2)2' -00 

Xn 0 ,-, ,0, 
7Tn 

)[ < YJ+2 max IFIM(fJ) (87) 

where M(fJ) is the outer measure of all the functions for which 
00 

l: ak 2> fJ N can, as we have seen, be made arbltranly small by 
n+l -

making n sufficIent y large It can hence be shown that 

Xn 
-,0,0, 
7Tn ) (88) 
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Th1s theorem may be estabhshed for the more general case of f 
functlOnal F wh1ch is umformly continuous for all functlOns a 
for which 

l\f (X)]2 dx< e, 

whatever e may be, and for whlCh there 1S an mcreasmg t/J (u) 
such that 

wh1le 
00 

2: t/J(n+l)[M(n+l)-M(n)] 
1 

converges 
N ow let us cons1der a functlOnal of the form 

Flfl = H .. ( Xl7T_) 
rv2 

H (llxn::) 
'n rv2 ' (89) 

where the H's are any set of Herm1te polynomIals correspond­
mg to normahzed Herm1te functlOns If Glfl 1S another such 
functlOn, 1t is easy to show that 

Ar {FlflGlfl 1=0, (90) 

and to compute 

Ar{Flfl}2 (91) 

N ow let us arrange all these functlOnals m a progression {F n } 

It follows from theorems analogous to those fam1har m the ord1-
nary theory of orthogonal functlOns that 1f Glfl is a contmuous 
functton 1> of ai, , an for whlCh expreSSlOn (86) eX1sts, then 

~ F If Ar{ FklflGlfll 
-ft k IV \ ArFklfl ) 2 

(92) 

converges m the mean to Glfl m the sense that 1f Gnlfl 1S 1tS 
nth partial sum, 

lim A,\Glfl-Gnlfi }2=0 (93) 
n ....... oo 
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WIth the aId of generahzatIOns of famlhar theorems concernmg 
orthogonal functIOns, It may be shown that thIs result remam& 
vahd If {G If I } 2 fulfils the cond1tIOns la1d down for F m (88), 
and G does hkeWIse The functionals (89) are then in a certam 
sense a complete set of normal and orthogonal functIOns 

One final remark By methods whIch exactly duphcate §4, 
It can be shown that the set of functIOns f for whIch it 1S not true 
that 

(94) 

IS of zero measure, whatever E ThIs suggests mterestmg questIOns 
relatmg to the connectlOn between the coeffic1ent of non-dlffer­

n k2ak2 
entlablhty of a functIOn and hm ,,-- . 

n~oo L:...t n 
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