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Chapter 1

Introduction

The first chapters focus on a Gaussian model formed with the product space R™ equipped
with the Gaussian probability measure v, = 7{". It allows explicit computations. It
appears asympotically in other models due to the central limit phenomenorE], in particular
from spheres and from cubes, both equipped with the uniform measure. In a way -, plays
the role of a uniform measure on R".

The standard Gaussian measure 7y, on R” has expectation 0, covariance the identity
matrix [,,, and density with respect to the Lebesgue measure given by

z — (2m) "2 e~ lel*/2

1/2
where |z| = (Zzgn $?) denotes the Euclidean norm.
Let U,, be the uniform distribution on the unit sphere {s € R" : |s| = 1}.

Theorem 1.1 (Polar factorization of spheres). If X = (X1,...,X,) ~ v, then

/ X
are independent, with | X |> ~ x?(n) and X/|X| ~U,. Conversely if R and U are indepen-
dent with R* ~ x%*(n) and U ~ U, then RU ~ ~,.
Proof. Follows from e~ 1# /24y = e=*/2pn=1drdy where z = ru. O

The following result, known as the Borel or Poincaré observation, states that one can see
the standard Gaussian as a the projection of the uniform distribution on high dimensional
spheres with radius equal to the square root of the dimension.

Theorem 1.2 (Central Limit Theorem for spheres). If U, ~ U, for any n > 1, then for
any fized k > 1, proj(y/nUy,, R¥) — 3 in law as n — oo.

Proof. Let (Xy),>; be independent and identically distributed random variables with law
~1. By the preceding theorem and the strong law of large numbers,

(Xla"'an) E)

proj(v/nUn, R*) £ /n (X1, o, Xk) ~ .

O]

Hf X 1, X2,...arei.i.d. real random variables with zero mean and unit variance then % converges
in law as n — oo to the standard Gaussian distribution.
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Definition 1.3 (Variance and entropy). If f is a square integrable function with respect
to v, then its variance is

Var,, (f) = /R” 2 dy, — (/Rnfd%b)Q = Var(f(X)) where X ~ ~,.

If f is a non negative function, integrable with respect to ~,, then its entropy is

Ent,, (f) Z/Rnflogfdvn— (/Rnfdvn> log (/Rnfd%,)-

The function flog f may not be integrable, but since the function xlogx is bounded
from below, the integral of flog f always makes sense in R U {+o0}.

Remark (¢ entropies). One can define a more general object: Given a convez function ¢
on an interval I C R the ¢p—entropy of f : R — I is

B8, = [ oo ([ ran).

We recover the variance for ¢(x) = 2% and I = R and the entropy for ¢(x) = xlog(z) and
I =R,. By Jensen’s inequality, a ¢p—entropy is always non negative, and if the function ¢
is strictly convex, which is indeed the case for x* and xlog(z), then the ¢—entropy only
vanishes on constant functions.

The Poincaré inequality for the Gaussian measure states as follows:

Var, (N < [ VP o,

while the logarithmic Sobolev inequality reads

1 V£?
Ent’}’n(f)gi R'ﬂ’ J.cf’

We will explain in the sequel why these are interesting inequalities and how they are related
to the Ornstein—Uhlenbeck process and its numerous properties.

dvy,.

1.1 Generalities on Markov processes

In this section, we give a very brief recap on Markov processes. We give the main definitions
alongside with a couple of very basic properties.

Let E be a set and B be a o-field on E. A process (X;) taking values in E is said to be
Markovian if for every t > 0, the conditional law of (X;)s>¢ given F; = 0(Xs<;) coincides
with the law of (X;)s>¢+ given X; and with the law of (X;)s>0 given Xo. We associate a
semigroup to the process (X;): Let

Py f(x) = Eo[f(Xy)]

for every bounded and measurable function f, for every t > 0, for every x € F, and where
E. denotes expectation given Xy = x.

Proposition 1.4 (Markov semigroup). For every s,t > 0, we have

(i) Psyy = Pso Py;
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(ii) If f > 0 then P,f > 0;
(ii) P1=1.
We say that (P;) is a Markov semigroup.

Proof. Since (X;) is a Markov process and by definition of P;

E[f(Xert) | Xs} = Ptf(XS)

Taking expectation again we get

Pyyif(z) = Ps(Pf) (),
which is the first property. The other two properties are obvious from the definition. [

The semigroup (FP;) also acts on measures through the duality

[ sdwr) = [ Prdu

If i1 is a probability measure, this has a probabilistic interpretation: pP; is the law of X;
under P,,, in other words the law of X; when Xy has law p.

Definition 1.5 (Stationary measure). A measure p is called stationary if uP; = p for all
t, in other words if

[ Psdu= [ rdu vizo
E E
for every bounded and measurable f.

Remark. If u is a probability measure, this can be reformulated as
Xo~p = Xp~p, VE>0.
Stationary measures have the following fundamental property.

Lemma 1.6 (Contractivity). If u is stationary then P, extends to a continuous operator
on LP(u) for any p € [1,00]. Moreover P; is a contraction:

||Ptf||p S ||f||p7 VP € [1700]3 vf € ]Lp(/‘b)

Proof. Let f be bounded and in LP(u). By Jensen’s inequality we have |P.f|P < P,(|f|P),
pointwise. Integrating and using stationarity we get

/E PfIP A < /E P(|f17) du = /E FIP dp.

Since bounded functions are dense in LP(u) this is the result. O

It is pretty clear from the semigroup property, that (P;) is completely determined by
its behavior when t tends to 0. For this reason, it is natural to try and differentiate P; f at
t = 0. For functions f such that

P.f—
%5% tft : (1.1)
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exists (let us not specify in what sense at this stage) we let Lf be this limit. The operator
L is called the generator of the semigroup P:;. Then using the semigroup property and
assuming that P; is continuous for whatever topology was considered at (1.1)) we get

s—0

So P, and L commute.
Let us give a last definition before moving on to the particular case of the Ornstein—
Uhlenbeck semigroup.

Definition 1.7 (Reversible measure). A measure p is called reversible if

| pgdu= [ s(Pg)d
E E
for every bounded and measurable f,g.

Remarks. Reversibility is stronger than stationarity (just take g = 1). Reversibility also
has a probabilistic interpretation, a probability measure u is reversible if and only if

XO ~ = (X(),Xt) ~ (Xt,Xo), Vit > 0.

At the level of the generator reversibility reads
[@ngdu= [ srgau
E E

In other words L is a symmetric operator on L?(u).

1.2 Ornstein—Uhlenbeck semigroup

Let (€2, A,P) be a probability space equipped with a filtration (F;) carrying a standard
n—dimensional Brownian motion (B;). We consider the following stochastic differential
equation

dX, = \V2dB, — X, dt. (1.2)

Recall that a process (X;) is a solution to (1.2) if (X;) is adapted to the filtration (F;) and
if
t
X, = \@Bt—/ X,ds, Vt>0
0

almost surely. Note that this imply implicitly that the integral above should be well defined,
so we should have

t
/ 1X,|ds < 400, Vi >0,
0
almost surely. Actually (1.2]) can be solved explicitly. Indeed it implies that
d(e'X;) = e!dX; + ' X;dt = V/2e! dB;.

Hence '
Xi=e'Xo+V2 / e*"tdB,. (1.3)
0
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Conversely, if (X;) is defined by (1.3]) then it clearly satisfies all the previous requirements.
We claim that (X;) is a Markov process. Indeed, an easy computation shows that

t ~
Xips=e ' Xs4+V2 / e tdB,
0

where Eu = Bgyy — Bs. Since B is a Brownian motion independent of F; we obtain that
the conditional law of (X¢ys)i>0 given F coincides with that of an independent OU process
(X,) initiated from X,.

Let (P,) be the associated semigroup. Note that v/2 3 et dBy is a Gaussian vector
centered at 0 and having covariance matrix

t
2 (/ e?(s=t) ds) I, =(1—e*)1,.
0

Therefore if Xg = x then X; ~ N (\/pz, (1 — p) I,,) where p = e"?!. We thus have the
following expression for P, f, called the Mehler formula.

Lemma 1.8 (Mehler formula). For every test function f and every x € R"

Fif(x) = /Rn f (Voz +VI=py) aldy)
= f * gl*p(\/ﬁx)a
where p= e, and g1_, is the density of the N'(0, (1 — p)I,,) law.

Remark. The semigroup property Psyy = Pso P, is easily retrieved using convolution
properties of the Gaussian density.

Lemma 1.9. The standard Gaussian measure is reversible for (P;).

Proof. Let p = e~2!. From (1.3) we see that if X is a standard Gaussian vector then the
couple (X, X;) is Gaussian on R?" with expectation 0 and covariance matrix

[ )
Vveln I '
In particular (Xo, X;) = (X4, Xo), in law. O
Lemma 1.10. For any initial distribution u, we have Xy — 7y, in law.
Proof. Let G be a standard Gaussian vector independent of Xy. We have seen that
Xt =+pXo+ MG, in law.

If t - 400 then p — 1 and
VpXo+V1-pG—G

almost surely. Hence the result. O
Corollary 1.11. ~, is the only stationary distribution of the process.

Proof. Let p be a probability distribution satisfying uP; = p for all t. Taking the limit as
t — oo yields p = vy,. O
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Now we compute the generator of the Ornstein—Uhlenbeck semigroup. Observe first
that the path (X;) of the Ornstein—Uhlenbeck process is almost surely continuous. For
every t we have lim,_,; X; = X; almost surely, hence in law. Therefore for every fixed x
and continuous and bounded function f we have lim,_,; P;f(x) = P,f(x). In other words
the map ¢ — P,f(z) is continuous. We now investigate its differentiability. Let C? be
the space of twice continuously differentiable functions which are bounded with bounded
partial derivatives of order 1 and 2.

Lemma 1.12 (Infinitesimal generator). Let f € C? and let
Lf(z) = Af(z) = (Vf(z),z).
Then for every x € R™ we have
= Lf(x).
Actually for fized x in R™ the map t — P,f(x) is continuously differentiable and

O Fif(x) = R(Lf)().
Lastly, P; preserves the class C* and commutes with L, namely L(P;f) = Py(Lf).

lim
t—0

bif(z) — f(=)
t

Proof. By definition of (X;) and applying It6’ formula we have
F06) — 1000) = [ 19705, %)+ [ Af(x)as
_/ (VF(X,),V2dBs — Xods) + Af(X,)ds (1.4)
=2 / (Vf(Xs),dBs) + / Lf(X

The hypothesis made on f imply in particular that (|V f(X¢)|) is bounded. So the stochastic
integral of the previous equation is a martingale. In particular it has expectation 0. So
taking expectation with respect to P, in (1.4]) yields the “Duhamel formula”

Pf(x / P(Lf)(a

Since Lf is continuous and bounded, s — Ps(Lf)(z) is continuous and we get the first
part of the Lemma. The fact that P, preserves C? is clear from Mehler’s formula, and we
have explained why P; and L commute in the previous section. ]

Remark. The formula for the generator L can also be derived directly from the Mehler
formula using a Taylor formula or the fact that g, solves the heat equation (we speak about

the heat kernel): Ovgr = %Agt. We used the SDE (1.2)) and Ito’s formula instead because

this proof extends to processes whose semigroups do not have an explicit expression.

Observe that if f and ¢ belong to C? then so does their product fg. Then an easy
computation shows that

L(fg) = (Lf)g + f(Lg) + 2(V [, Vg). (1.5)

Lemma 1.13 (Integration by parts formula). For f and g in C* we have the following
integration by parts formula

/Rn(Lf)gdvn = _/Ran’ Vg) dyn.
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Proof. By dominated convergence, for f, g € C?> we can differentiate at ¢t = 0 the equality

/ (Ptf)gdvnz/ f(Pig) dyn.
R™ R
and get
/ (Lf)gd%:/ f(Lg) dyn.
R™ R7

In the same way, we have

- L(fg) dy = 0.
Plugging in (|1.5)) and using the previous equality, we get the result. O

For a general Markov process having generator L the operator

O(f,9) = 5 (E(fo) ~ (Lf)g ~ f(Lg))

is a fundamental object called carré du champ (even in English). The above proof shows
that if there is a reversible measure p we will have

—/(Lf)gduz /F(f,g) dp
for every f, g in the appropriate space. This quantity is called the Dirichlet form (this is
general notion of quadratic forms for unbounded operators).
1.3 Poincaré and logarithmic Sobolev inequalities

Lemma 1.14 (Semigroup expression of entropies). Let ¢ : I — R be convex and C* on an
interval I C R and f: R™ — I be C2. Then

“+oo
£ (0= [ [ 6" BHIVASE ddt. (16)

Proof. Let us give a formal proof first. Let us define, for all t > 0,

aft) = [ o(P) .
We have «(0) = /(b(f) dvy and

lim «t) = /R lim ¢(P,f)dy, = ¢ </]R" fd7n> .

t——+o00 n t—4-00

Therefore
Ei’n(f) = a(0) — a(+00).

Now using chain rule and integration by parts we get
()= [ oo = | SBNHLRS .
=~ | (VBN VRS v,
=~ [ S PHIVRIE

hence the result. Now we let the reader check that every step of this argument is valid
if f belongs to C? and takes values in some interval I on which ¢ is twice continuously
differentiable with bounded derivatives. O
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Lemma 1.15. If f is smooth with bounded derivative then

VP f(z) = e P(V)(z)
Remark. P,(Vf) is defined by extending P, to R"—valued function coordinate wise.
Proof. This is a clear consequence of Mehler’s formula. O

Corollary 1.16. Under the same hypothesis, the following inequalities hold true

VB f? <e 2P(Vf]?) (1.7)
\v]zjtﬂ? “ep <VJ{P> | (18)
t

Proof. By the previous lemma and Cauchy—Schwarz we get
VP[P = e PV <e PV

which is the first inequality. Using Cauchy—Scwharz in a different way:
\Y 2 Wik
Pt(é\/?) SPt<| /| )Pt(f)-

f
yields the second one. O

[P(VI? =

Theorem 1.17 (Poincaré inequality). For every function f whose gradient belongs to
L2(7,) we have

Var, (1) < [ VIR

Exercise (Optimality). Check on affine functions f(x) = (x,u) that the inequality is
sharp.

Proof. Clearly, if f belongs to C? and ¢(z) = 22, equality (1.6 applies and we get

+oo
Var, (=2 [ [ IVAsEd,.
0 R
Moreover, by (1.7)) and stationarity
L VPSR < [ RVIR Ay = [ |95R v,
R" R" R”

Plugging this back in the previous equality we get the result, at least when f is in C2. [

Theorem 1.18 (logarithmic Sobolev inequality). Let f be a non negative, C'—smooth,
integrable function. The following inequality holds true:

1 VfI?
But,, (1) < 5 [ P

dyp. (1.9)

Exercise (Optimality). Check on functions f of the form f(x) = e for some vector u
in R™ that the inequality is sharp.
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Proof. Assume that f is in C? and satisfies f > € for some positive e. Then we can
apply (1.6) with the function ¢ = xlogx. We obtain

+00 VP 2
Ent%(f):/o /n‘ Ht}ﬂ drydt

Then using (|1.8]) and stationarity, we get the result. O

Let us conclude this section by showing that the Poincaré inequality can formally be
derived from the log-Sobolev inequality. Let A be a bounded, C'-smooth function. If € is
small enough then 1 4+ €h is non negative. Since

t2
(1+t)log(l+1t) =t+ 3+ o(t?)

as t tends to 0 we easily get

2
Ent,, (14 ¢€h) = % Var,, (h) + o(€?),

where Var,, (h) denotes the variance of h under the Gaussian measure:

2
Var,, (h) = [ h?dy, — < / hd%> .
R R"”

Similarly

’V(l‘*‘ﬁh)\Q 2/ 2 2
WUETEN 4y = B2 dv,, .
[ d = [ VR dy +ofe)

Therefore, applying (1.9)) to the function f = 1 + eh and sending € to 0, we obtain the
Poincaré inequality for h.

Remark (Alternative proof). Let us give an alternative proof of the Poincaré and loga-
rithmic Sobolev inequalities. Fiz t >0, x € R, f: R4 — I, and define

s € [0,t] = B(s) = P(d(Pr_sf)) where ¢(x)=2> or ¢(zx)=xlogz.
Note that we dropped the x in the notation, namely Ps(-) = Py(-)(x). We have
B(t) — B(0) = Pu(6(f) — 6(P.f) =B}, (f).
Here Py(-) = Pi(-)(z) is a probability measure defined by Ep, () (f) = Pi(f)(x). On the

other hand, setting g = P,_sf, a computation reveals that
B'(s) = Ps(L(¢(9)) — Lg¢'(9))-
Now a direct computation gives L($(g)) — Lgd'(9) = ¢"(g)|Vg|?, and thus
B'(s) = Pu(¢" (PisS) IV Pi—sf ).
Mehler’s formula gives the sub-commutation |VPs_gf| < e~ =) P,_(|Vf|) and therefore
B'(s) < eI P (Pros ) Pies(IV 1)),
Jensen’s inequality for the convex function (u,v) — ¢ (u)v? gives

¢"(Pi=s[)P—s(IVf)* < P—s(&"(HIV F*).
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Therefore, we obtain

B'(s) < e 2P ()IVIP).
By integrating on [0,t] we get that for any t > 0 and x € R, the probability measure
P,(-)(z) = N(we™t, 1 — e72%) satisfies, for any C* test function f,

1—e 2

Pi(o()(x) = (P (f)(x)) < TPt(cb"(f)\VfIQ)(w)-

in particular a Poincaré and a logarithmic Sobolev inequality with constants (1 — e and
(1 —e2t) /2 respectively. By sending t to infinity or by using a translation and a dilation we
can get these inequalities for ~, = N (0, I,,) with (optimal) constants 2 and 1 respectively.

—2t)

1.4 Convergence to equilibrium
We have seen that X; — 7, in law as t tends to +00. We shall see now that the Poincaré
inequality and the logarithmic Sobolev inequalities allow to quantify this convergence.
Theorem 1.19. For every f € L2(v,) we have

Var,, (P.f) < e *Var,, (f).
For every non negative integrable f we have

Ent., (P, f) < e *Ent., (f).
Proof. Let a(t) = Var(P,f). By stationarity

2
o)) = [ (s an, ([ fan)
As we have seen before

o) =5 ([ @) =2 [ [wAsPay,

So applying Poincaré inequality to P.f we obtain o/(t) < —2a«(t) for every t > 0. By
Gronwall’s lemma we get a(t) < e 2!a(0) which is the first inequality. For the second
inequality, let

B(t) = Ent, (Pf)
and observe that the logarithmic Sobolev inequality yields f'(t) < 26 which gives the
result by Gronwall’s lemma. Note that the decay takes the form e CPI for the variance

and e ‘LSI for the entropy, with cpr = 1 and cp,g1 = 2 here for ~,,. O
Lemma 1.20 (Partial differential equation). For any t > 0, let p; be the law of X;. If po
has density ho with respect to vy, then p; has density hy = P (ho) with respect to vy, where
Py is the transpose of Py in L2(7y,). Since 7, is reversible, P} = P, and

8tht(£13) = 8th(h0) = LPt(h()) = Lht(l‘> = Axht(l') — (Vxht(x),:@
How about densities with respect to the Lebesque measure? If o, is the density of vy, with

respect to the Lebesque measure, then py has density g = hypy, with respect to the Lebesgue
measure, and is solution of the Fokker-Planck partial differential equation given by

Ogt(r) = Azgi(w) + divy(xge(x)).

This corresponds to the transpose of the semigroup in L?(dx) instead of L?(7,). Moreover,
the equilibrium corresponds in a way to hoo = 1 and to goo = py, TESpPectively.
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Proof. Exercise! O

Reformulate in terms of convergence of measure:

(1| )
T2 H(p | ).

X (1P| ) < e
H(uPbt [ yn) <e
Here x%(v | 1) denotes the chi-square divergence defined by
2 dv
X“(v | p) = Var,(f) where f:= T
i
while H denotes the relative entropy or Kullback-Leibler divergence defined for any
probability measures p and v by
dv
H(v | p) :==Ent,(f) = /flogfd,u where f = Q-
It is customary to set x?(v | u) = +o00 and H(v | 1) = +oo0 if v is not absolutely continuous
with respect to p, or when f & IL2(u) or flog f & L'(u) respectively.

1.5 Amnesia and long time behavior

We can measure the way that the Ornstein—Uhlenbeck process forgets its initial position
along the time by using for instance the relative entropy between the law of the process at
time t started from two different positions. It is also customary to use the Wasserstein
distance instead of the relative entropy. Recall that the Wasserstein distance of order 2
between two probability measures p and po is

Wa (g, po) = Xilrifm E(|X; — X2|?),
Xor~po

where the infimum runs over the couples (X1, X2) with marginals p; and pus.

Theorem 1.21 (Relative entropy and Wasserstein distance for Gaussians). If pu; =
N(mqy,%1) and pz = N(mg,X2) on R™ then

Wa(pr, p2)? = [mi — mo|? + Tr(S1 + S — 2(2125,5)/%)V/2),

and in particular Wo(u1, p2)? = |my1 —ma|? + Tr((VEL — vVE2)?) when £y and X9 commute.
Moreover if X1 et Yo are invertible then

1 det X _ -
H(p1 | p2) = §<log Tot Zj +Te(E5 ' %0) — n+ (my —ma) Sy (ma — mz))-

In dimension n = 1, if g3 = NM(mq,01) and ps = N(mg,02) on R then
Wa(p, p2)® = (m1 — ma)? + (01 — 02)?,

while if o4 > 0 and o9 > 0 then

t— 03+ (m1 —my)?

oy O
H =log —= +
(p1 | p2) g, 207
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Proof when n = 1. Let us start with the formula for Wo. If (X7, X3) is a couple of random
variables such that X; ~ p; = N (m;, 02-2) for i = 1,2. We have

E(| X1 — Xo)) = E(X?) + E(X3)? — 2E(X1 X>)
= (my — mg)? + 0% + 05 — 2Cov (X1, Xo).

This formula depends only on the mean and on the covariance matrix of the random vector
(X1, X2). We have

Wg(,ul,ug)z = (m; — m2)2 + 0% + 05 — 22}1?} Cio
€

where C is the set of 2 x 2 covariance matrices with a diagonal prescribed by C; = 0%
and Cy2 = 03. Since the set of covariance matrices coincidees with the set of symmetric
matrices with non-negative spectrum, C' € C gives the constraint det(C) = o303 — C%, > 0,
hence C1o = 0109, and we are done.

For the entropy formula, we write,

(log 2 _(z-m), @ ;0722)2> pa (de)

2
1 2 2 9 2
02 o1 +mj mimsg + msj

oy 2 2(7%
2 2 2
g 2 0% — o5+ (m1 —ma)
01 20%

O

Since the Ornstein—Uhlenbeck process is a Gaussian process, we may use the preceding
formulas to quantify the long time behavior when the initial condition is itself Gaussian.
Namely for any z1,2o € R and any ¢t > 0, if 1 = P;(-)(21) = N(z1e7%,1 — e 2) and
M2 = Pt()('r?) = N($267t, 1- 67216),

Wo(P()(1), Po(-)(22))* = e *(z1 — 22)® N\, 0

t—o00

and
e—2t(x1 _x2)2 \‘ 0
2(1 - e_2t) oo
This can be extended to more general initial distributions, and the case of the Wasserstein
distance is particularly simple due to its relation with coupling.

H(B () (1) | Po()(22)) =

Theorem 1.22 (Convergence in Wasserstein distance). If uo and pj are probability
measures with finite second moment, and if uy (respectively p;) is the law of Xy (respectively
X}) when Xo ~ o (respectively X{ ~ pg), then for any t > 0,

Wa (e, 1) < e "Wa(po, 1h)-

In particular if py = 1 then for any t > 0,

WQ(/’Lb ’Yl) S eitWQ(:u’Ov 7)
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Proof. Let (Xo, X{) be a coupling of p9 and p, independent of a Brownian motion B =
(Bt);>o- We construct two processes (X¢),~, and (X}),~, with respective initial conditions
Xo and X}) and driven by the same Brownian motion B. We say that the processes are
coupled. We have then

t
X, — X=X, — X! —/(XS — X')ds.
0

It follows that
|X: — X|> = e 2| X0 — X%

By definition of Wy (s, 1)), we obtain
Wa (e, p17)* < e (|Xo — Xgf*).

It remains to take the infimum over all couplings of o and puj. O

1.6 Tensorization and Central Limit Theorem

This section is devoted to the tensorization property of the variance and the entropy. This
property is at the heart of the dimension free nature of the Poincaré and the logarithmic
Sobolev inequalities. It allows to provide a proof of the Poincaré and of the logarithmic
Sobolev inequalities for the Gaussian measure by using the Central Limit Theorem, starting
from elementary inequalities on the two-point space.

The Gaussian measure appears as a limiting distribution in the asymptotic analysis
of product spaces, due to the central limit phenomenon. The simplest product space
is the discrete cube {0,1}" equipped with the product Bernoulli probability measure
ftn = (360 + $61)®", which is the uniform probability measure. This model is called
“the two-point-space” when n = 1. Thanks to the Central Limit Theorem states, if
Xn = (Xni1,..., Xnn) ~ up for every n then the X,,; are i.i.d. with mean m = 1/2 and
variance 02 = 1/4, and therefore

Xn,1+"'+Xn,n_nm 2(Xn,1+"'+Xn,n)_n d

g H 1‘
no? Vn n—do |

In other words, for any continuous and bounded f : R — R,
21+ -+ ) —n)
vn '
Theorem 1.23 (Tensorization). Let (E1, A1, p1),. .., (En, An, pn) be probability spaces.
Let p1 ® « -+ @ py, be the product probability measure on (E1 X -+ X Ep, A1 @+ @ Ay).

Let ¢ : T — R be conver and such that (u,v) + ¢"(u)v? is conver. Then, for any
fiBEix - X By — R such that ¢(f) € LY (1 @ -+~ @ piay),

/ gn dpin —> /fd71 where g, () ::f<
{0’1}” n—oo

ES(f) <Y EuEL(f),
=1

where the subscript p; indicates that the integration concerns the i-th variable only.

For ¢(u) = u? on Z = R we get the variance and the result reads

Vary, @--@u, (f) < Eye-op, (Vary, (f) + -+ + Vary, (f)) (1.10)

while for ¢(u) = ulog(u) on Z = [0, 00) we get the entropy and the result reads

Entyg-up, (f) < Epe-op, (Enty, (f) + -+ Enty, (f)). (1.11)
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Proof. By induction on n we only have to consider the case n = 2, for which the desired
bound boils down after expansion and rearrangement of terms to

E, (Bu (f)) < B, (B, ().

In the case of the variance this follows from the Cauchy—Schwartz inequalityﬂ The general
proof is based on convexity. The ¢-entropy functional

[ Eﬁ(f) = Eu(¢(f)) - ¢(Euf)

is convex as soon as C? : (u,v) — ¢"(u)v? is convex, which is the case for the variance case
¢(u) = u? and the entropy case ¢(u) = ulog(u ) Indeed, since convexity is a unidimensional
property, if a(t) := E¢(f+tg) then o (0) = E,(C?(f,9)) — C*(EL(f),E.(g)) > 0 by the
Jensen inequality. As a consequence, the functional IE¢ is equal to the enveloppe of its
directional tangem‘csﬂ7 namely the following variational formula holdﬁ7 with equality when
f=9

Ef(f) = sup  {EN(9) +Eu((@'(9) — ¢'(Eug))(f - 9)}-

g:¢(g)€LL ()

By using this variational formula for s, we obtain
E}, (B (f)) = Sgp{Eﬁg (9) +Eus(¢'(9) — &' (Eo9))(Ep, f — 9)}
= sup iy, {EfL(9) + B (¢'(9) — &' (Bu9))(f — 9)}
< Em{sgp{EﬁQ (9) + B (¢'(9) — ¢'(Ba9))(f — 9)}}
= B, (Ef, (/)
where the suprema are taken over functions g : E5 — Z such that ¢(g) € L' (us). O

Let us prove now the Poincaré inequality for ;. Let u, = (%(50 + %51)@9" be the uniform
distribution on the cube {0,1}". For any g : {0,1} — R,

9(0)* + 9(1)° _(9(0) + 9(1))2 (9(1) = 9(0))*

2 2 - A

Varm (g) =

Using the tensorization property, for any n > 1 and g : {0,1}" — R,

Vary, (9) < By, (D19)” + -+ + (Dng)?)

~— —_
el

where (D;g)?(x) := (g(z + ¢;) — g(x))? where eq, ..., e, is the canonical basis of R”. Now,
let f:R — R be C? and compactly supported, and set

2(:{31+"'+$n)—n

vn

Now, by using a Taylor formula, for any i = 1,...,n and z € {0,1}",

g(x) = gn(z) = f(sn(z)) with s,(z) =

2 1 2 4 1
1)2 _(_ 2 g - _ 22 -
(Dig)*(@) =( = (onle)) + 0o 7=) ) = L8 (n@)) o)
2Vary, (Euy f) = Epo (Buy f — EuoBuy )?) < BBy ((f — B f)?) = By Var, (f).
3Narnely c(0) = sup56 oyte(s) +¢(s)(0 — s)} where c(s) = ES(f + s(g — f)) valid for any g.
*Variance case rewrites Var# (f) = sup{Cov,(f,g) — 2Var,(g) : g}, supremum achieved for g = f, while
the entropy case rewrites Ent, (f) = sup{E.(fh) : E.(h) < 1} and the supremum is achieved for h = log(f).
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where the o is uniform in z since f is C? and compactly supported. Now, the Central Limit
Theorem yields

Vary, (f) = lim Var,, (g) < lim By, (f%(s,)) = Eq, (£2).

n—oo

This is the optimal Poincaré inequality for ;. To pass from ~; to v, = Vi@”, we can use
the tensorization property (1.10)) again to get, for a sufficiently regular f : R™ — R, thanks
to the fact that |V f|? := 3 (D, f)?,

Var,, (f) < B, ([Vf]?).

Let us explain now how to enlarge the class of test functions. This can be done by usual
approximation procedures. If for instance f € C?(R",R) is such that f € L?(v,) and
Vf € L%(y,), and if n, € C2(R™, R) with 1oerrija|<n < Mn < 1pernija|<nt1, then, using the
Fatou lemma, the Poincaré inequality for f7,, and dominated convergence, we get

/f2d7n < lim [ (fna)*dy, < nlijrr;o/!nanJernn!Qd% :/\VfIden.

n—oo
Further approximation arguments provide Poincaré inequality for f € H!(vy;) = WH2(q,).

Remark (Integrability). It is easy to check that if f € C1(R,R) is such that f' € L?(y1)
then f € L2(v1). Indeed, assuming without loss of generality that f(x) =0 if < 0 and
f(0) =0, we have, using the Cauchy—Schwarz inequality and the Fubini—Tonelli theorem,

[ 1r@ran@ = [ [ o] ene
S/O x /0 ()] dy)Vl(dﬁ)
-/ °°|f’<y>|2( | ) ay

—/ )21 (dy).

For the logarithmic Sobolev inequality, we can proceed exactly as we did above for the
Poincaré inequality. The starting point is the following inequality on the two-points space:
for any g : {0,1} — R,

1) — g(0))?
Bty 7)< W0 =900
which reads, with a := g(0) and b := g(1), as the sharp inequality

a’log(a?) ;r b2 log(b?) B a? ;L b? log a? ;r b? < (a —2 b)2'

By homogeneity, this reduces to the even simpler elementary inequality

wlog(u) + (2 —u)log(2 —u) < (Vu—v2—u)?, 0<u<2.

This strategy of proof of the logarithmic Sobolev inequality for -, using the Central
Limit Theorem goes back to the seminal work [19] of Leonard Gross.
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Chapter 2

Hypercontractivity, spectral gap,
information theory

This chapter is devoted first to a couple of important reformulations: hypercontractivity
as a reformulation of the logarithmic Sobolev inequality, and spectral gap via Hermite
polynomials as a reformulation of the Poincaré inequality. A link is made with the formula
of the Gaussian Unitary Ensemble via the quantum harmonic oscillator. The third and last
part of the chapter is devoted to a study of an Euclidean form of the logarithmic Sobolev
inequality, in information theory, via Shannon entropy and Fisher information.

2.1 Hypercontractivity

In this section we shall show that the semigroup (F;) is hypercontractive: if f belongs to
L?(~,) for some p > 1 then P;f belongs to L4(~,) for some ¢ > p. The precise result states
as follows.

Theorem 2.1 (Hypercontractivity (Nelson)). Let p > 1 and let t > 0 and set p(t) =
1+ (p—1)e?. Observe that p(t) > p. Then for every f € LP(v,)

1P fllpcey < 11 1lp-

In other words the operator P, is bounded from LP(v,) to LP®(~,) and has norm 1.
Moreover, if ¢ > p(t) then P; is not even bounded from LP(vy,) to LI(vy,).

The proof makes use of the logarithmic Sobolev inequality. The basic idea is that the
derivative of the ILP norm with respect to p will bring the entropy, while the derivative of
the semigroup P, with respect to t will bring the generator.

Note that the critical exponent p(t) in hypercontractivity above does not depend on the
dimension n, just like the logarithmic Sobolev constant 1/2 in front of its right hand side.

Proof. One can assume that f > 0 since | P, f| < Py[f|. Set a(t) = log || Py f||,)- To lighten
the notation, let us set f; = P.f. We have, for any t > 0,

o (t) = (p(lt) log / 7o d7n>/

p'(t) /p(t)
lo dv, +
p(t)2 g ft Y

([0

v [ ay,
21
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L (oo ) 70,

P'(t) p(t) fi
1 dv,
p(1)2 Og/ft Y +p(t) /ff(t) dv,

% iy [# 010800 [t v

b ( ) p(t) b ( )
2 108 [ F dm s 0 * 0

p p /ft dvn /ft dvy

i (B + 2 fra )

- 2 /
p(t) / 7, P(t)
Now the logarithmic Sobolev inequality and the integration by parts give
1 [|VgPP?
Ent,, (¢") < 2] T dyn

p2 2 2
= 5/!%! g' = dy,

_ 2(ppi - /<vg7vgp—1> a,
2

p -1
- Lqg)g?~ L d,,.
3 —1) /( 9)g"" dvy
Using this inequality for g = f; and p = p(t), and using 2(p(t) — 1) = p/(t), we obtain that
a/(t) <0 for any ¢t > 0, and as a consequence
log [P flp(y = e(t) < a(0) = log || f]]p-
(M)

Finally, if now ¢ > p(t) then taking fy\(z) =e for some parameter A\ € R" gives

)f/\e_t

1Al =e2?™ and  Pfy, = eal\ (e

and therefore
||Ptf/\”q _ e%)\Q(e_zt(qfl)Jrlfp)’
£l

a quantity which tends to 400 as A — Fo00 since ¢ > p(t) = 1 + (p — 1)e*. O

Remark (Hypercontractivity and logarithmic Sobolev inequality). This proof show more
generally that a semigroup satisfying the logarithmic Sobolev inequality is hypercontractive.
Moreover, it is pretty clear from the argument that the implication can be reversed and that
log—Sobolev and hypercontractivity are equivalent. This equivalence between hypercontractiv-
ity and logarithmic Sobolev inequality is due to Leonard Gross [19].

Let us rephrase the latter result in a slightly different way. Let p,q > 1, let ¢ > 0.
Observe that by duality

[ (Ppgan
Rn

| Pefllg = sup
! g Hqu'

where ¢ =1/(1 —1/q) = q/(¢ — 1) is the conjugate exponent of q. Observe also that if
(Xt) is an Ornstein-Uhlenbeck process in equilibrium then

/R (Pf)gdm = E[Pf(Xo)g(Xo)]
= E[E[f(X:) | Xolg(Xo0)] = E[f(X:)g(Xo)].
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Hypercontractivity thus asserts that if ¢ < 1+ (p — 1)e?’ then
E[f(X0)g(Xo)] < E[f(X:)P)/PEllg(Xo)|]/7,
for every f,g. Equivalently
E[F(X:)*G(Xo)"] < E[F(X,)]"E[G(X0))’,

for every F,G > 0, where a = 1/p and 8 = 1/¢’. Recall that (Xo, X;) is a centered
Gaussian vector with covariance
I, pl,
pln I

where p = e~? and and note that the hypothesis ¢ < 1+ (p — 1)e?* reads p? < (1—1/a)(1 —
1/B) in terms of p,a, 3. Therefore the hypercontractivity property of the Ornstein—
Uhlenbeck semigroup can be reformulated as follows.

Theorem 2.2. Let p,«, 8 € [0,1] and let (X,Y) be a Gaussian vector on R™ centered at 0

and having covariance matrix
I, pl,
ply I, |

If p> < (1 —1/a)(1 —1/B) then for every non-negative functions f,g we have
E[f(X)*g(Y)’] < E[f(X)]*Elg(Y)]".
Now let us give a direct proof of this result.

Proof. Let (Q,F,P) be a probability space and let (F;) be a filtration carrying an R2™-
valued Brownian motion (By, B;) starting from 0 and having covariation given by

~ I, pl,
(B, B)l = (m o )

Then (B, B;) = (X,Y) in law. Assume (without loss of generality) that f and g are
bounded away from 0 and +oco and consider the martingales (M;)¢cpo,1) and (Ni)ie(o,1)
given by N

My =E[f(B1) | Fx], Ne=E[g(B1) | F

These are square integrable Brownian martingales, so there exist two R"™—valued processes
(ug) and (vy) satisfying

1 1
E [/ \us\st] < 400, E [/ |vs|2ds} < 400 (2.1)
0 0

and such that )
th = <Ut,dBt>, dNt = <Ut,dBt>.

From the covariation structure of (B, B) we obtain the following expression for the covaria-
tion of the process (M, Ny):

d[M]; = |we|*dt, d[N]¢ = |ve|*dt, d[M, N = p (us, vr) dt.
Then by Itd’s formula (omitting the variables (M, N;) in the right hand side) we have
dip(Me, Ne) = 0ut) {ur, dBy) + Oy (vr, dBBy)

1
+3 <8§z¢ ue|® + 95,00 [ve]* + 20,1 p (uy, Ut>) dt.
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Applying this to the function 1 (z,y) = 2%y” we get

dMPNE = MEND (o (i, dBy) + B(5, dBy) )
1 - ~ IO
+ 5 MNE (ala = 1) [ + B8 — 1) [0l + 208 (@, %) ) dt,
where u; = uy/M; and vy = v;/N;. Recall that the processes (M;) and (V;) are bounded
away from 0 and 400 and recall (2.1). This guarantees that the local martingale part ([2.2))
is a genuine martingale. Now consider the 2 x 2 matrix

[ afa—1) ap
A‘( Bp ﬁ(ﬁ—1)>'

Since a and 8 belong to [0, 1] the diagonal coefficients are non—positive. Moreover the
hypothesis p? < (1 — 1/a)(1 — 1/3) shows that its determinant is non-negative. So A is a
negative matrix. This shows that the absolutely continuous part of (2.2)) is non—positive.

(2.2)

Therefore (M®N]) is a super-martingale, in particular
anB anB
E[M{'NY] < Mg' Ny,
which is the result. O

Remarks (Reversed hypercontractivity). As we have seen before, hypercontractivity and
log—Sobolev are equivalent, so this provides an alternative proof of the logarithmic Sobolev
inequality. The same proof shows that if p?> < (1 —1/a)(1 —1/8) and o and 3 are both
larger than 1 then the inequality is reversed:

E[f(X)*g(Y)")] > E[f()]*E[g(Y)]’,
for every non—negative f,g. In terms of the semigroup (P;) this can be reformulated as

1P fllpy = [1fllps

for every f >0, for every p € [0,1], where p(t) = 1+ (p — 1)e*. This inequality is called
reversed hypercontractivity. Beware that || f|l, = (Jgn |f? d'yn)l/p is no longer a norm,
and that as opposed to the direct one, the reversed inequality is only valid for non—negative
functions f.

2.2 Spectral gap and Hermite polynomials

We first focus on the one dimensional case n = 1.
Lemma 2.3 (Density). The set of polynomials R[X] is dense in L2(v1).

Proof. For any f € L?(y1), the Laplace transform T}, of the signed measure p(dz) =
f(x)y1(dx) is finite on R since for any 6 € R, by Cauchy—Schwarz inequality,

@) = ([ @) < [P [ ) < +oe.

In particular T}, is analytic on a neighborhood of the origin. As a consequence, if f L R[X]
in L?(R), then the derivatives of arbitrary order of T}, vanish at the origin, and therefore
T,, is identically zero. Hence f = 0 in L?(71). O
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Definition 2.4 (Hermite polynomials). The Hermite polynomials (H}),~ are the orthog-
onal polynomials obtained from the canonical basis of R[X] by using the Gram-Schmidt
algorithm in IL2(7;). They are normalized in such a way that the coefficient of the term of
highest degree in Hy, is 1 for any k£ > 0.

We find Ho(z) = 1, Hi(z) = x, Ho(x) = 2? — 1, ... The density of R[X] in L?(y;)
means that (Hj);-, is a complete orthogonal system in the Hilbert space L2 (7).

Lemma 2.5 (Hermite polynomials). Hermite polynomials (Hy);>q satisfy. ..
o Generating series: for any k> 0 and ¢ € R,

1

ok
Hp(z) = 0¥G(0,2) where G(s,x) = %38 = ,;) %Hk(a:),

o Three terms recursion formula: for any k > 0 and z € R,

Hyy1(x) = xHy(x) — kHg—1(z);

e Recursive differential equation: for any k > 0 and x € R,

Hj(z) = kHy_1(x);

o Differential equation: for any k > 0 and ¢ € R,

Hj(x) — zHj(x) + kHg(x) = 0.

o The sequence (Hk/\/H)kzo is orthonormal in IL?(v1) and its span is dense.

Proof. Exercise! Let us prove the last statement. By definition, Hermite polynomials are
orthogonal in L?(v,), the span of (Hy),~, is the set of polynomials R[X], we already know
that this set it is dense in IL?(v,,), and by Plancherel’s formula,

g2k 9 2 —s2 2sx &2 g2k
ZW”H’fHF/G(Saw) M (dr) = e /e n(de) =’ = Y2,
k>0 " = H
which gives ||Hy||3 = k! by identifying the series coefficients. O

Theorem 2.6 (Hermite polynomials and Ornstein—Uhlenbeck process). For any k > 0
and t > 0, the polynomial Hy is an eigenvector of the O.-U. semigroup P; (respectively
O.-U. infinitesimal generator L) associated to the eigenvalue e™* (respectively —k), in
other words, for any f =Y o arHy € L2(y1) with klay = (f, Hy) and for any t >0,

Lf == kayH, and Pf=> e Ma H,, t>0.
k>1 k>0

This provides a quick proof of the Poincaré inequality, namely, if f € L2(v;),

ag = /fHodm = /fd'yl and Var,, (f) = Zk!a% < Zk‘k!ai = —/fodm,

k>1 k>1

where equality is achieved if a = 0 for k£ > 1, in other words if f(x) = Hy(z) = . We can
also deduce a quick proof of the exponential decay of the variance along the semigroup
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(which is in fact equivalent to the Poincaré inequality), namely, with the same notations,
for any f € L?(71), the invariance of v gives

ag = (f, Ho) = /fd% = /Ptfd%,
and therefore, for any ¢t > 0,

Var,, (Pif) = [|Pof —aoll3 = Y afe k! < e " afk! = e || f — aol3.
k>1 k>1

The gap between the first eigenvalue 0 and the second eigenvalue —1 of L is of length 1.
This spectral gap produces the exponential convergence. More generally, the semigroup
preserves the spectral decomposition. If f | span{Hq,..., H,_1} in L2(y1) then Pi(f) L
span{Hi,...,Hx_1} for any ¢t > 0 and

1Pef =71 (Hll2 < e |LfF = 71(F)ll2.

Proof of Theorem[2.6. The ordinary differential equation satisfied by Hermite polynomials
rewrites LH}; = —kH}, which means that H} is also an eigenvector of L for the eigenvalue
—Fk. It remains to shows that Hj, is an eigenvector of P, for the eigenvalue e ** for any
t > 0. To see it, set s,t € R and x € R, and let Z ~ -1, then

Pt(G(S, ))(LE) — ese—tz—%SQE(esmz)

Since the Laplace transform of Z is given by E(efY) = 3% we get

Now, using the generating series property of Hermite polynomials, we get
Py(H)(x) = R(81G(0,-))(x) = O; P(G(s, ) (%))5=0
= okFG(se?, T)|s=0 = e FokG(se™t, T)|s=0 = e M H(x).
O

The same holds for the Ornstein—Uhlenbeck process in any dimension n > 1 with
the products of Hermite polynomials. First it can be checked that the set of n-variate
polynomials R[X7,..., X,,] is dense in L?(v,), and that the tensor products of Hermite

polynomials (Hk1,-..,kn)k1 k., ey Where

Hk‘l,.‘.,kn (Xl) ceey Xn) = Hk1 (Xl) e Hkn(Xn)
form an orthogonal family in L?(v,,). The O.-U. infinitesimal generator in R™ writes
L=A—(z,V)=L1+---+ 1L,

where L; = 61-2 — x;0; is the one-dimensional Ornstein—Uhlenbeck operator acting on the
i-th variable, and therefore, for any ki,...,k, € N,

L(Hy,, k) =—(ki+ -+ kn)Hg, k-

The spectral gap of L is equal to —1 for any dimension n > 1, while the associated
eigenspace is span(Hi(z1),..., Hi(zy)) and is of dimension is n.
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Theorem 2.7 (Quantum harmonic oscilliator). If we define © : L2(dz) — L2(v,) by
O(f) = fen'"?
where @y, is the Lebesgue density of v,, then © is a linear isometry, the operator
L:=0"10LoO

satisfies for any smooth enough f € L2(dx) the formula

2
Lf(x) = oy *L(fon /%) = Af + (Z - "1') f.

and for any (ki,...,ky) € N the function
Upy (1) = O (Hyy o) (@1, ) = e 1P HY (21) - Hy (2), © €RY,
is an eigenvector of E, namely
E\I/kl,‘..,kn =—(ki+ 4+ k)Y k-

The operator Lisa Schrédinger operator: the sum of a Laplacian with a multiplicative
potential. It is known as the “quantum harmonic oscilliator”. In the quantum mechanics
modelling, the eigenvectors of L are “wave functions”, and it turns out here that they are
nothing else but Hermite polynomials damped by a Gaussian weight.

Proof. The fact that © is an isometry follows from
J©wan = [ et endn = [ a

Since L and L are isometric, they share the same spectrum and their eigenvectors are in
bijection: the ones of L are the image of the ones of L by oL
The explicit formula for L can be obtained using the “algebraic” formulas

L(B(f) = B'(HLf+B"(HIVF* and L(fg) = fLg+gLf +2Vf-Vy.
and ¢, =e~V and L = A — (VV, V) with V(z) = (1/2)|x|? + (n/2) log(27). O

Remark (Beyond the Ornstein—Uhlenbeck exactly solvable model). More generally, if

one has the Markov diffusion process X = (X¢);~q on R™ solving the stochastic differential

equation dX; = /2dB; — VU(X,;)dt where B = (Xt)y>q s a standard Brownian motion,

with infinitesimal generator L = A — VU -V and reversible invariant probability measure

p(dz) = e V@dx, and if one considers the isometry © : L2(dx) — L2(u) defined by

o(f) = e%vf then the conjugated operator L=0"10LoO is the Schridinger operator
AV |VV]?

L(f)(z) = Af(z) + U(x)f(x) where V:T_ T

This formula appears in the Girsanov formula giving the density of the law of the sample
paths of X with respect to the law of the driving Brownian motion B, see [28, [27]. The
eigenvalues and eigenvectors are known for very special exactly solvable cases only such as

the Ornstein-Uhlenbeck case associated to the quadratic potential U(z) = 3|z|* + nl%(%).
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For instance, for (ki,...,k,) = (0,1,...,n — 1), we get the wave function

(X1, ... xn) =\ on(x)Ho(z1) -+ - Hpe1(20)-

In mathematical physics, a bosonic wave function of n particles is obtained by symmetriza-
tion over x1,...,Z,. A fermionic wave function is obtained by anti-symmetrization, which
implies nullity on the diagonal, for instance

@Z}fermions(l‘la cee 71'71) = @n(ln) Z (_1)signature(U)Ha(l)_l(1,1) to Ha(n)—l(mn)
O'EETL

Hy(x1) ... Ho(zy)
= y/pn(x)det : : :
Hy_1(z1) Hy_1(xp)
2 . 20
=/ on(z) det :
x’f_l oot

:\/(Pn(x) H (zi — z5).

1<i<j<n

This “Slater determinant” is proportional to a Vandermonde determinant. It is remarkable

to see that (z1,...,2,) € R" — el H1§z‘<j§n(93i — x;) is an eigenvector of L. Now
|Vtermions(T1, - - - 71'71)‘2 = (27r)—%e—%(x%+w+x%) H (zi — xj)2'
1<i<j<n

We recognize, up to normalization, the formula of the probability density function of the
famous “Gaussian Unitary Ensemble” (GUE) namely the probability density function of
the eigenvalues of a Gaussian n x n Hermitian random matrix with Lebesgue density in
R =n — R7* proportional to H — exp(—3Tr(H?)).

2.3 Information theory

The Boltzmann entropy was introduced in statistical physics by Ludwig Boltzmann. It
was introduced latter by Claude Shannon in information theory.

Definition 2.8 (Boltzmann or Shannon entropy). Let p be a probability measure on
R"™ with Lebesgue density f such that flog f is Lebesgue integrable. The Boltzmann or
Shannon entropy of u is defined by

S(X):—/Rnflogfdx.

In other words —S(p) is the relative entropy of p with respect to the Lebesgue measure,
but in the sequel the relative entropy functional H is used exclusively between probability
measures. Still about notations, when X is a random vector on R™ of law p, we write S(X)
for S(u). We define H(X | 7,,) similarly.

Remark (Relative entropy or free energy?). A standard object of statistical physics is
a probability measure p = pgy on say R™ with Lebesgue density of the form x € R"™
Z71e BV(=) where V(x) is the “energy” of the configuration x € R™, the parameter 5 > 0
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is an “inverse temperature”, and Z = Zgy is the normalizing constant. If v is another
probability measure with Lebesque density h, then

H(v | 1) :/hloghdx—i—B/le/—i—logZ:5/VdV—S(V) +log Z.

1
In thermodynamics A(v) := /Vdu - BS(V) is a Helmholtz “free energy”, and

A(p) = —élogZ and A(v) — A(p) = ;H(y | u) > 0.

From the variational point of view, the mazimization of S under a mean energy constraint
leads to the Boltzmann—Gibbs measure ugy, and this constrained optimization problem is
equivalent to the minimization of A without constraint, in other words A is a Lagrangian.

The Shannon entropy is translation invariant: S(X +m) = S(X) for any random vector
X and any m € R. It also has the following scaling property

S(AX) = S(X) +nlog(|\])
for every A # 0. More generally, for every invertible n X n matrix A we have
S(AX) = S(X) + log(|det(A)|)

The proof is left as an exercise.
The following theorem states that among vectors having fixed invertible covariance
matrix K, the Gaussian vector maximizes the entropy.

Theorem 2.9 (Gaussian maximum entropy). If X has finite entropy and covariance
matriz K and if G is a Gaussian vector with covariance K then

S(X) < = log(2me(det K)Y/™) = S(@).

|3

Moreover there is equality if and only if X is Gaussian.

Proof. Since the Shannon entropy is translation invariant one can assume that X and G
have zero mean. Let f and g be their respective densities, in particular

g(z) = ((2m)" det K)~1/2 e~ (@K 12)/2,

Since X and G are centered with the same covariance matrix, and since log g is a quadratic
form we have E[log g(X)] = E[log g(G)]. Therefore

Ellog f(X)] = Eflog(f/9)(X)] + E[log g(X)] = E[log(f/9)(X)] + E[log g(G)].

In other words S(G) — S(X) = H(X | G). Since the relative entropy H(X | G) is non
negative and vanishes only when X = G in law, this is the result. O

Theorem 2.10 (Sub-additivity). If X = (X1,...,X,) is a randon vector of R™ with finite
entropy then
S(X1,...,Xpn) <S(Xy)+ -+ S(Xn)

with equality if and only X has independent components X1, ..., X,.
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Proof. Let f be the density of X, and f; = [ f [1;i dz;j be the density of X;. Let y and v
be the probability measures with densities f and f; ® --- ® f,,. Then
S(Xy)+--+S(X,) —SXq,...,Xp) =H(u|v)>0.
Moreover equality is achieved if and only if u = v. O

Here is the main result of this section

Theorem 2.11 (Shannon—Stam inequality). Let X,Y be independent random vectors on
R™ and let 0 € [0,1]. Then

S(VI=0X + VoY) > (1-0)S(X) +6S(Y)

Using the scaling properties of the Shannon entropy one can sharpen the previous result
as follows. Given a random vector X we let

1 2
N(X) = %eenS(X).

This is called the (Shannon) entropy power of X. The normalization insures that if G is a
standard Gaussian vector then N(G) = 1. If X ~ N(0, K) then N(X) = det(K)Y/". The
scaling properties of the entropy show that the entropy power is translation invariant and
2-homogeneous in the sense that N(AX +m) = A2N(X).

Corollary 2.12 (Entropy power inequality). If X,Y are independent random vectors of
the same dimension then

N(X +Y)>N(X)+N(Y).
Proof. Let 0 € [0,1]. Using Shannon—Stam and the scaling property of the entropy we get

S(X+Y):S<\/1—9\/%+\/§\)//§)

> (1-0) <S(X) T los(1 - 9)) +0 (sm _n 10g0> )

In other words - )
N(X)\ 7 /NY
N(X+Y)2< ( )) <>> .
Then choose # = N(Y)/(N(X) + N(Y)). O
The purpose of the rest of this section is twofold:

1. Give a proof of the Shannon—Stam inequality;
2. Draw a connection with the logarithmic Sobolev inequality.

Definition 2.13 (Fisher information). Let u be a probability measure on R™ having a
smooth density f with respect to the Lebesgue measure. The Fisher information of u,
introduced by Ronald Fisher in mathematical statistics, is

Iw) = [ IV iog s dn.

More generally, the relative Fisher information of p with respect to v is

Hu vy = [ 19 log(du/dv) dp

provided p has a smooth density with respect to v.
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Again when X is a random vector we let J(X) be the Fisher information of the law of X.
The Fisher information is translation invariant and —2-homogeneous: for every random
vector X and every A # 0 and m € R we have

JOAX +m) = A2 J(X).

Definition 2.14. Let X be a random vector in R™ whose law has smooth density f with
respect to the Lebesgue measure. The score of X is the random vector px = Vlog f(X).
In particular we have

Ellpx|*] = J(X).

Note the score has the following homogeneity property: pxx = A"!px. Also, integrating
by parts we get

Elpx] = [ (Vlog)fde= [ Vidr=0,
R R
for every vector X.

Lemma 2.15. Let X and Y be independent random vector having smooth densities with
respect to the Lebesgue measure. If the score of X is integrable then

px+y = Elpx | X +Y].

Proof. Let f and g be the respective densities of X and Y and let A be a bounded and
measurable function on R™. Then we write

Elpx h(X +Y)] = [ Vlog f(2)h(z +9)f()g(y) dady
= [ (V1) xg(2) () dz

= | V(S 9)(2)h(z) dz = Elpxiy h(X + )],

which is the result. O

Since conditional expectation contract the LL2-norm, it follows immediately from the
previous lemma that if X and Y are independent then J(X +Y) < J(X). With a little
extra work we can actually get the following

Theorem 2.16 (Blachmann—Stam inequality). If X,Y are independent random vectors of
the same dimension and 6 € [0, 1] then then

J(VI=0X +V0Y) < (1= 0)J(X) +0(Y).
Proof. Set Z =+/1— 60X +/0Y. Lemma and the homogeneity of the score give
pz = El(1 - 0)"2px | 7]

and similarly p; = E[#~'/2py | Z]. Multiplying the first equality by 1 — 6, the second one
by 6 and adding them together we get

pz =E[V1—0px +VOpy | Z].
Taking the norm squared and expectation (and using Jensen) we get
J(Z) <E[V1—0px + Vopy|?).

Now px and py are independent and centered, so if we expand the square, the cross term
vanishes and we get the result. O
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We have seen in previous sections that the derivative of the relative entropy along the
Ornstein—Uhlenbeck semigroup is minus the relative Fisher information:

d

—H(X; | v,) =
dt(tw /

‘VQt

dyn = =J(Xi | )

where g; is the density of X; with respect to v,. Here is a similar formula for the Shannon
entropy along the heat semigroup.

Theorem 2.17 (de Bruijn identity). Let X be a random vector with finite entropy and G
be a standard Gaussian random vector independent of X. Then

diS(XJr\fG) 3 J(X +V1G).

Proof. Let f; be the density of X + v/tZ. It can be checked that ( ft)i>q solves the heat
equation: O;f; = (1/2)Af;. Now, using an integration by parts,

S(X + ViZ) = /ﬁbgﬁm
—/yAﬁX1+bgmdw
= ;/<Vft - Vlog fi) dx

:%ﬂx+¢wy

dt

The heat semigroup P := (Pt)tzo satisfies Pi(f) = f * where ~ is the density of tZ. The
Lebesgue measure p on R™ is invariant and symmetric for P and

HX +vi2) = = [o(Pu o)) dn

The function P;(fo) = fo * v is the density of Bi* where (B;j¥), is a standard Brownian
motion started from the random initial condition X of density fy. O

We are now in a position to prove the Shannon—Stam inequality. The proof combines
Blachmann—Stam with the de Bruijn identity.

Proof of Shannon-Stam. Let X and Y be independent random vectors having finite entropy
and let G, G be two independent standard Gaussian vectors, independent of X and Y. Let

X; =1 —tX + tG. Writing

v1—-t 2

and using the de Bruijn identity we get

S(Xt)_S<X+ vt G)—i—nlog(l—t)

d 1
aS(Xt) 201 — 1) (J(Xt) —n).
Therefore L
S(G) —S(X) = S(X1) — S(Xo) 25/0 (1tz;ndt.
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Of course we have a similar equality for V; = /1 —tY + vt G. Now we fix 0 € [0,1], we
let Z=+1—60X ++0Y and, more generally, Z; = /1 —0X; +V0Y; for all t € [0, 1].
Since X; and Y; are independent the Blachmann—Stam inequality gives

J(Z) <(1-0)J(Xy) +0J(Yz) (2.3)

for all . On the other, observe that Z; = /1 —tZ + t W where W =1 —-0G + VOG
is a standard Gaussian independent of Z. So we also have

1 J Zt - Tl
S(G) 2 / C1-t
So substracting n from (2.3 dividing by 1 — ¢ and integrating between 0 and 1 we get
S(Z) > (1 —6)S(X) + 6S(Y) which is the result. O

Now we draw a connection with the log—Sobolev inequality. Let X be a random vector
and let GG be a standard Gaussian vector independent of X. Applying the Entropy power
inequality to X and vt G we get

N(X +VIG) > N(X) + N(VtG) = N(X) + ¢.

This shows in particular that

d

—  N(X tG)>1
dt |t=0 ( Vi )2

On the other hand, using the de Bruijn identity, we easily get

d J(X)N(X)
— NX+tG)= ——=.
dt |t=0 (X +1G) n
So we have just proved that
JX)N(X) > n.

Observe that the quantity J(X)N(X) is scale invariant. The above inequality asserts that it
is minimized by Gaussian vectors. Taking the logarithm, we can reformulate this inequality
as follows:

Theorem 2.18 (Euclidean form of the logarithmic Sobolev inequality). For any probability
measure 1 on R™ we have

S(0) —S(0) < G 1og (1) (2.4)

n

We close this section by showing the relationship of this with the usual log—Sobolev
inequality. The latter asserts that

H(p | ) < 2J(u|%)

for every probability measure u. Let X be a random vector having law p. An easy
computation shows that

3

HX | ) = —S(X) +S(3) + SE[XP] — 2.
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In the same way, letting f be the density of p with respect to Lebesgue and g be that of
¥n We have

J(X | ) = E[|[Vlog(f/g)(X)’] = E[|Vlog f(X) + X|*]
= J(X) + 2E[(Vlog f(X), X)] + E[|X|?].

Moreover, an integration by parts shows that

E[(V log f(X), X)] = /Rn<Vf(x),x> dr — — /R Flz)div(z) de = —n.

We thus obtain
J(X | yn) = J(X) + E[|X[*] — 2n.

Therefore, the log—Sobolev inequality can be reformulated as

S(m) = S(1) < 59() - (25)

n
5
Using the inequality logz < x — 1, we immediately see that this is weaker than (2.4)).
Actually can be recovered from its weaker version by a scaling argument (the should
not be a surprise, given that EPI was obtained from Shannon the same way). More
precisely, applying to AX and using the scaling properties of the entropy and the
Fisher information, we get

1 n
— < — — =+ )
S(vn) — S(w) 2)\2J(u) > nlog A

Now optimizing on A we obtain back (2.4).



Chapter 3

Sub-Gaussian concentration and
transportation

A function f: R™ — R is Lipschitz when
[f(z) = f(v)]

| fllLip := sup ~—————"— < o0.
THY ‘x - y‘

A Lipschitz function is always continuous, and a theorem due to Hans Rademacher states
that it is differentiable almost everywhere. When f is C' then

IfllLip = sup [V f(@)] = [[IVf]]loc-
zeR?

3.1 Concentration of measure

Theorem 3.1 (Sub-Gaussian bound on Laplace transform of Lipschitz functions). For
any n > 1, and any Lipschitz function f : R"™ — R, and any 6 € R,

92
L(0) = [ exp(0f)dnn < exp <2||f|riip o f fd'yn>
In other words

Jew (0= [ ) dva <exo (fuﬂiip)

The right hand side does not depend on n.

Proof. First we observe that for any 6 € R, we have e/ € IL'(y,,) since
/GHf dry,, < el?llF0)] /e|9|||fHL1p|~’v| Ay, () < 0.

In particular f € L'(v,). We can assume that f is bounded and C* by using cutoff,
regularization, and Fatou’s lemma. Indeed, let f be Lipschitz. Let us define, for all £ > 1
and € > 0, the function fj, . := max(—k, min(f, k)) % p. where p. € C*°(R",R) satisﬁesEI

supp(ps) C {x € R" :[z| <€}, p. >0, and / pe(z)dz = 1.
R'n

1
'This is a mollifier. Example: p.(z) = e "p(e~"|z|) with p(z) :=c e 7=+ L |5<1, ¢ := /p(:r)dz.

35
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Then || ficllLip < || fllLip and frc — f pointwise and in L'(v,,) as k — oo and & — 0 (see
below). If the result is true for fj . then, using the Fatou lemma for the first inequality,

/ My, = / Jim eedoy, < lim [ Phedy,
e—0

k—o0
e—0

. 6> 2
< lim eXp(?ka,a”Lip+9/fk,€d7n)

k—o0
e—0

92
< exp (1 sy + 0 [ Fm)-

Thus we can take f smooth and bounded. We may also assume that 6 > 0 by replacing f
with —f, and that f is centered for 7, and || f||Lip = 1 by translation and scaling.

The idea now is as followsﬂ for any 6 > 0, the logarithmic Sobolev inequality for
the probability measure v, and the smooth and bounded test function e’/ gives, using
Vel | = 10V fle?) and |||V f[loo = [|fllLip < 1. that

2
OL'(0) — L(0)log L(0) < %L(G).
This can we rewritten as K’ < 1/2 where K(6) := (1/6)log L(#). Since L(0) = 1 and
L'(0) = yu(f), and K(0) = (log L)' (0) = L'(0)/L(0) = vn(f), the result follows.
Finally, let us give more details on the approximation argument. We have f . = fi * pe,
fi += max(~k,min(f, k), and [|fellip < | Fllip- Now [fuc iy < 1/ iy since

frela) = Suc@)| < [ Uil =2) = iy = 2)pe(2)dz < | lapl = .
For the pointwise convergence of f; . to f, we first note that if |z — y| < e then

|fi(y) = F@)| < |fi(y) = fu(@)] + [ fr(2) = F(@)] < el fllup + 1F (@)L p@)zr —2 0,

e—0
and thus, for all x € R™,

frela) = f(@)l < [

e—0

The convergence in L!(v,,) of fi.. to f follows by dominated convergence. O

Corollary 3.2 (Concentration for Lipschitz functions). For anyn > 1 and any f : R" - R
Lipschitz, and any real r > 0,

2
Y (f = m(f) + 1)) <exp <_2||J:||i> .
1p

The right hand side does not depend on n. Using the result for f and —f, we get also

2
r
Yol f = (f)] > 7) < 2exp (—22> :
”fHLip
This means that under ~,, f is “concentrated” around its mean ~,(f), hence the term. In
terms of random variables, the inequality above writes, for any Z ~ ~,,

2

P(/(2) ~ E(/(2))| 2 ) < 2exp (—QWHL) .

2The argument is attributed to Ira Herbst, was communicated to Leonard Gross and Oscar Rothaus
[20], and was popularized later on by Michel Ledoux [23].
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Proof. We reduce to ||f|Lip = 1 and v, (f) = [ f dyn = 0 by scaling and translation. For
any r > 0 and 6 > 0, by Markov’s inequality and Theorem

Yu(f 2 7) =7 (eef > eer) <e0r /e9f dy, < e 0r+30° < 67%727

where the last inequality is obtained by taking the optimal choice 6 = r. O

Corollary 3.3 (Quantitative bounds for empirical means). For any integer n > 1, if
X1,..., XN are independent and identically distributed random variables with law ~,, then
for any Lipschitz function f : R™ — R, any integer N > 1, any real r > 0,

P /r2
. (‘ F(X1) + N+ F(Xn) —E(f(Xl))‘ > r) < 2exp (‘2!\7"\\%1)) '

The right hand side does not depend on n, in other words is uniform over the dimension.
It f(a) = (2,6), 6] = 1, then VN (LEEGHEN —B(f(X1))) ~ 7, and |f]luip = 1.

Proof. The function z € (R")Y = R™Y s F(z) = &(f(z1) +- -+ f(zn)) is Lipschitz with

1F | < 1 f | Lip - Nl — il _ Il
ip >
Zf\il |xl — Y 2
Moreover E(F(X1,...,Xy)) = E(f(X1)) and (X1,...,Xn) ~ 2N =4, n. =

Remark (Logarithmic Sobolev inequalities). An examination of the proofs above reveals
that the sub-Gaussian concentration inequalities are still valid when the Gaussian measure
Yn s replaced by any probability measure on R™ which satisfies a logarithmic Sobolev
iequality. An advantage of using a logarithmic Sobolev inequality to deduce concentration
of measure is that it is stable by tensor products, whereas concentration is not stable by
tensor products. More precisely, and seen is Section if p satisfies the logarithmic
Sobolev inequality on R™ then for any n > 1 the tensor product u®N satisfies to exactly the
same logarithmic Sobolev inequality stated on R™ . In other words the constant in front of
the right hand side is dimension free. It turns out that it can be shown that dimension free
sub-Gaussian concentration of measure for Lipschitz functions is in fact equivalent to a
Wa transpotation inequality. We will study transportation inequalities later on.

Remark (Poincaré inequality and the exponential tail). It can be shown that the double
sided ezponential distribution on R with density x — Lexp(—|z|) satisfies a Poincaré
inequality. However it cannot satisfy a logarithmic Sobolev inequality due to its sub-
exponentail tail which is not sub-Gaussian. The Herbst method allows to show that if
a probability measure satisfies to a Poincaré inequality then this implies sub-exponential
concentration around the mean for Lipschitz functions.

3.2 Transportation inequalities

For any p > 1, let P,(R"™) be the set of probability measures on R™ with finite moment of
order p in other words the set of probability measures 1 on R” such that |-|* € L'(u). The
Wasserstein-Kantorovich distance on Pp(R"™) is defined for any p,v € P,(R"™) by

- " & —yl” v
p(ﬂa V) - NEII_[I%/L,V) //"XR" p 7T($, y) 9
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where II(u, 1) is the set of probability measures on the product space R™ x R™ with
marginals ¢ and v. The quantity W,(u,v) is a “transportation cost” between p and v. It
can be shown that W), is a distance on P,(R"), and that for any (i), <y and p in P, (R"™),
we have W (px, #) — 0 if and only if pp — p with respect to continuous test functions
f:R™ = R such that = — f(x)/(1 + |x|P) is bounded.

The definition of W9 above differs from the one used in Section by a factor of v/2.

Note that by Jensen’s inequality, W; < pt/ PW,,.

The variational definition of W), above involves a linear expression with respect to 7
optimized over an (infinite dimensional) convex constraint on 7. Such a structure suggests
duality. The Kantorovich-Rubinstein duality states that for any p > 1 and p, v € P,(R"),

W, =sup ([ fan - [gav)

where the supremum is taken over the set of bounded Lipschitz functions f,g: R" — R
such that f(z) — g(y) < |z —y[P/p for any =,y € R™. In other words,

Wy =su  [Q()du— [rav)

where the supremum is taken over the set of bounded Lipschitz functions f : R® — R, and
where Q(f) is the “infimum convolution” of f with % |-|P defined by

N = inf (1) + ), pew

y€eR? p

In the case p = 1, we have the simplified expression

W) =sup ( [~ [av)

where the supremum is taken over the set of Lipschitz f : R” — R with || f||Lip < 1.
For any fixed p > 1, we say that a probability measure p € P,(R"™) satisfies a W,
transportation inequality if for some constant C' > 0 and for any v € P,(R"),

Wop(u,v) < \/CH(v | p).

The most used cases are p € {1,2}. This reminds the Pinsker—Csiszér—Kullback inequality

H(v | 1)

- <
it = vy <4/ =5

where || — v||py = supy |u(A4) — v(A)], which follows from the inequality 3(u — 1)* <
(2u+4)(ulog(u) —u+1), uw > 0. The total variation distance is a W; distance with respect
to the atomic underlying distance 1., instead of the Euclidean distance |z — yl|.

Katalin Marton has shown that the W transportation inequality implies a sub-Gaussian
concentration of measure for Lipschitz functions. The argument relies on the coupling
expression of Wi. More precisely, let A, B C R™ be a couple of Borel subsets of R” such
that p(A) > 0 and p(B) > 0, and let pa = p(-|]A) = p(-NA)/pu(A) and pup = pup(:|B) =
p(- N B)/u(B) be the conditional distributions. The triangle inequality for W gives

Wi(pa, up) < Wi(pa, p) + Wi(ps, 1)
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Now the W transportation inequality Wi (u,v) < y/2cH(v | u) valid for any probability
measure v gives, using the notation f4 = 14/u(A) and fp = 15/u(B),

Wi(pa, pB) < \/ZCEntM(fA) + \/2cEntM(fB) = \/—2clogu(A) + \/—QClog,u(B).

On the other hand, let us take now B = (A,)¢ = {x € R™ : dist(z, A) > r} for some r > 0.
For such a couple A and B, the distance between the supports of the measures p4 and pp
is larger than or equal to r. Therefore, by the coupling variational formula for Wy,

Wi (pa, pup) >,
and thus if r > r, := \/—2clog u(A) then we get

cy _ (7’ — T*)2
p((Ar)%) = u(B) < exp 5 |-

If f:R™ — R is Lipschitz, then by the triangle inequality, for any r > 0,

{f <uHtr < {f <ulf) +rllflluip}
Taking A = {f < u(f)} we obtain, for r > r,, the sub-Gaussian bound

_ . _(r=m)?
/’L(f M(f) > THfHL]p) < exp 2 .

The following theorem is due to Sergey Bobkov and Friedrich Gétze. It states that the
W transportation inequality is the dual reformulation of the sub-Gaussian concentration
for Lipschitz functions. The proof relies on the Kantorovich—-Rubinstein dual or variational
representation of Wy as well as on a dual or variational representation of the entropy.

Theorem 3.4 (Transportation inequality Wy). For any p € P1(R"™) and any constant
¢ > 0, the following statements are equivalent:

1. Sub-Gaussian upper bound on Laplace transform of Lipschitz functions: for any
Lipschitz function f: R™ — R and any 0 € R,

10) = [exp(er) dus exp (560118 +0 [ an)

2. Transportation inequality W1 for u: for any v € P1(R"),

Wiy, 1) < \/2c¢H(v | p).

In particular, this holds true when p = vy, with c =1, for any n > 1.

Proof. We will use the following variational formula for the entropy, valid for any measurable
h:R™ — R with h > 0, achieved for g = log(h/u(h)) where u(h) = /hd,u:

Ent,(h) = sup{/hgd,u : /egd,u < 1}.

Note that in 1. we can reduce to # > 0 by replacing f by —f and also to u(f) = 0 and
| fllLip = 1 by translation and scaling. Now 1. for any f : R" — R with || f||rip = 1 rewrites

/egdugl
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with g = 6f — (¢/2)6?, and the variational formula for the entropy yields

/(ef - 202) hdu < Ent,,(h).

Conversely, if this inequality holds then we can check that we recover 1. by taking
h = e/ =(/2)0? gince 1. follows from

< / O ~(e/2)6? dﬂ> log / I~(e/20° 4, < 0.

Now, by homogeneity, we can assume that h is a probability density function with respect
to p, and since f has zero mean for p, we reformulate as

/(fh—f)duﬁgﬁ—&-;/hloghdu.

Next, by taking the infimum over 6 > 0 we get

Jun =y < W

Denoting v < p the probability measure such that dv/du = h and taking the supremum
over f gives, thanks to the Kantorovich—-Rubinstein dual formulation,

Wi(p,v) < \/2cH(v | p),

which is 2. It remains to note that the argument can be reversed. O

Remark (Variational formula for the entropy). The variational formula for the entropy
comes from the fact that as a convex functional f > 0+~ Ent,(f), it can be represented as
the envelope of its affine tangents, namely

Ent,(f) = sup{ /(log(g) — log (/g du)) (f—g)du+ Entu(g)}

920

= 212118{ /(log(g) — log (/9 du)) fdu}

= sup { / flog(g)du}

920

fgd,u,:l

_ 51(15:1{ /fgd,u}.

"

Replacing g such that [e9du =1 by g —log [ e dpu for an arbitry g we see that Ent,, is
the Legendre transform of the log-Laplace transform in the sense that

Ent,(f) = Slglp{ /fg dp — log/eg d,u},
And the entropy is the Legendre transform (convex dual) of the log-Laplace transform

sup {[ fgdu—Ent,(9)} = log/ef dp.

920

f gdpu=1
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The following theorem, due to Sergey Bobkov and Friedrich Gétze, provides the dual
reformulation of the Wy transportation inequality, via infimum convolution.

Theorem 3.5 (Transportation inequality Ws). For any p € P2(R™) and any constant
c > 0, the following statements are equivalent:

1. Transportation inequality Wo for p: for any v € Po(R™),

Wa(p,v) < \JeHv | p);

2. For any bounded and Lipschitz f : R™ — R,

Jexp(@ul) dp < exp [ fdp

where Qc(f)(x) := infyern (f(y) + |:c;(g:/|2) = C_lQl(Cf).

Note that Wi (v | 1) < v2Wa(v | i) and therefore the Wo transportation inequality
implies the W transportation inequality.

Note that the infimum convolution inequality 2. implies sub-Gaussian concentration for
Lipschitz functions, namely that for any lipschitz function f: R™ — R, and any 6 € R,

Jexp(o)du < exp (56201715, + [ ).

Indeed, after assuming without loss of generality as usual that u(f) =0, 6 = 1, and that f
is bounded, this follows from 2. together with the fact that for any x € R",

2
Qulf)(@) > f(x) + inf (‘HfHLip\x —yl+ M) > f(2) = 51/

yER™ 2c

Proof. Let us prove that 2.=1. For any bounded and Lipschitz g, 2. for f = g/c gives

/exp (i (Ql(g) —/gd,u)) du < 1.

Now, for any probability measure v with density f = dv/du with respect to u, the
variational formula for the entropy Ent,(f) = sup{u(fh) : u(e") < 1} gives, for the special

choice h = 1 (Q1(g) — [gdp),

3 (@)~ [odn) ran= [nsan < Eny(),

Taking the supremum over g gives 1. by the Kantorovich—Rubinstein duality.
Let us show that 1.=2. For any probability density function f with respect to u, we
have, denoting v the probability measure such that dv = fdu,

Wa(p,v)? < cEnty(f).

Using the Kantorovich—Rubinstein duality, for any bounded Lipschitz g : R” — R,

/(Ql(g)—/ng)fd,uz/Ql(g)fd,u—/gd,uSc/flogfdu.
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Since g and @1(g) are bounded, one can take

f o< exp (i (Ql(g) - /gdﬂ>)

log /eXp (in(g) - i/g d#) dp <0,

which can be rewritten as 2. using ¢ 'Q1(g) = Q.(c'g). O

and get

Theorem 3.6 (W, inequality for Gauss measures). For any n > 1 and v € Po(R"),

Wa (v, ) < \/H(V | ¥n)-

The first proof, due to Michel Talagrand, is by induction on n. We give here a proof
due to Sergey Bobkov, Ivan Gentil, and Michel Ledoux, which is based on the logarithmic
Sobolev inequality and a Hamilton-Jacobi equation for infimum convolutions.

Proof. Set p = v, and ¢ = 1. Thanks to the characterization of the Wy transportation
inequality (theorem , it is enough to show that for any bounded Lipschitz f : R” — R,

/eXp(Qc(f)) dp < exp /f dp.

Now the idea is to try to exploit the logarithmic Sobolev inequality for i in order to obtain
a differential inequality for the Laplace transform of Q.(f), just like in the Herbst argument
that we have already used to get from the logarithmic Sobolev inequality a sub-Gaussian
upper bound for Laplace transforms of Lipschitz functions. This requires to control the
gradient of Q.(f). It turns out that we can benefit from the following fact: if f: R” — R
is bounded and Lipschitz and if 6 € [0, 1] then the “infimum-convolution”

|z —y|?

u(t,z) = Q¢(f)(x) = inf (f(y)+ of ), t>0, x € R"

is a “Hopf-Lax” solution of the Hamilton-Jacobi equationf|

{(%u + 3|Vaul? =0 on (0,00) x R",

It follows that g(z,0) := Q.(0f)(x) = Q. (f)(x) satisfies to
1 2
0059 = g — c5|Vagl”.
Using this formula, we get from the logarithmic Sobolev inequality for p
Ent, (h?) < zc/\vm?dﬂ
with h = exp(3g) that

OL'(0) < L(0) log L(6) where L(6) = /egdﬂ,

3See for instance Section 3.3 in the book “Partial Differential Equations” by Lawrence C. Evans.
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in other words K’ < 0 on (0, 1] where K () := (1/0)log L(0) for any 6 € [0,1]. Now K
is continuous on [0,1] and thus K (1) < K(0). Moreover, the identities L(0) = 1 and
K(0) = (log L)' (0) = L'(0)/L(0) = [ f du, which gives

[exp(Quh) dn = L(1) = exp(K (1)) < exp(K(0)) =exp [ £
O

The proof above is not Gaussian. It shows that if a probability measure p on R™ satisfies
a logarithmic Sobolev inequality then it satisfies also a Wy transportation inequality.

It was proved few years ago by Nathael Gozlan probabilistically and then by Michel
Ledoux analytically that the W9 transportation inequality is actually equivalent to a
dimension free sub-Gaussian concentration inequality for Lipschitz functions.

e@Ndyu < e fu “ W (v, 1) < cH(v | p)
!
efdu < e8I/ 11Eip [ Fau < Wiy, u) < \/2cH(v | p)
N /!
c [IVS]?
Ent,(f) < 5 [ o
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Chapter 4

Isoperimetric inequalities

The classical isoperimetric inequality for the Lebesgue measure on R™ states that among
the Borel sets of given volume, the boundary measure is minimal for balls. Similarly, the
classical isoperimetric inequality for the uniform distribution on the sphere states that
among the Borel sets on the sphere of given area, the boundary measure is minimal for
sphere caps. This section is devoted to the isoperimetry for the Gaussian measure =, for
which it turns out that the extremal sets are half-spaces. This can be seen as a consequence
of the isoperimetric inequality on the sphere thanks to the Poincaré observation.

For a Borel measure p on R™, the boundary measure of a Borel set A C R" is

put(A) = liminf —'U(AT) AC)

r—0 r

where A, := {z € R : dist(z, A) < r} is the r-neightborhood of A C R".
The probability density function and the cumulative distribution function of the
standard Gauss measure y; on R are given, for any x € R, by

o(z) = (27) 3e 3 and B(z) = /_xoogo(t)dt.

Note that for = > 0, ®(z) = %sz) where erf(z) := % IS e dt.
Lemma 4.1 (Halfspaces). If H = (—o0,a], a € R, then
(H) = B(a) and i (H) = pla).
More generally, for any n > 1, u € R™ with |u| = 1, and a € R, the (affine) halfspace
H:={zeR": (u,x) <a}

satisfies
(H) =®(a) and 7, (H) = p(a).

In particular, for all p € (0,1), a halfspace H of measure v,(H) = p has boundary measure
o (H) = o @ (p) = 1(p).
This dimension free phenomenon comes from the rotational invariance.

Proof. The rotational invariance of 7, reduces the problem to n = 1, and in this case
v1(H) = ®(a) while the fact that ¢ = ¢’ gives

n(Hy) =n(H) = @(a+r) - &(a) = re(a) + ofr)
which provides 7;" (H) = ¢(a). O
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Let us define I : [0,1] — [0,00) by I(0) = I(1) = 0 and for any p € (0,1),
I(p) := (9o 27 )(p).

Lemma 4.2 (Gaussian isoperimetric function). The function I : [0,1] — [0, 00) is concave,
symmetric with respect to 1/2 where it achieves its mazimum 1(1/2) = (2r)~Y2 and
satisfies to the differential equation IT" = —1 on (0,1). Furthermore

I(p) ~ py/—2logp and LimI'(p) = +oc.
p—0 p—0

Proof. On (0,1), ® = ¢ gives (¢71) =1/(po ® 1) =1/I and ¢'(z) = —zp(z) gives

_ Ao gt g oL ]

I ——.
I pod-1 I

This gives II” = —1, the concavity of I, and lim,,_,o I’(p) = lim, o —®~!(p) = +occ. Finally,
since ¢ is even, it follows that ® — ®(0) = ® — 1/2 is odd, and therefore I is symmetric
with respect to 1/2. Since I is concave, its maximum is 1(1/2) = ¢(0) = (27)~"/2. Finally

O(x) ~ — 20 oives ®~1(p) ~ —/—2log(p) and then I(p) ~ pv/—2logp. O
z p—0 p—0

r——00

Theorem 4.3 (Gaussian isoperimetry). For any p € [0,1], among all Borel subsets
A CR" such that v,(A) = p, the boundary measure ;5 (A) is minimal for halfspaces:

I(p) = jnf v (A),
m(A)=p

in other words for any Borel set A C R",
I(yn(A)) < 7 (A); (4.1)
In other words, for any Borel subset A C R™ and any halfspace H, we have
(A) =mwm(H) =y (H) < (A).

It possible to deduce from the isoperimetric inequality for the uniform distribution
on spheres by letting the dimension and radius tend to infinity, as explained by Michel
Ledoux in [23]. Antoine Ehrhart gave in [I7] another direct proof of which relies on
symmetrization. Christer Borell gave an alternative proof in [§].

FIXME: explain why half-spaces are in some sense the unique extremal sets.

Theorem 4.4 (Gaussian isop. — Integrated version). For all Borel set A C R™ and r > 0,

Tn(Ar) 2 (D7 (n(A)) + 7). (4.2)
It is possible to deduce (4.1)) from (4.2)) immediately since

o n(Ar) — (A _
5 (A) = i 22 =0 g0, 4)) = 10 (4),
Conversely, to deduce (4.2)) from (4.1), we may assume first by approximation that A is
a finite union of open balls. The familly of such sets is closed under the r-neighborhood
operation, and thus the lim in the definition of 7, is a true limit. In this case v, (A) is
the integral of the density of ~, along the boundary dA which is a union of spheres, in

other words 9,v,(A;) = 7,5 (A;). Now
alr) i= 87 (3a(4) = a(0) + [ (0,

and a'(t) = v, (Ay)/(p o @ 1)(A;) > 1 by (.1)), thus a(r) > a(0) + r, hence (4.2)).
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Remark. If v,(A) =p>1/2 and a = ®~(p) then a > 0 and [.2) gives, for all v > 0,

1.2

n(Ar) = B(a+7) = B(r) = 1 - e 37,
and this bound is remarkably dimension free!

Theorem 4.5 (Gaussian Bobkov isoperimetry). For every smooth function f : R™ — [0, 1],

([ o)~ [ 1han < [ 1951 (43)

The inequality was introduced and proved by Sergey Bobkov in [6]. It is the
first known functional form of the Gaussian isoperimetric inequality. It is possible to
deduce from by approximating indicators with smooth functions, see [22, [7], and
conversely, one can deduce form (4.1)), see for instance [7]. The Bobkov inequality
plays for the Gaussian the role played by the optimal L' Sobolev inequality for the
Lebesgue measure. We refer to [5] and [29] for a discussion on isoperimetric inequalities.
Here « L' » means that the functional inequality involves the L' norm of the gradient.

Direct proof of (4.3|) using semigroup interpolation. We follow the proof given by Dominique
Bakry and Michel Ledoux in [2]. Let (/)5 be the Ornstein-Uhlenbeck semigroup. Let
e€(0,1) and f: R™ — [e,1 — £] be smooth. We get, for all ¢ > 0,

1) = PTG = = [0 PI(Poas
=~ [P ) IV PP
<~ [ PP ) VP fl PV s
< [t = )PPV s
_ (/Ote_soz(s)ds> P(VS)
where (recall that 11" = —1)
a(u) = Sﬂ;}g(—f"(Puf)\VPuf!) = sup(I(Puf)[V Puf]).
To perform the computation above, we have used a couple of now familiar ingredients:
o The diffusion formula L(B(h)) = 8'(h)Lh+B"(h)|Vh|? giving, with 8 = I, g :== P;_sf,
0sPs(1(g)) = Ps(L(1(9))) — Ps(I'(9)Lg) = Ps(I"(9)|Vg[*).

¢ The sub-commutation |VP,f| < e ™P,(|Vf]) with u =1t — s.

It remains to find an upper bound for the a above. Using again the same semigroup
interpolation, same familiar ingredients, and the Cauchy—Schwarz inequality, we have

(B2 > LS - [P
== [aPU(P)P as
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:_2/p (Peea ) Ps (I"(Preaf) [V P f ) dis

2
— 3 / Pu(I(Prof)) P, (’IV(J;J;‘)) ds

>2/ (VP )2 d

> 9 / |V P,(P,_,f)|*ds
0
> (e2t - 1)’vptf‘27

therefore VP, ) 1(Puf) )
a(u) = su vl < ulJ _ ,
(W) =S 1B ) S Ve —T1(Pf) e o1

which gives finaly
1) = RUE) = ([ als)as) ROV

t o—2s
< ([ ims) P
= ([/i=e=yas) pavr)
=V1—e2P(|Vf]).
Of course Py(+)(z) = N(ze !, 1 —e %) — 7, as t — oo, for any = € R™. O

Theorem 4.6 (Gaussian Bobkov isoperimetry bis). For all smooth f : R™ — [0, 1],

1( [ fam) < [ VPG + VIR (4.4)

As for , it is possible to deduce from by approximating indicators with
smooth functions, see [22] [7], and Conversely, one can deduce form ([4.1)), see [7].

It is immediate to deduce (4.3)) from (4.4) using va? + b? < |a| + |b|. The advantage
of . over is that . can be tensorlzed The inequality (4.4 . was invented and
proved by Sergey Bobkov [7]. In the sequel, we give three proofs of this inequality.

It is important to understand that the logarithmic Sobolev inequality for v, with its
optimal constant can be deduced from , namely by taking f = eg? with Jrn g*dy, =1

in (4.4) and using I(p) ~p—0 pv/—2logp, we get
[ gt os(e®) dv, <2 [ V9 d.

Indeed, denoting for short u(h) := [ hdyy,, we have I(u(f)) ~ e/—2log(e) while

e—0

/ VI( —HVdefyn ~ / e2g*21log(eg )+€24\Vg|2g2) dvy
2l0e(e) 5 los(g [Vgl?
= —21 4 d
—° og(e / (g \/ —210g + —21log(e)g? T

log(g ) [Vgl?
~ —21 - 2 dyn
S0 © o8 ( ( —21log(e) + —21log(e)g? 7
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1
=¢ey/—21 1— log(g*) dvn, 27/ 2dn>.
2 og(é?)( W9 108(97) dvn + 2510 [ IVl dy

1
—2log(e) Jr
This argument, due to William Beckner, mirrors the linearization argument g =1+ ¢f
that allows to get the Poincaré inquality from the logarithmic Sobolev inequality. It is also
important to mention that it possible to recover directly the sub-Gaussian concentration
of measure for Lipschitz functions under ~, from the sets formulation of the Gaussian

isoperimetry (4.1)), see 2, [4].

Direct proof of using semigroup interpolation. We give a proof due to Dominique
Bakry and Michel Ledoux (see [2] or the simpler [23]). Let (P;),», be the Ornstein-
Uhlenbeck semigroup, and L be its infinitesimal generator. Let ¢ € (0,1) and f : R —
[e,1 — €] be smooth. Fix ¢ > 0, and set, for any ¢ > 0,

a(t)i= [P + VP
It suffices to show that a(oo) < a(t), via o/ < 0. Now, setting f; := P, f,

o (s) = /(II/)(ft)Lft +(Vfi,VLf;)
VI2(ft) + |V fi]?

Let us remove L in (*) and (**) by using an integration by parts. Namely, for (*), by
integration by parts, using II” = —1 and setting K (f;) := I*(f;) + |V f:|?,

d = () + (30).

_ (UGS (1')(fe)
() =[S = = [195 V2 0,
:_/(1/2—1)(ft)\vft|2d
K(fy) !
(I (fo)V fel* + (H/)(ft)<vft,v2ftvft>
[ (K7 e
On the other hand, for (**), using (Vf;, VLf;) = (Vfi, LV f;) — |V fi|?, we get
o [ORSLE) VALY VAL |
= [y = o R

and the term with L can be rewritten, using an integration by part, as

/<Vft, LYfi) ||V2 %
VE(fi) )

+/ II,)(ft)<vftav2ftvft> (Vfe, (V2 f1)2V f2) dv,

(K (f1))3/?

where ||V2f||3 := gkzl(agkft) = Trace(VZfV?2f;) is the square of the Hilbert-Schmidt
or trace or Frobenius norm of the Hessian matrix V2f; of f;.
Gathering all the terms gives, after some algebra,

/ R t
0=/ K3/(2<J)z> ¥

R = —I?|V[* +21T'(V,V?V) = I*|V2|[3 — [ V23|V [* + (V, (V*)*V)

where, omitting f; in the formula,
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= —Trace((I'VV' — IV)(I'VV' —IV?)+Q

where

Q= (V,(V*)*V) - [VZ[3|V|* < 0.
O

Direct proof of using stochastic calculus. We give the proof due to Franck Barthe
and Bernard Maurey [4] inspired by a bit more abstract work of Mireille Capitaine, Elton
Hsu, and Michel Ledoux [12]. By regularization, one can reduce to the case where f is
smooth. Let (By),~, be a standard Brownian motion of R" and let (F;),~, be its natural
filtration. For any ¢ > 0, set -

t
M, == B(f(B1) | F) = Mo+ /0 m. dB.,
t
N, = B(VF(BL) | F) = No +/ 1o dB,.
0
t
A ::t/\leo—l—/ast,
0

(these processes are constant for ¢ > 1). It suffices to show that the process

<\/1'2(Mt) +At|Nt|2>

t>0

is a submartingale, since in that case

I(E(f(B1))) =/ I*(E(f(B1))) = EF(0)

<EF(1) = B\/P2(f(B)) + |V (B1)P.

Let us assume for notational simplicity that n = 1. Let J : R — R be a continuous
C? function, contant outside [0,1], and such that J(z) = I(x) when = € [¢,1 —¢]. Let

F(z,y,t) = \/J?(z) + ty*>. Now

_2J(z)J (z) + ty? _ JP(x) + 2ty
axF = oF and 8yF = T
and thus
92 p tJ?(x)y? + J3(x)J" (z) + t|y|> T (z)J" (x)
x,T - F3 ’
s .~ tyJ(x)J'(v)
8x,yF7 - - F3 )
tJ?(x)
2 _
any 3
Y2
F=Z=
OF =3F

Now, 1t6’s formula gives, with X, := (My, Ny, Ay),

t t
Y, i= F(X,) = F(Xo) + /O (0,F(X) dM + 8,F(X) dN) + /O A(s)ds
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with
1
A(s) = 0F (X,)as + 5 (02 . (X )m? + 202 F (X )myns + 02, F(X,)n?)

S

The stochastic integral above has a bounded integrand, and is then a martingale. For the
last integral above, we note that (J(M¢)),~o and (1(M¢)),sq coincide, which allows to use
the relation II” = —1, and this gives, omitting the variables,

2F3A = F2N?a + (I AN? — I* — AN*)m? — 2(IT' AN )mn + I* An®.
Let us admit that N2a > m?. This gives F?N2a > (I? + AN?)m?, and then
2F3A > A(I*N?*m? — 2II' Nmn + In*) = A(I'Nm — In)* > 0,

and therefore (X;),~ is a submartingale.
It remains to show that N2a > m?. We have actually a = 1, and

M, = ]E(f(Bl — By + Bt) | ft) = a(t, Bt) and N; = azOé(t,Bt)
where a(t, ) := E(f(B1 — Bt + z)). But (M), is a martingale, and thus
th = 8170((t, Mt)dBt = NtdBt

by It6’s formula, which gives mg = Ny, hence m? = N2, O

4.1 Proof of the second Bobkov inequality

Inspired by the work [31] of Michel Talagrand, Sergey Bobkov gave in [7] a proof of the
isoperimetric inequality , by using a tensorization of an inequality on the two-points
space and the Central Limit Theorem. The starting point is the following inequality on
the two-points space: for any ¢ : {0,1} — [0, 1],

I(Eu(9)) <Eu(/I%(9) + (Dg)?)

where (Dg)? = (g(1) — ¢(0))2. In other words, with a := g(0) and b := g(1),

I<a;b) < ;\/12(a)+ <b;a>2+;\/[2(b)+ (b;a>2.

FIXME:
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Chapter 5

Bakry-Emery criterion

5.1 Gamma calculus

Let (X;) be a Markov process, we let M be the state space, (P;) be the semigroup and L
be the generator. Given a function f and t > 0 we consider

B(s) = P((Pi=sf)?), s<0,].
By Jensen’s inequality 3 is increasing: (s +¢) > Ps((P-Pi—s_cf)?) = B(s). Observe that
B(t) = B(0) = Pi(f*) — (Pf)?

evaluated at x € M is the variance of f with respect to d, P = P;(-)(z). Next, we have

B'(s) = 0sPs(g%) + Ps(2(0s9)9)
( (9°) — 2gLg)
=2P5(I'(g))

where g = P,_¢f and

Tlg) = (L() - 2Lg).

The operator I' is called carré du champ. More generally we introduce the bilinear form

U(f,9) = 5 (L(fg9) — f(Lg) — (Lf)g).

N

Observe that
L(f. f)=T(f) = 0.

Indeed since S is increasing '(0) = 2I'(P.f) > 0. Letting ¢t — 0 yields the positivity of T.
Let us differentiate 5 once more. Recall that g = P,_sf, since I is a bilinear form we have

0sT'(g9) = 2T'(9sg,9) = —2I'(Lg, g)-

We thus obtain
B"(s) = 2P, (LT'(g) — 2T'(Lg, 9)) -

It is thus tempting to introduce the iterated version of the carré du champ

Da(f) = § (LT(f) — 20(Lf, 1))

93
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With this formalism we thus have

B"(s) = 4Ps(T2(P—sf))-

For instance, if X; = v/2B;, where (B;) is a standard Brownian motion then Lf = Af,
from which we easily get (easily checked first in the unidimensional case n = 1)

1

L(f) =V and Tof)= §A\Vf|2 —(VF,VAS) =Y (8 f)* = Tr((Hessf)?).
]

Notice in particular that T'y(f) > 0. This already shows that 5” > 0 in that case. So ' is
non decreasing, in particular 5'(0) < ’(t) In other words

IVPfI? < B(IVfP). (5.1)

Similarly, if (X;) is the Ornstein—Uhlenbeck semigroup then Lf = Af — (x, Vf),
1
D(f) =|Vf[* and To(f) = SLIVI* = (VL VL) = (050) + VI
]

Notice that in that case we get I'ao(f) > I'(f). This implies that

B"(s) = 26'(s).
This differential inequality is easily integrated (Gronwall’s lemma) and we get in particular

B'(t) > e*5'(0).
In other words

VPSP < e PV ).

Of course we have seen before that this commutation property was an easy consequence of
the Mehler formula. Similarly is easily derived from the explicit expression of the
heat semigroup. The point of the I' calculus, is that it allows to derive such commutation
properties for semigroups which do not have an explicit expression.

Definition 5.1 (Curvature—dimension inequality). We say that the Markov process (X})
satisfies the curvature dimension inequality CD(p,n) if for any function f we have

Da(f) 2 o0 (f) + - (LF)

Remark. We have stated the curvature dimension condition in full generality but actually
in this notes we shall only address the condition CD(p,0), for which the inequality reads

Ly (f) = ().

On the other hand L = A satisfies to CD(0,n), in other words Tr((Hess)?) > A2, since
by the Cauchy—Schwarz inequality for (A, B) = Tr(AB) on real symmetric matrices,

A = Tr(Hess) = Tr([,Hess) = (I, Hess) < \/TI‘(In)\/TI‘(HeSSZ) = \/nTr(HeSSQ).
Proposition 5.2 (Weak commutation). Let p € R, the following are equivalent:
1. The semi group (P;) satisfies CD(p, 00);

2. For every function f and every t we have I'(P.f) < e 2Pt B,I(f).

Proof. As seen above, letting a(s) = Ps(I'(Pi—sf)) we have o/(s) = 2P;(T'a(Pi—sf)). So
under CD(p, o00) we get o/(s) > 2pa(s). Then by Gronwall lemma we get a(t)e™ 2"t > (0),
which is the second inequality. Conversely, if the second assertion holds for all ¢ then
a(s) > e**a(0) for every s € [0,t]. A Taylor expansion of both expressions at s = 0 gives
a/(0) > 2pa(0), hence I's (P, f) > pI'(P;f). Then letting ¢ — 0 we get CD(p, 00). O
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5.2 Poincaré inequality

In this section, we assume that there is a stationary distribution u and that it is ergodic,
in the sense that

ri— [ fan,

for every f. The Dirichlet form is the quadratic form given by

g9) = /MF(fvg) dp,

for all f,g. Again when f = g we write E(f, f) = £(f). Notice that by stationarity we
have [,; L(f?)du = 0 and thus

_ /Mr(f) du = —/M FLF) dp

We say that u satisfies the Poincaré inequality with constant C' if for every function f
Var,(f) < CE(f).

Theorem 5.3 (Gamma-two criterion). If CD(p,00) holds for some positive p then pu
satisfies the Poincaré inequality with constant 1/p.

Proof. Recall that letting 3(s) = Ps((P,—sf)?) we have ('(s) = 2Ps(I'P,_sf). Using the
weak commutation we get

B'(s) < e PUIP(T ).
for every s € [0,¢t]. Therefore

1 —e 20t

P(f*) — (Puf)? = B(t) — B(0) < PI(f).

2p

Letting ¢t tend to +o0o and using the ergodicity we get the result.
Alternatively, we could define a(t) = [ P;(f?)dp and proceed as follows

Var,(f) = a(oo) — a(0) = / t)dt = 2// P,(f)LP,(f)dtdp = 2// f))dtdu

1 — e 20t
<2// 201 p,(T'(f))dtdp = / 2 201dr) /F p/F(f)d,u,

The Poincaré inequality is equivalent to an exponential decay of the variance.
Proposition 5.4. The following are equivalent

1. p satisfies the Poincaré inequality with constant C;

2. For any function f, we have Var,(P,f) < e~2/C Var,(f).
Proof. Observe that

d

d
SVar(P) = 1 / (Pof)? dp = —2E(Pof).

So the direct implication follows from Gronwall and the reverse implication is obtained by
differentiating at ¢ = 0. O
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We close this section by showing that if p is reversible, the Poincaré inequality is
equivalent to an integrated version of the CD(p, c0) condition.

Proposition 5.5 (Integrated Gamma-two criterion). Let p > 0 and consider the following:

1. For any f we have [y, Tao(f)dp > p [, T(f)dp;

2. w satisfies Poincaré with constant 1/p.
We always have 1 = 2, and if v is reversible the converse is also true.

Proof. We have seen that %Var(Pt f) = —2&(P,f). By stationarity we have

| Tagydn =~ [ T(g.Lg)du
M M
for all g. Therefore
d
SEE) =2 [ TAs LA A= -2 [ Ta(Pp)
M M
So under the first condition we get
d
SE(PS) < ~20E(R).

Hence by Gronwall £(P,f) < e 2Pt&(f). Since

Var(f) = /0 Tog(P.f)dt

we obtain Poincaré with constant 1/p. For the converse inequality, assume (without loss of
generality) that f has mean 0. Then using Cauchy—Schwarz and Poincaré we get

/Mr(f) dp = —/M FLf)dp < (/M P dﬂ>1/2 (/M(Lf)Qdu>l/2

(o) " (forra)

/M(Lf)2 dp > p/M T(f)du.

Therefore

Now reversibility implies that

| @ngan= [ s(zgyan=£(s.9).
M M

for any f,g. In particular

| wprdu=eiinn = [ Ta(pdn
M M

hence the result. O
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5.3 Langevin semigroup
Let V: R™ — R be a smooth function and consider the stochastic differential equation
dX; = V2dB; — VV(X;) dt.

We assume that it has a unique strong solution, and that this solution does not explode
in finite time. This is will be the case under mild assumptions on V' but we do not want
to spell these out for now. The solution (X;) is a Markov process and we let (FP;) be the
associated semigroup. For f € CZ(R") we see using [t6’s formula that

FO0) = [ (AF(X) = (VY (), VACX) s
is a martingale. As a result the operator L given by
Lf = Af - (VV,Vf)
is the generator of (P;). Let p be the measure given by
p(dz) = e V@ dz,

we claim that p is reversible for the process. Indeed, if f and g are C? smooth and
sufficiently decreasing at +oo then integrating by parts we get

/ (Af)gdp = — / (V1,V(ge™")) de
R™ Rn
- / (V,Vg)du+ / (V1. 9V)gdp.
Rn R”

Therefore
/ (Lf)gduz—/ (Vf,Vg) d#z/ f(Lg)du,
Rn Rn Rn

which proves the claim.
If eV is integrable on R”™ we normalize 11 to be a probability measure, and it can be
shown that the semigroup (F;) is ergodic:

i = [

for all f. When the potential V = |z|?/2, the semigroup (P;) is just the Ornstein—
Uhlenbeck semigroup and the measure p is the Gaussian measure. The Langevin semigroup
thus generalizes this construction. The main difficulty of this generalization is that the
semigroup (F;) does not have an explicit expression anymore. However, we shall see that
under suitable hypothesis on V', many of the properties that we have established for the
Ornstein—Uhlenbeck semigroup remain valid in this context.

Clearly the first order term in L has no effect on the carré du champ, so we still have

I'(f,9) =(Vf Vg).

Let us compute I's:
To(f) = Tr((Hessf)?) + (HessVV £,V f)

and Tr((Hessf)?) = >0 f )2 is the squared Hilbert—Schmidt norm of the Hessian of f.
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On a Riemannian manifold equipped with the normalized volume measure, the Laplace-
Beltrami operator, and a vector field, a new term Ric(V, V) appears in I'y where Ric stands
for the Ricci curvature tensor, making to Bakry - Emery curvature the sum of a curvature
of the space and a curvature of the Markov process. A sort of generalization based on
Wasserstein — Kantorovich distances, and well suited for discrete space Markov processes,
was developped later on by Joulin and Ollivier, while a synthetic notion of curvature was
developped by Lott and Villani, Sturm and von Renesse, and the followers.

Lemma 5.6. Let p € R, the Langevin semigroup satisfies CD(p, 00) if and only if
HessV > p I, (as quadratic forms, pointwise).

Proof. If HessV > p I, we immediately get T'a(f) > p|Vf|? = pI'(f). Conversely, applying
CD(p, 00) to a linear function f(z) = (u, z), then Hessf = 0 while (HessVu,u) > p|ul?2. O

Using the main result of the previous section we get the following:

Corollary 5.7. Let p > 0 and let i be a probability measure with density e~ and assume
that HessV > pl,, pointwise. Then u satisfies the following Poincaré inequality

1 2
Var(f) < | 1vsdu

5.4 Diffusions

We return to case of a general Markov process (X;). We have seen how the I' calculus
allows to derive Poincaré. Now we want to do the same thing for log—Sobolev. Given a
positive function f we let

B(s) = Ps ((Pr—sf))
where ¢ = xlogx. Note that
B(t) — B(0) = Pu(¢(f)) — #(Pef)

evaluated at z is the entropy of f with respect to the measure §,P; = P;(-)(x). Then

B'(s) = Ps (L(¢(g)) — ¢'(9)Lg)

with g = P, f. If (X}) is a Langevin semigroup, as in the previous section, we have

Lo(g) = Alo(g)) — (VV,Ve(g)) = ¢'(9)Lg + ¢"(9)|Vgl*.

Bearing this example in mind, we say that (X;) is a diffusion if L satisfies

L(o(f)) = &' (/)L + ¢"(HT(f),
2

for every f on M and every smooth ¢: R — R. Note that by taking ¢(u) = u® we recover
the definition of I'. Typically, a diffusion is the solution of a stochastic differential equation
driven by the Brownian motion. On the other hand, a typical example of a Markov that is
not a diffusion is a process taking values on a discrete space, like the random walk on a
graph. This termonology is not wise, we should say continuous diffusion instead of diffusion
since a random walk is a discrete diffusion.

For a diffusion we thus have

B'(s) = Ps(¢"(9)T(9)),
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which is equal to I'(g)/g when ¢ = xlogx. The next step is to assume CD(p, 00) and to
use the commutation property

D(g) = D(Pi_of) < e 2XIT(P_ f).
It turns out that for log-Sobolev, a stronger commutation is needed.

Proposition 5.8 (strong commutation). If (Xy) is a diffusion satisfying CD(p,o0) then

VIP, <e ”P, (vff) for all f and t.
Remark. This is called strong commutation because it implies the weak one immediately

by Cauchy—Schwarz. However, at least for diffusions, both commutations are equivalent,
since they are both equivalent to CD(p, o).

Proof of Proposition[5.8. Fix t > 0 and let
a(s) = 2. (T(Peh).

If we can prove that o/(s) > pa(s) for all s then we get a(t)e " > «(0) by Gronwall, which
is the desired inequality. Setting g = P,_,f and using the diffusion property we easily get

o/(s) = P. (T(9)Ia(g) — 397 TTy )

Therefore C(a))
_ T(I'(g
'(s) — =P, (I(g)"'/? (r — pl(g) — ))
o/(s) = pas) = P (T(0) 2 (Talg) = T0) =
So it is enough to prove that I'2(g) > pI'(g) + I'(I'(g))/4T'(g) for all g. This is the purpose
of the next lemma. O

Lemma 5.9. For a diffusion satisfying CD(p,o0) we have

for all f.

Proof. Let us give the proof for a Langevin diffusion first. As we have seen in the previous
section, if a Langevin diffusion satisfies CD(p, c0) then its V satisfies HessV > pI,,, so

To(f) = Vf(HessV)V f + Tr((Hessf)?)
> p|V f|* + Tr((Hessf)?).

Recall that T'(f) = |V f|? and observe that

T(T(f)) = |V|Vf[|? = 4|(Hessf)V f|*
< d|[Hessf||2, |V f|? < 4Tr((Hessf)?) |V f]*.

Hence the result in this case. For a general diffusion, we have to proceed using the change
of variable for I'9, see for instance [24, Lemma 1.3] or [I, Chapter 5]. O
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5.5 Log—Sobolev inequality for a diffusion

Let (X;) be a diffusion, we assume that there is a stationary distribution p which is ergodic.
Let f be a positive function and let

6(5) = Ps(PtfstOg(Ptfsg))a

We have seen that
B/(S) = Ps(F(Pt—sf)/Pt—sf)'

Assuming CD(p, 00), using strong commutation, and applying Jensen’s inequality to the
function (u,v) — v?/u we get

P(Posf) _ opisPes(WTUD? _ opis) I(f)
p s Uy = PH( 7 >

Therefore r
§(s) <o op ().

Integrating this between 0 and ¢ we get

1 —er‘gptpt (F;f)> ’

If p > 0, letting ¢ tend to +oo and using ergodicity, we obtain the following:

Py(flog f) — P flog(Pf) <

Theorem 5.10. If a diffusion satisfies CD(p, 00) for some positive p and has an ergodic
stationary measure p. Then p satisfies the follwing logarithmic Sobolev inequality: For any

positive f

Ent, (f) < ! At dp

“20Ju f

Remark. By the diffusion property T'(f) = 4fT(V/f) = fT(f,log f). So the right-hand
side in the log—Sobolev inequality can be rewritten

/ L) 4= (s, 108 £) = 16(VF).
M f

Corollary 5.11. Let p be a probability measure on R™ of the form du = e Vdx. If
the potential V' satisfies HessV > pl,, for some positive p then u satisfies the following
log—Sobolev inequality: For any positive f we have

1L VP
Ent,(f) < Zp/n Td,u.

The logarithmic Sobolev inequality is equivalent to an exponential decay of entropy.

Theorem 5.12. Let (Xy) be a diffusion admitting a stationary distribution p. The following
are equivalent:

1. p satisfies log—Sobolev with constant C: For every positive f, we have
Ent,,(f) < C£(f,log f).

2. For every positive f and every time t we have

Ent,(P.f) < e/ Ent,(f).
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Proof. We have

%Entu(Ptf) = /M(LPtf)(log(Ptf) +1)dp = /M(Lptf) log(P; f) dp.

We claim that
/M(Lg) loggdp = —&(g,logg),

for all g. Indeed, by stationarity
1 1
—&(g,logg) = */ (Lg)loggdu + f/ g(Llog g) dp.
2 m 2 J/m
Now by the diffusion property Llogg = g~'Lg— g 2I'(g). Therefore, and using stationarity
again,
['(g
/ g(Llogg)du = —/ Qdu = —&(g.logyg),
M M g

hence the claim. As a result we get

S Bnty(Pf) = ~E(Pf log P.f).

The equivalence is then clear: use Gronwall for one direction and differentiate at ¢ = 0 for
the other. ]

As we have seen in the case of the Ornstein—Uhlenbeck semigroup the log-Sobolev
inequality is related to hypercontractivity.

Theorem 5.13. For a diffusion admitting a stationary distribution u, the following are
equivalent:

1. u satisfies the logarithmic Sobolev inequality with constant C;
2. For every p > 1, for every f € LP(u) and every t > 0 we have
1B fllLeo gy < 1 ey
where p(t) = 1+ p(et/C —1).
Proof. Let f >0,let p>1andlet p =1+ p(et/ ¢ —1). A careful computation shows that

d (P _
1Pl = ([ 57w (BEne,(m)+ [ (Lpa).
where f = P,f and p = p(t) in the right-hand side. Set g = fP/2. By the diffusion property
2 2 /2
Lf=L(g*") = ~g*"'Lg+ = ( - 1) g*/" 1 (g).
p p\p
Thus

[ anrtan=> [ gagan+> (2 1) [ rio)du

)

So %HPtpr(t) has the same sign as

P (t) Ent,(g%) — 4(p — 1)E(g)

where g = (P.f)P/?. The equivalence is then straighforward. O
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Example (Gaussian Unitary Ensemble). Let H be a random N x N Hermitian matrix

with density proportional to e NTH) | [t can be show, by a change of variable, that the
vector of eigenvalues (x1,...,zN) has density in RN proportional to
N
e N 2 hmr # 1_[(acZ — xj)2.

1<J

If we order the eigenvalues is such a way that say r1 < --- < xy then this law p has density

N
e H@i,zn)  pa H(z1,...,25) =N Z xi + Z — log(ajj — ;).
k=1 i<j

We have then HessH > N and therefore, by the Bakry-Emery theory, the probability measure
p satisfies a Poincaré inequality in RN with constant 1/N and a logarithmic Sobolev
inequality with constant 2/N. This fact is used in [I8] for proving local universality. Note
that in the Poincaré inequality with constant 1/N, equality is achieved with f(x1,...,xN) =
x1+ -+ N, showing that the constant 1/N is optimal.

Example (Ginibre Ensemble). Let M be a random N x N matriz with density proportional
to e~ NTx(MM™) (same as GUE buth without Hermitianity). It can be show, by a change of
variable, that the vector of eigenvalues (x1,...,xN) has density in CN proportional to

N
e N iy |2l H |x; — .CCj|2.
1<j
In contrast with the GUE, this probability measure is not log-concave, regardless of the

way we number the eigenvalues. Nevertheless, it can be shown that p satisfies a Poincaré
inequality, but the dependency over N of the constant is not perfectly known.

Finally, let us mention that with the same tools and techniques, it is possible, under
CD(p, 00), to establish, in the diffusion case, for P; and in particular for Py, ®-Sobolev
inequalities with constant S provided that (u,v) — ®"(u)v? is convex, as well as
Bobkov type I and IT Gaussian isoperimetric inequalities under CD(p, o0).

5.6 Kannan— Lovasz— Simonovits conjecture

Let © = e Vdx with a log-concave probability measure on R”, in the sense that V is
convex, in other words Hess(V') > 0 as quadratic forms, pointwise, everywhere. Suppose
that the covariance matrix ¥ := E(X ® X) —E(X) @ E(X) where X ~ p, is invertible. The
Kannan — Lovasz — Simonovits conjecture states that there exists a universal constant ¢ > 1
(independent of n and u) such that the optimal Poincaré constant Cpr(p) of p satisfies

13]lop < Cp1() < cf|X]lop-

The conjecture is about the upper bound, the lower bound ||X||op < Cpr(p) is immediate.
Indeed, the Poincaré inequality for p and the linear function f = (u,-), |u| = 1, gives

) = [ fan=( [ )" < Corla) [19 7= Cra(a),

now since Y is symmetric positive semidefinite we get Amax(2) = max|,j—; (Yu, u) < Cpr(n),
and on the the other hand we have Apax(2) = /Amax (X?) = max,—1 [Zu| = ||Z]|op. We
refer to [I5] for the best results on the KLS conjecture at the time of writing these notes.
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A result stronger than the Bakry—Emery criterion and weaker than the Kannan—
Lovéasz — Simonovits conjecture is known as the Bascamp — Lieb inquality. It states that
if 4 = e~Vdx with V strictly convex in the sense that Hess(V) > 0 as quadratic forms,
pointwise, everywhere, then for all test function f : R™ — R,

/ Frap=( / / d“>2 = / (Hess(V) 'V £,V f)dp.

It can be proved by induction over the dimension, and integration by parts for n = 1.
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Chapter 6

Brenier and Caffarelli theorems

In this section we give an alternate proof of the results of the previous section based on
optimal transport techniques. Let T': R® — R™ and p be a probability measure on R".
The pushforward of p by T is the measure v given, for every Borel subset A of R", by

v(4) = u(T7(4)).

In other words v is the law of T'(X) where X is a random vector having law p, and thus

hdv= | hoTdu
Rn Rn

for every test function h.

6.1 Brenier theorem

In dimension 1, if u and v are two probability measures on R with cumulative distribution
functions F' = p((—o0,e]) and G = v((—o0,e]) respectively, then the map F~!o G is
non-decreasing and pushes forward p to v. The Brenier theorem states that in arbitrary
dimension, it is still possible to push forward using the gradient of a convex function, which
can be seen as a multivariate generalization of the notion of non-decreasing function.

Theorem 6.1 (Brenier). If u and v are two probability measures on R™ with p absolutely
continuous with respect to the Lebesgue measure then there exists a unique map T : R — R"
pushing forward p to v and T = V¢ with ¢ conver.

The uniqueness of the map T" must be understood almost everywhere.

The convex function ¢ is obviously not unique but its gradient is unique.

By Rademacher’s theorem a convex function is differentiable almost everywhere in its
domain, so if y is absolutely continuous and if the support of y is contained in the domain
of ¢ then V¢ makes sense almost everywhere for pu.

Remark (Relation to Wasserstein — Kantorovich distance). If u and v have finite second
moment and if T' = V¢ is the Brenier map pushing forward p to v then

2
Wo(p,v)* = min /‘ yl m(dx, dy) /]m du(d:r:)
TEM(p,v)

In other words the optimal coupling is deterministic: m(dz,dy) = p(dx)dr(y)(dy).
The transport map T = V¢ realizes an optimal transport of u to v.
Actually the optimality in the dual formulation of Wo leads to a proof of Brenier’s theorem.

65
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Remark (Reverse Brenier map, Legendre transform, convex duality). If v is absolutely
continuous with respect to the Lebesgue measure then V¢ is invertible and (V¢)™! = V¢*
is the Brenier map between v and u, where

**(y) = sup {{z,y) —o(2)}.

is the Legendre transform of ¢ (it is the also the gradient of a convex function).

Let us discuss the regularity of the Brenier map V¢. Clearly V¢ need not be continuous.
For instance if 4 is uniform on [0, 1] and v is uniform on [0,1/2] U [3/2,2] then the Brenier
map must be the identity on [0,1/2[ and identity plus 1 on ]1/2,1]. It turns out that the
correct hypothesis for the regularity of the Brenier map is convexity of the support of the
target measure. We state below a theorem that follows from the work of Caffarelli,

Theorem 6.2 (Caffarelli). Assume that p and v are absolutely continuous, that their
respective supports K and L are convex, and that their respective densities f, g are bounded
away from 0 and +o0o on K and L respectively. Then the Brenier map V¢ is an homeo-
morphism between the interior of K and that of L. Moreover if f and g are continuous
then V¢ is a C'—diffeomorphism.

6.2 Monge— Ampere equation

When V¢ is a C!-diffeomorphism we can apply the change of variable formula y = ¢(z),
namely for every test function A, since JacV¢ = V?¢ (Hessian),

| bwgwydy = [ 1(To() 9 (Vo) det(V2p(x)) da
L K

On the other hand, by definition of the Brenier map

| vwgtwyay = [ nav=[ novean= [ n(vo() f(z)d.
L Rn K

R

Since this is valid for every test function A we obtain the following equality

9 (Vo(x)) det(Vg(x)) = f(x), (6.1)
for every x in the interior of K. This is called Monge-Ampere equation.

Remark (From Monge - Ampére to Poisson —Langevin). When ¢(z) = 3|z|* the Monge -
Ampére simply reads g(x) = f(x). Let us consider a perturbation or linearization around
this case by taking (x) = 3|z|> + ep(z) + O(e?) and g(z) = (14 eh(x) + O(e2)) f(x), then,
as € — 0, we find the Poisson equation for the Langevin operator:

(- e

In other words, this reads —(A — V'V - V) = h if we write f = e~V In the same spirit,
the Wasserstein — Kantorivich distance can be interpreted as an inverse Sobolev norm.
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6.3 Caffarelli contraction theorem

Let us keep the notion just above. Here is the main result of this section.

Theorem 6.3 (Caffarelli’s contraction theorem). Let o, 5 > 0, let p,v be two probability
measures on R™ of the form

dp = e Vdr, dv=e"dx,

and assume that the potentials V' and W are smooth and satisfy, pointwise on R™,
V2V <al,, V?W >pI,.

Then the Brenier map V¢ between p and v is Lipschitz with constant \/a/[3.

Proof. We only give a formal proof of the result, based on a maximum principle.

Let us begin with the undimensional case n = 1 to focus on the idea without the
multivariate complexity. Taking the logarithm in the Monge — Ampere equation (6.1)) gives
$log(¢"?) =log|¢"| = =V + W(¢'), and taking the derivative twice gives

(,0”” 4,0” _ S0///2

@/,2 — V"4 W”((p/)(pllz + W/((,O/)(,Om.

Now if ¢” has a maximum at x = z, then ¢ (z,) = 0 and ¢""(x,) < 0, and thus
0> —V"(z) + W(e ()¢ (@) hence ¢™(z.) < a/B.

The argument is attractive but a maximum at the boundary may produce difficulties.

Let us consider now the multidimensional case n > 1. Observe first that the Lipschitz
constant of V¢ is the supremum of the operator norm of V2¢. So it is enough to prove
V20 (2)|lop < /v/B for every x. Besides since ¢ is convex V2¢ is a positive matrix so this
amounts to proving that (V2¢(z)u,u) < \/a/B for every unit vector u and every z € R™.
Now we fix a direction u and we assume that the map

0z (V2(x)u, u)

attains its maximum at some point xg € R™. Taking the logarithm of the Monge—Ampeére
equation (6.1) we obtain in this case

logdet (V2p(z)) = =V (z) + W (Vo(x)).

Now we want to differentiate this equation twice in the direction u. To differentiate the
left hand side, observe that if A is an invertible matrix

log det(A + H) = logdet(A) + tr(A™ H) + o(H);
(A+H) ' =A"1—AT'HA™ + o(H).
We obtain (omitting variables)
—tr ((V26) 71 (0.V20) (V20) " (9.V29)) + tr ((V26) 10w V?9)
= —0uV + D OWiuutd + > ;W (0iud) (0jud).-

ij

(6.2)
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We shall use this equation at zg. We claim that
tr ((V26) (0, V?0)(V?6) 1 (8,V%9)) > 0.
Indeed, V2¢ is positive so (V2¢)~! is also positive and since 9,V?¢ is symmetric, we get
(0uV*0)(V?¢) " (9uV?¢) > 0.

Since the product of two positive matrices has positive traC(ﬂ we get the claim. Since
function £ attains its maximum at z9 we have V2{(xq) < 0. Therefore

tr ((V26) 0 V20) = tr ((V26)"'V2() <0

In the same way
> W O = (VW, VE) = 0.

So at point zg, equality (6.2]) gives
ij

Now the hypothesis made on V and W give 9,V < a and
> 0 W (0ud) (Ojud) > B (0ud)* = BIV2o(u) .
ij i

Since u has norm 1, we get

(o) = (V2p(z0)u, u) < V() (u)| < \/g

Therefore ¢(x) < \/a/f for every = which is the desired inequality. O

Now we give an example of an application of the previous result. Let -, be the
standard Gaussian measure and let 4 be a probability measure satisfying du = e~V da with
V2V > pI, for some positive p (strong log-concavity, as in the chapter on Bakry - Emery).
According to Caffarelli’s contraction theorem the Brenier map between -y, and p is Lipschitz
with constant 1/1/p. Let us derive the Poincaré inequality for u. Let V¢ be the Brenier
map from =, to p. Since V¢ pushes forward v, to u

| gdu= [ fovoar,

for every test function f. The same holds for f? and we get

Var,(f) = Var,, (f o Vo).

Applying Poincaré inequality for the Gaussian measure we get
Var,, (F0V6) < [ [V(f 0 Vo) d
Now since V¢ is Lipschitz with constant \/1/p

V(f o VO = V26 (Vf 0 V) > < [V2llop [V f 0 VP < ;IVf o Vo2.

'If A and B are n x n real symmetric positive semidefinite then Tr(AB) = Tr(vAvVB(VAVB)") > 0.
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Therefore
1 1
L vGevodn < [ VrovePdy = [ Vs
R p Jrn p Jrn

So u satisfies Poincaré with constant 1/p. A very similar argument shows that p satisfies
log—Sobolev with constant 1/(2p).

To sum up, we have seen in this section that a measure having a uniformly convex
potential is a Lipschitz image of the Gaussian measure. Since the pushfoward by a
Lipschitz map preserves log-Sobolev and Poincaré this shows that such a measure satisfies
log-Sobolev and Poincaré. This is a remarkable alternative to the I's or curvature-dimension
Bakry - Emery criterion, however its extension to manifolds is unclear.

6.4 From Monge— Ampere to Gaussian log-Sobolev

Following [16], let us give a proof of the optimal logarithmic Sobolev inequality for the
standard Gaussian measure vy, by using directly the Monge— Ampere equation. Let
f : R" - Ry be such that [ fdy, = 1. Let T = V¢ be the Brenier map pushing
forward fdy, to y,. We set 0(z) := ¢(z) — 3|z|? so that V¢(z) = z + VO(z). We have
Hess(0)(z) + I, > 0, and the Monge — Ampére equation gives

2

Fla)eF = det(I, + Hess(8)(x))e

_|z+ve()|?
2 .

Taking the logarithm gives
e+ Vo) =

log f(z) = 5 + oS + log det (I, + Hess(6)(x))
=—x-Vl(z) — W + log det(I,, + Hess(6)(x))
< —z-Vl(z) — W + Af(z),

where we have used log(1+t) < ¢ for 14+¢ > 0 and the eigenvalues of the positive symmetric
matrix I, + Hess(0)(z). Now integration with respect to fd~, gives

2
[ 1og sav < [ 580 -z Vo~ [T par,

Finally, using integration by parts (A6 —x - V0 is O.-U.!), we get
1 V[ L[ |VfP
< — — — —
/flogfd’yn_ /2‘\/fV9+\/f‘d%+2/ doym

/
1 [ |Vf?
< 5/ 7 dyp.

Recall that T'= V¢ = x + V0 pushes forward v to v,, where dv = fd~,. Therefore

V6|2 x—T(z)]?
/|2|fd’7n:/|2()|dV:W22(Va'Yn)'

Actually, beyond the log-Sobolev inequality and beyond the Gaussian measure, it is possible
to obtain by this way, from the Monge — Ampeére equation, HW]E| functional inequalities for
strongly log-concave measures, see for instance [3, Section 9.3]. From this point of view,
optimal transportation provides a partial alternative to the Bakrnymery on R".

2Here H stands for entropy, W for Wasserstein, and I for Fisher information.
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CHAPTER 6. BRENIER AND CAFFARELLI THEOREMS



Chapter 7

Discrete space

7.1 Bernoulli distributions
For any p € (0,1), we consider the Bernoulli probability measure
Ber(p) := pd1 + ¢do
on the two-points space {0, 1}, with ¢ := 1 — p. For any f: {0,1} — R we define
Df) (@) = flz+1) = f(z)

where 1 +1=0on {0,1} = Z/2Z, and thus (Df)(1) = —(Df)(0) = f(1) — f(0). In this
way D is a forward difference operator on the discrete circle Z/2Z = {0, 1}.

Theorem 7.1 (Poincaré equality for Bernoulli laws). For any f: {0,1} — R,

VarBer(p)(f) = pqEBer(p) (Df)2 (7'1)
Proof. For every f :{0,1} — R, the function (Df)?: {0,1} — R is constant and equal to
(f(1) = f(0))2. The result follows since Varge () f = pg(f(1) — £(0))2. O

Theorem 7.2 (Logarithmic Sobolev inequality for Bernoulli laws). For any f : {0,1} — R,

EntBer(p)(f2) < CppqEBer(p)((Df)2) (72)
where
cp = q—p '
2 ifp=1/2.

Moreover, equality is achieved when pf(1) = qf(0).

The function p € (0,1) — ¢, is convex, symmetric with respect to the vertical axis
of equation p = 1/2, tends to +0o0 when p tends to 07 or 17, and achieves its minimum
2 =cyp = lim,_,;/9¢p for p=1/2.

Proof. By scaling we can assume that f(0) = 1. Set (f(0)2, f(1)?) = (1,u?). Iifp=q=1/2,
the desired result is nothing else but the following valid bound

2

1
u?log(u?) — (14 u?)log tu <(u-1)72% u>0.

71
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This is actually equivalent to what we did sligtly differently for the CLT proof of the
logarithmic Sobolev inequality for the Gauss distribution.

Suppose now that p # ¢. By symmetry we can assume that say p < gq. Moreover, since
ID|f|| < |Df|, we can further assume that f > 0. Now set

W (u) 1= Entpey) (f?) = pu®log(u?) — (¢ + pu?) log(q + pu®), u>0.

Our objective is to compute ¢ := sup,~(u— 1)1 (u). The critical values of u are solutions
of (u— 1)y (u) = 2¢(u), and ¢/p is a critical value. Now elementary computations reveal
that ¢ (1) = ¢'(1) = 0, that v is convex, and that ¢)" achieves its maximum when u = ¢/p.
An elementary study shows that c is finite, and is achieved for a unique value of u which
belongs to (0,1) U (1,00), which is thus necessarily the critical value ¢/p, which gives

c=(q/p—1)"*P(q/p). O

The bound |D|f|| < |Df| allows to reduce the logarithmic Sobolev inequality to the
case where f is non negative, in other words that for all f: {0,1} — [0, c0),

EntBer(p) (f) < log(q;:;og(p) pqEBer(p) ((D\/?)2) .

This is an L! version of the logarithmic Sobolev inequality. The following theorem
provides many other L' inequalities, which are not equivalent due to the lack of chain

rule Va(f) = o/(f)V [ for the discrete gradient D. Namely, what is lacking here is the
following, valid for any smooth f : R"™ — R:

2
N 'V]f (s 10s()). (7.3)

For any u,v € R with u > 0 and u + v > 0, define ¢(u) := ulog(u) and
A, 0) = d(u+v) = ¢(u) — ¢ (u)o,

B(u,v) == (¢(u+v) — ¢(u))v,
C(u,v) == ¢" (u)v?

Then it turns out that A, B, C' are non-negative and convex, and

A(u,v) = (u+v)(log(u + v) — log(u)) — v,
B(u,v) = (log(u + v) — log(u))v,
02
C(u,v) = "
Moreover for any u € [0,00) and v € R with u + v € [0, 00),
A(u,v) < B(u,v) and A(u,v) < C(u,v). (7.4)
Note that B(u,v) < C(u,v) if v > 0. Furthermore for any function f > 0,

A(f,Df) = (f +Df)Dlog(f) — D/,

B(f.Df) = DfDlog(f), (7.5)
2
C(f.Df) = (Df)

The following theorem states that these three expressions can serve as a right hand side of
an entropic inequality called “modified logarithmic Sobolev inequalities”.
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Theorem 7.3 (Modified logarithmic Sobolev inequalities for Bernoulli laws). Let A, B,C
be as in (7.4). Then for any f:{0,1} — (0,00),

EntBer(p) (f) < pqEBer(p) (A(f7 Df))v (76)
and in particular

EntBer(p) (f) < pqEBer(p) (B(f7 Df))’ (77)
and

EntBer(p) (f) < pqEBer(p) (C(fa Df)) . (78)

Proof. First by using the comparisons ([7.4])) and the formulas (|7.5)), we deduce immediately
(7.7) and (7.8]) from (7.6]). Next, to prove ([7.6)), fix f and define

U: [07 1] —R by U(p) = EntBer(p)f - pqEBer(p) (A(fv Df))

Set (a,b) := (f(0), f(1)). We have

U(p) = qp(a) + po(b) — ¢(qa + pb) — pq(qA(f,Df)(0) + pA(f,Df)(1))

where ¢(x) := xlog(z). We use an argument due to Sergey Bobkov, see [23]. It suffices to
show that U < 0 on [0, 1]. To kill the polynomial terms (with respect to p) in U(p), let us
compute the fourth derivative of U with respect to p, namely

U////(p) = —(b— a)4¢////(qa + pb).

Since ¢” is convex, we have U”” < 0 on (0,1) and thus U” is concave. Consequently, there
exists 0 < pg < p1 <1 such that U” <0 on [0,p] U [p1,1] and U” > 0 on [pg, p1]. Hence,
U is concave on [0, po]. But U(0) = 0 and U’(0) < 0, et thus U < 0 on [0, pg] by concavity.
It follows that U(pp) < 0. By symmetry U < 0 on [p1,1] and U(p;) < 0. Now since U is
convex on [po, p1] and negative at the boundaries, it is also negative on [pg, p1]. It follows
that U < 0 on [0, 1], and is proved. Actually the proof works also for and

(7.8). O
7.2 Poisson distributions

For any real parameter A > 0, the Poisson probability measure of parameter A is

Poi(\) := e Z )\—'5”.
n!

n=0

Let D be the finite difference operator defined for any f: N — R by
D)) = f(n+1) = f(n), neN.
Theorem 7.4 (Poincaré inequality for Poisson laws). For any f: N — R,

Varpgiy) (f) < /\EPoi(A)((Df)Q)' (7.9)

Equality is achieved when f is affine and the constant A is thus optimal.
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Proof. We may assume that f is bounded by using a cutoff. Fix a bounded f : N — R.
Define s, : {0,1}" — N by sp(z) := 21+ - -+ap, x € {0,1}". Set F,, :== fosy : {0,1}" — R.
Using the Poincaré equality and the tensorization inequality for the product
({0,1}™, Ber(p)®"), we get

n

VarBer(p)®" (F) < p(l - p)EBer(p)®” ( Z(DZF)2>
=1

where D; is the binary operator D acting on the i-th coordinate. Now s, (x) and n — s,(x)
count the number of 1’s and 0’s in = € {0,1}", and it follows then that

n

S (DiF)2 () = (1 — 5u(2))(DF)(50(2)) + 50(@) (D F)2(s0(x)), € 0,1}7,

i=1
where D* is the backward difference operator defined by

(D*f)(s) := f(s =1) = f(s), s € N\{0}.
Now the law of s, under Ber(p)®" is the binomial law
Bin(n,p) = Zn: <k>pkq”"“5k-
k=0 \""
Therefore, setting G(s) := —s(Df)%(s) + s(D*f)%(s), we get, with S,, ~ Bin(n, p),
Var(F(S,)) < np(1 — p)E((Df)*(Sn)) + p(1 — p)E(G(Sn)).

Set p = py, such that lim,,_,o, np, = A, for example take p, = A\/n. Then np,(1 —p,) = A,
pn(l —pp) — 0, and the law of small numbers states that

lim Bin(n,p,) = Poi(})

n—o0

at least in the sense of weak convergence with respect to Lipschitz test functions N — R.
Now G is Lipschitz since f is bounded and we get, with S ~ Poi()),

Var(f(Sx)) < AE((Df)*(Ss0))-
O

Let us say that the tail of a probability measure p on N is sub-exponential (respectively
sub-Gaussian) when for X ~ pu, some constants ¢,C > 0, and any r > 0, we have
P(X > r) < Ce " (respectively P(X > r) < Ce ). It turns out that the tail of a
Poisson law is sub-exponential but is not sub-Gaussian.

Lemma 7.5 (Poisson tail). For any A\ > 0, there exists explicit affine functions 1 : N — R
such that if X ~ Poi(\) then for any r € N,

efrlog(r)+€_ (r) < IP)(X > T) < efrlog(r)Jré_,_(r).
Proof. If X ~ Poi(\) with A > 0, then for any r € N,
T 00 k—r s
ef)\)\ Zk:r A A

X 2 7) e h S A S € R e =
(Xzr)=e kzﬁ S e
=r -

rl
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and it remains to use the Stirling bound omrTtie" <rl< er™tieT,
Note that the Poisson tail can be remarkably expressed with the incomplete Gamma
function, namely, integration by parts gives, for any integer r > 1,

1 A
P(X >r) = 7/ trle Tt dt,
( B ) (7“ — 1)! 0
which allows an asymptotic expansion as r — oo via the Laplace method. ]

The Poisson tail is incompatible with a logarithmic Sobolev inequality.

Theorem 7.6 (Lack of logarithmic Sobolev inequality for Poisson laws). For any A > 0,
the Poisson law Poi(\) does not satisfy to a logarithmic Sobolev inequality: there is not
any constant ¢ > 0 such that for any bounded f: N — R,

Entpoj()\)(f2) < CEPoi()\)((Df)Q)'

Proof. We proceed by contradiction. Suppose that the logarithmic Sobolev inequality holds
for some ¢ > 0. Then, for any r € N, this inequality used with the indicator f = 14, of
the infinite set A, :={r+1,...} = NN (r,00) yields

—P(X >7r)logP(X >7r) < P(X =r),

an inequality which contradicts the finiteness of ¢ when r — oo.

Alternatively, we can use the Herbst argument in order to deduce from the logarithmic
Sobolev inequality that the tail is sub-Gaussian. The lack of chain rule for the discrete
gradient D can be circumvented as in the proof of Theorem In contrast, the Poincaré
inequality implies via the Herbst argument a sub-exponential tail, which is fairly
compatible with the Poisson law. O

Theorem 7.7 (Modified logarithmic Sobolev inequalities for Poisson laws). Let A, B,C
be as in (7.5)). For any f: N — (0,00),

Entpoix) (f) < AEpoion) (A(f, D)), (7.10)
and in particular

Entpei(n)(f) < AEpoion) (B(f, Df)), (7.11)
and

Entpei(x) (f) < AEpgin) (C(f,Df)). (7.12)

Equality is achieved in (7.11)) and in (7.12) when f(n) = e~ ", n € N, in the limit as
a — 0. The constant A is thus optimal, in other words minimal.

The ratio between the optimal constants in (7.10) or (7.12)) and in (7.9)) is 1 and not 2.

This fact is related to the absence of the chain rule on N.
Proof. 1t suffices to proceed as in the proof of the Poincaré inequality ([7.9)). O

Remark (From Poisson to Gauss laws). By using the stability by convolution of Poisson
laws and the central limit theorem for i.i.d. Poisson random wvariables, it is possible to
deduce the optimal Poincaré inequality for the Gauss law on R from the Poincaré inequality
for Poisson laws. The same method allows to deduce the optimal logarithmic Sobolev
inequality for the Gauss measure, in its ' form, from the modified logarithmic Sobolev
inequality for Poisson laws. However, the same method used with the modified
logarithmic Sobolev inequality or leads to a logarithmic Sobolev inequality for
the Gauss law on R with a constant equal to twice the optimal one. This is due to the fact
that the comparisons are not optimal, by a factor of 2, when v — 0.



76 CHAPTER 7. DISCRETE SPACE

7.2.1 Poisson process and A modified inequality

Let us show that we can prove the modified entropic inequality using semigroup
interpolation. Let X = (X;),~, be a simple Poisson process with intensity A > 0. It is of
course a Lévy process on R, but prefer to see it here as a continuous time Markov chain on
N. Let P = (P;),~, be its Markov semigroup. Here X and P play for the Poisson law the
role played for the Gauss law by Brownian motion and the heat semigroup. For any ¢ > 0
and z € N we have

()"
|

n.

Law(X; | Xo = z) = 0, * Poi(\t) = e M Z Oz+n
n=0

and Pi(f)(z) =E(f(Xy) | Xo = z) = E(f(x + X)) with Xy ~ Poi(At). The infinitesimal
generator of P is given, for f : N — R and z € N, by

(Lf)(@) = O=o P (f)(x) = A((f(z + 1) = f(x)) = AD[)(z).
We have LP; = P,L. It can be check that we have the commutation formulas
DL=LD and DPF(f)= P(DYf).

Now for any bounded f: N — (0,00) we have, with ¢(u) := ulog(u),

t
Entpoin (f) = P(@(f)) — o(P(f)) = /0 Os(Ps(¢(Pr—sf)))ds.
Setting g := P,_sf we get, using the function A as in ,

Os(Ps(¢(P—sf))) = Ps(Lo(g) — ¢'(9)Lg) = APs(A(g, Dg)).

Hence the semigroup interpolation leads to the A function, and not to B or C. Using the
commutation Dg = P,_4(Df), the Jensen inequality for the convex function A and the
probability measure P;_4(-), and the semigroup property,

Ps(A(g,Dg)) = Ps(A(P—sf, Pi—s(Df))) < Ps(Pi—s(A(f,Df))) = B:(A(f,Df)).

This gives finally the A-based modified logarithmic Sobolev inequality

Entpoiar) (f) < MEpoiiae) (A(f, D f)).

The lack of chain rule in discrete space produces a lack of diffusion property, which is
circumvented here by using convexity and the Jensen inequality.

This A-based modified logarithmic Sobolev inequality can be generalized far beyond N
to general Poisson point processes by using suitable tools and concepts from stochastic
calculus. These ideas are explored by Luming Wu in [33].

7.2.2 M/M/Infinity queue and B modified inequality

Let us show that we can prove the modified entropic inequality using semigroup
interpolation. Let X = (X;),», be the M/M/oco queuing process with intensities A > 0
and g > 0. It is a continuous time Markov chain on N. Let P = (P,),», be its Markov
semigroup. Set p := A\/u. Here X and P play for the Poisson law 7, := Poi(p) the role
played for the Gauss law by the Ornstein—Uhlenbeck process and its semigroup. For any
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t > 0 and x € N we have the following discrete and Poisson-Binomial analogue of the
Mehler formula

Law(X; | Xo = x) = Bin(xz, e ™) x Poi(p(1 — e™)).

In particular this shows that the Poisson law 7, is stationary in the sense that Law (X} |
Xo = x) — 7, weakly, as t — oo, for any # € N, and also invariant in the sense
that if Xy ~ Poi(p) then X; ~ Poi(p) for any ¢ > 0. The invariance can be writen as
Er, (P f) = Eg,(f) for any bounded f: N — R and any ¢ > 0.

The infinitesimal generator of P is given, for f: N — R and = € N, by

(L) (@) = Or=0F:(f)(x)
= M(f(z+1) = f(2) + zu(f(z —1) = f(2))
= AMDf)(x) + zu(D*f)(2).

It is a continuous time birth and death process, with birth rate A and death rate xu. We
have P,L = LP;. It can be checked that we have the commutations

DL=LD —uD and DP(f) =e *P,(Df).

It can be checked that 7, is reversible. This means that if X¢ ~ 7, then the random
couples (Xo, X;) and (X3, Xo) have the same law for any ¢t > 0. This gives a “Poisson’
integration by parts formula: for any bounded f,g: N — R,

Eﬂ'p (ng) = Eﬂp (gLf) = _)‘Eﬂp((Df)(Dg))'

Following [14], for any ¢ > 0 and bounded f : N — (0,00), denoting h := P,f and
o(u) := ulog(u), we get, by using invariance and integration by parts,
d

_EEntrrp (Ptf) = Eﬂp(¢/(h)Lh) = AEfrp (D(¢/(h))Dh) = )‘Eﬂ'p (B(h’ Dh))

)

Hence the exponential decay of the entropy along the time leads to the B function, and not
to A or C. Now the commutation gives Dh = e #*P,(Df) and thus, by using the Jensen
inequality for the convex function B and B(u,cv) < c¢B(u,v) when ¢ € [0,1]]

B(h,Dh) = B(P;f,e " PDf) < e MP(B(f,Df)).
Therefore, using the invariance of 7,
Er,(B(h,Dh)) < e "Er, (P(B(f,Df))) = e "Exr, (B(f.Df)).

Since limy o0 Enty, (P f) = 0, we get finally (7.11) by integrating over ¢, namely

Enty, () = — /0 OO%Ent,,p(Pt f)dt

<) ( /0 ¥ et dt> En,(B(f,Df))
— pE., (B(f,Df)).

The sole inequality comes from the Jensen inequality for B and P;.

'Indeed, &' (u) = 1+log(u) is non-decreasing so B(u, cv) = (&’ (utcv)—d' (u))cv < (&' (utv) - (u))ev =
c¢B(u,v) if v > 0, and a careful examination reveals that the same holds actually when v < 0.
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Remark (More general Markov chains). Following [13], let (X),~, be a continuous time
Markov chain with at most countable state space E, irreducible, positive recurrent, and
aperiodic, with unique invariant probability measure w, and with infinitesimal generator
L:ExFE —R. We have, for every x,y € E,

L(z,y) = 0=0P(Xy =y | Xo = ).

We see L as matriz with non-negative off-diagonal elements and zero-sum rows: L(x,y) > 0
and L(z,x) = =3, ., L(z,y) for everyx,y € E. The invariance reads 0 = 3, . m(x) L(x, y)
for every y € E. The operator L acts on functions as (Lf)(z) = > ep L(z,y) f(y) for
every x € E. We have w(z) > 0 for every x € E, and for any probability measure p on E,

denoting f(x) = p(z)/7(x),
H(p | 7) = Entr(f) = Y qs(—j)
el

We can see x — pu(x) as a density with respect to the counting measure on E. For any
t >0, if pe(z) == P(Xy = x) then gi(z) = p(z)/m(z) and drg: = L*g; where L* is the
adjoint of L in (*(m) given by L*(x,y) = L(y,z)n(y)/m(x). Now

H(pe | m) = D [¢' (9L  gel ()m(x).
zeE
The right hand side is up to a sign a discrete Fisher information. Moreover
(L*gt)Q
R | m) = Y [giLLlog(g) + 2] (2)m ().
zel gt

The right hand side can be nicely rewritten when m is reversible, and constitutes a discrete
analogue of a 'y formula for diffusions. The lack of chain rule in discrete spaces explains
the presence of two distinct terms in the right hand side.

7.2.3 Concentration and C' modified inequality

Let us show that the modified entropic inequality (7.12) implies a “sub-Poissonian tailed”
concentration of measure for discrete Lipschitz functions.

Theorem 7.8 (Sub-Poissonian concentration of measure). Let u be a probability measure
on N such that for some ¢ > 0 and for any f: N — (0, 00),

Ent,(f) < cE, ( (DJ{)Q)

where (Df)(z) = f(x + 1) — f(z) for any x € N. Then for any F : N — [0,00) such that
sup,en |[(DF)(x)] <1 and E,(F) < oo, we have, for any r > 0,

p(F >E,(F)+r) < exp( - glog(l + %))

a|F| max(0,log \F\))

In particular E, (e < 0o for a small enough o > 0.

Let us compare with the Chernoff bound in the case of a Poisson probability measure
p = Poi(A) when F(z) = « for any € N. In this case E,(F) = ¢ = A. For any r > 0, with
X ~ Poi(\), by using the Markov inequality,

pE 2 Ey(F) +r) =P(X > A+7)
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< o infoso(0(A+7)—log E(eX))

_ o infgs0(0(A+r) A1)

_ e*()\‘i’T) log(l+§)+r'
The rlog(r) behavior in the right hand side is asymptotically optimal as r — oco.

Proof. Following Michel Ledoux [23 Prop. 5.4], we use the Herbst argument, as for the
logarithmic Sobolev inequalities for the Gauss law. Let F' : N — [0,00) be such that
supgen |(DEF)(x)| < 1. We would like to bound the Laplace transform

A> 00 H()) :=E,(e*).

The assumed modified logarithmic Sobolev inequality for u gives, for f = e,

e/\F 2
Ent,(e*") < CEN((])(e)\F))>'

Now we have the following ersatz of chain rule, for any g : N — R,
ID(e?)] < Dgle/Ples,
since by the intermediate value theorem, for any x € N,
[D(e?)(2)] = [e# Y — e#*)| = |Dg(a)e”

for some 7 € (g(x) Ag(z+1),9(z) Vg(x + 1)), and 7 < g(z) + |(Dg)(x)|. Thus,

Ent,(e*) < AP E, (eM) = A2 H()).
Now if we define K ()\) := +log H()\) then

Ent,(eM) = NH'(\) — H(\) log H(\) = X2H(\)K'(\).
Thus K'(\) < ce®*. But H(0) =1 and K(0) = H'(0) = E,(F) (exists!), hence
2\

—1 .
K(\) < K(0) + - 5 and H(\) < PEu(F)+5 (1),

It follows, thanks to the Markov inequality, that for any » > 0 and A > 0,
W(F > E,F +71) <e M AEE () < e Mg =1,

When r < 2c¢ (the constants are not sharp!), taking A = 1~ < % give

e A+ £ mAr2e? o o5
When r > 2¢, taking A\ = %log(%) gives
e M) <~ los(E)
O

We refer to [23] and references therein for sharper estimates and further comments.

*We use ®* — 1 < 2(e — 1)u < 4u when 0 < u < 1/2 (exponential curve below linear segment).
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