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lM=HS.DMC$RcS�Gta =0ë�=Jb0SPTUm8=@?�S}DMC$RMRMOh[Z^$N ∑n

i=1 1{Xi>t}

l
ÿ �.=0Sib0=HLMd�XcLMTg^¡x^pRcSnO0SPO#bH=HRZ?PLMNYOJ?�=HR

Xi ≤ t
l>?PLMNYekTUe=HRcSh^$LE�×DE=HGV�\DE=

t
l>^¡e=JbBGV^5[MNPC~Z^p~ZTUGITuSYO

Ŝ(t)/
Ŝ(Xi)

XcLMT|[�CRZDEFHNY=ibW]Z^$bHLMR Dja =JRcSPNY=n=JLEdj�
¸�R�=@?�SYTUA#^pSP=HLZN�XLZT|e$OJNPTU�Z=#� ÿ �`=J?QS}DETUS�¹WÓJÜM�H�P�HºZÔ���ê}OJ^pRZA�CTUR�?HlZ?PT>G�a TIRcSP=JNP[MNYO0SW^�SYTUCR,DE=�� ÿ ��[q=HLMS}[Z^pNW^¡âVSPNY=
NW^pTV?QCRMRZ^p~ZGU=lERMC$LZ?�RM=B[qC$LMeC$RZ?.=JR�DEOJDELZTUNY=�Dja =0dE[MNY=J?Y?QTIC$R,=0dE[MGITVb0TUSP=B[qC$LMN

Ŝ(t)
�.¸}R_^pLESYNP=B^$NPzLMA%=HRcS.e¡^

DECRZb��HSPNY=�LESYTUGITV?QO%[qC$LMNhb0CRZ?�SYNPLZTUNY=�LMR�=J?QSPTIA#^�SP=JLMNiDE=
ST

�ié×G"=J?QSh=0dE[�Cc?QO%DM^$RZ?}GV^5[Z^pNPSPTI=K?PLMTIe¡^$RcSP=$l>XcLMT
[MNYOJ?P=HRcSP=hG�a =@?�SYTUA#^pSP=HLZN�DE=��i^p[MGV^pRM�Æì�=JTU=JNJlc=J?QSPTIA#^�SY=HLMN.GI=i[MGILZ?.LESYTUGITI?POBDE=hGV^�moCRZbrSYTUCR�DE=B?QLZNPekTI=$�

� � 1j´�;H®¯²i´�/.4\6 *5/��:²i« -0²Bª��M')/.;H/�6ç*,/°-0²	��(Bª5¶¤´�;0(�ª÷*,/:1�4\689#;0/
��R�DETV?Q[qC?P=BDE=

n
NPOJ[MGITIXcLM=@?�TURZDMOH[q=HRZDM^$RcSP=J?

(Xi, ∆i)
Cô

Xi = min(Ti, Ci)
=0S

∆i = 1{Ti≤Ci}
��ê�C$SPC$R�?

X(1) < X(2) < . . . < X(L) (L ≤ n)
GI=J?

L
TURZ?QSY^$RcSY?�DETV?QSPTIRZbrSW?�Dja OHeFHRM=JA%=HRcSY?B�tb0=JRZ?QLZNPO@?.C$L�RMCR���[Z^$NPA%T

X1, . . . , Xn

�gê�CpSYC$RZ?¥OHz^$GU=JA%=HRcS
M(t)

GI=.RMC$AK~MNP=�DM=¤øQDEO@b0F@?×ù�=HR
t
=0S

R(t)
GI=.RMCA�~MNY=�DE=h�r��
H�0Ôt�}ÙK�r�V�0åH�Z�

=HR
t
��bpa =J?QSQ�×���×DETINP=hRMTjA%CNQSW?�RMT|b0=JRZ?PLMNPO@?8��LZ?QSP=B^¡e�^pRcS

t
f
R(t) =

∑n

i=1 1{Xi≥t}
�0�

È,ÉÊ"Ë8ÌoÍJÌtÎ�Ëáò�Ñ�qÑ�ÒjÓ��ÃÔ
t > 0

Á���� �0�WÔ��Ã½#Õ�Ô×�0�E������%ÕY¾�¿UÕ�º�Ø����0���H�
ŜKM (t)

�$�
ST (t)

�0�rÔ`���è¤ºZ��¾ZÕ��

ŜKM (t) =

L
∏

i=1

(

1− M(X(i))

R(X(i))

)1{X(i)≤t}

.

<|^%b0CRZ?�SYNPL�brSPTIC$R,DE=iG�a =@?�SYTUA#^�SY=HLMN�DM=��i^p[MGV^pRE�×ì�=JTU=JN�NY=H[qC?P=i?QLMN.GV^%DEOJbHC$A%[qC?PTuSYTUCR,?PLMTIe¡^$RcSP=iDE=
ST

f
ST (X(i)) = P(T > X(i))

= P(T > X(i)|T > X(i−1)) · P (T > X(i−1))

= . . .

= P(T > X(i)|T ≥ X(i)) · · ·P (T > X(1)|T ≥ X(1)) · P (T ≥ X(1)).é×GZ=@?�S�RZ^�SYLMNP=JG�Dja =J?QSPTIA%=HN
P(T > X(i)|T ≥ X(i))

[Z^pN¤GU=�NY^$[M[�CNQS¥=JRcSPNY=.GU=�RMC$AK~MNP=�DM=}?QLp��=0SY?¤RMC$R�DMOJb0O@DEOJ?
=HR

X(i)

=HS.GU=iRMCA�~MNY=iDE=i?QLp��=0SY?}�KNYTV?PXcLM=h=HR
X(i)

lZ?PC$TUS
(R(X(i))−M(X(i)))/R(X(i))

�
<¥a =J?QSPTIA#^�SY=HLMN�^pTIRZ?QT�C$~ESY=HRkL{=@?�S�LMRM=�moCRZbrSYTUCR{bH�DEGI�$z_=HR¢=J?YbH^pGITI=HN@l�GI=J?K?P^$LESY?K^¡x^pRcS�GITI=HL¢^$LEd�?P=HLZGI?�TURE�
?QSY^pRcSW?

X(i)
Cô%?P=.[MNYCEDELMTUS¤^pL#A%C$TIRZ?gLMR#DEO@b0F@?H�8§¥R#=0ë�=0S@lc?PTZ=JR

X(i)
RM=�?P=�[MNYCEDELMTV?Q=JRS¤XcLM=�DM=J?¥bH=HRZ?PLMNY=J?Jl

GI=hm�^$brSY=HLMN�bHC$NYNP=@?Q[qC$R�DM^pRcS`DZ^pRZ?�GI=i[MNYCkDMLMTuS�e�^$LES
1
�

ä}�H½#Õ��PåH�Z����ÁIÀkÁ¤Ç�a TIGER>a xB^�[Z^?8D>a =Hdc�×^p=@XcLMCZl
L = n

�¥��NYDMC$RMRMCRZ?|^$GUCNY?�GI=J?8C$~Z?P=HNYe�^�SYTUCRZ?
Xi (i = 1, . . . , n)[Z^$N�CNYDENY=�bHNPCTI?Y?P^$RcSJlqC$R�C~ESPTI=HRcSnGI^,?�SW^�SYTI?QSPTVXcLM=KDja C$NWDENY=

X(1) < X(2) < . . . < X(n)
�B<¥a =J?QSPTIA%^pSP=JLMNnDM=

�i^p[ZGI^$RE�Æì_=HTI=HN.?Q=hNYOHO@b0NYTuS

ŜKM (t) =

n
∏

i=1

(

1− M(X(i))

R(X(i))

)1{X(i)≤t}

=

n
∏

i = 1
X(i) ≤ t

(

1− 1

n− i + 1

)∆(i)

.
��c�

ä}�H½#Õ��PåH�Z���qÁVæÁ�ÇkT
t > X(n)

l
ŜKM (t) = 0

?PT
∆(n) = 1

=0S
ŜKM (t) > 0

?PT
∆(n) = 0

�

�



� � 6"(i«,68;H7`´�7.1 *,/
ŜKM

��R,A�CRcSPNY=hXcLM=f
îhï�ÎZð�Î�ñ@ÌoÍ@Ì�ÎqË��jÑ���Ñ���� �0�rÔt�Ã½#Õ�Ô×�0�E�_�� �%ÕY¾�¿UÕ�º�Ø��_�H���H���r�rÔK¿!� �EºZ��åH�Z���0�rÔt�Ã½#Õ�Ô×�0�E�_¹WÓJÜZ�0�Y�0º�Ô��$��¿UÕ\ú0Ó�ºq¹HØ
Ô���Ó�ºs��i�r�E�r�@���

ST

Á
<|^�[MNYC$[qC?PTUSPTIC$R5?PLMTIe�^pRcSP=BbJ^pNW^$brSYOHNYTI?P=}GI=i~MTV^pTV?.DE=hGta =J?QSPTIA#^�SY=HLMN}DM="�i^$[MGV^pRE�×ì�=HTI=HN@f
îhï�ÎZð�Î�ñ@ÌoÍ@Ì�ÎqË#�>ÑVÏ>Ñ�Òq�

ST (t) > 0 ß
0 ≤ E[ŜKM (t)− ST (t)] ≤ P(T ≤ t) · [1− P(X ≥ t)]n.

ê}CpSYC$RZ?
SC

GI^�moC$R�brSPTIC$R DE=i?PLMNPekTI=nDM=
C
=0S

τX = inf{x ≥ 0|ST (x).SC(x) = 0} �"<>=nSP]ZOHC$NYFHA%=h?QLZTUe�^pRcSO0SW^p~MGITUS.DM=HLEd,NPO@?QLMGUSY^pSY?�^$?PxkA%[ESPC$SPTVXLZ=J?`[�CLMN.G�a =@?�SYTUA#^�SY=HLMN�DM="�i^$[MGV^pRE�×ì�=HTI=HN�DM^$RZ?�GU=ibJ^$?.DE=hGV^�bH=HRZ?PLMNY=
^pGIOJ^pSPCTUNY=n�%DENYC$TUSP=f
$�% ÉkÎZï'&)(+*,�jÑ.->Ñ
Â$ÁBÒ��

ST

�HÔ
SC

º/� Ó�ºZÔ>¾MÕ����$�%���V�H¹WÓ�º�Ôt�Ãº��E�ÃÔÆ�0���0º�¹WÓp½K½��Eº ß Ópº�Õh¾ZÓ��E�hÔ×Ó��EÔ τ < τX 0
sup

0≤t≤τ

|ŜKM (t)− ST (t)| p.s.−→ 0.

ÀcÁh»`º_Ô×Ó��EÔj¾ZÓ��Ãº�Ô
t ∈ [0, τ ] 0

√
n(ŜKM (t)− ST (t))

L−→ N (0, V 2(t)),
Õp�¡�W¹

V 2(t) = −S2
T (t)

∫ t

0

ST (du)

S2
T (u)SC(u)

.
�21k�

<¥a =J?QSPTIA#^�SY=HLMN.LZ?PLM=JG>DE=iGI^�e�^pNYTV^pRZbH=
V 2(t)

=@?�S�DECRMRMOi[Z^$N�GI^
È,ÉÊ"Ë8ÌoÍJÌtÎ�Ë3�jÑIò|Ñ3465nñHÍ@Ì(+7MÍ8*)9|ï;:<*>=5ï'*)*cË@?KÎ>ÎA:�B#ä}�×¾q�P�HºqÕpºZÔh¿U�0��ºqÓpÔÆÕpÔt��ÓpºM�5�$�,¿IÕs���è¤ºZ�ÃÔ���Ó�ºC��ÁÃÂ ß¿!� �0�rÔt�Ã½#Õ�Ô×�0�E�����D��P�W�HºFE¤Ó@ÓJ�,�$�

V 2(t)
�0�rÔ����è¤ºZ�¤¹WÓ�½�½#�

V̂ 2
n (t) = nσ̂2

n(t),
ÓHG

σ̂2
n(t) = Ŝ2

KM (t) ·
∑

i:X(i)≤t

M(X(i))

R(X(i)) · [R(X(i))−M(X(i))]
.

��I�

��R [�=JLES#A%C$RcSPNY=HN%XcLM=
V̂ 2

n (t)
bHC$Rke$=JNPz=�[>� ?H��e$=HNW?

V 2(t)
� <>=J?�NYOJ?PLMGUSY^�SW?5�1c�K=0S_�JI$��[�=JNPA%=0SPSP=JRS�DE=

DEOHSP=HNYA%TURZ=HN.LMR TIRSY=HNYe�^pGIGU=iDE=BbHC$RE��^$RZb0=hDE=iRMTIe$=@^pL ^$?PxkA�[MSPCpSYTIXcLM=
1− α

�
0 < α < 1

�`[qC$LZN
ST (t)

f
[

ŜKM (t)− u1−α

2
· σ̂n(t), ŜKM (t) + u1−α

2
· σ̂n(t)

]

,
�Kc�

C$ô
u1−α

2

=@?�S�GI=BXcLZ^pRcSYTUGI=iDja CNYDMNP=
1− α

2

DE=iGI^�GIC$T N (0, 1)
�

ä}�H½#Õ��PåH�Z�MLÁNL$ÁÐê}CpSPCRZ?�XcLM=_?PT�G�a CRá?PC$LZ]Z^pTUSP=�C~ESP=JRMTUN\LMRM=¢ÖWÕ�º��$�s�$�s¹YÓpºJè`Õ�ºq¹W��DE=�RMTIe$=@^pL�^$?PxkA�[M�
SPC$SPTVXcLM=�DECRMRMOB[qC$LMN

ST

lqRMC$L�?�^¡e$CRZ?�~�=@?QCTUR_DML�NPO@?QLMGUSY^pS�?PLMTUe�^$RS@��à"CLMN�SYC$LES
τ < τX

l�RMCpSYC$RZ?
D[0, τ ]G�a =@?Q[Z^b0=iDE=@?`moC$RZb0SPTIC$RZ?.bJ�$DEGV�pz#?PLMN

[0, τ ]
�¤ÇkT

ST

=@?�S�bHC$RcSPTIRkLM=i?QLMN
[0, τ ]

lZ^$GUCNY?
√

n(ŜKM − ST ) =⇒ Z
DZ^pRZ?

D[0, τ ],
C$ô

Z
=@?�S.LMR [MNYCEb0=J?Y?PLZ?`z^pL�?P?PTU=JR,bH=HRcSPNYO$lMDM=�moCRZbrSYTUCR�DE=ib0C�e�^pNYTI^$RZb0=

bHC�e
(Z(s), Z(t)) = −ST (s)ST (t)

∫ min(s,t)

0

ST (du)

S2
T (u)SC(u)

.

ä}�H½#Õ��PåH�Z�OL$Á2PpÁn<|=J?�NYOJ^$GUTV?Y^�SPTIC$R�?�DE=�G�a TURcSP=JNPe�^$GUGI=��Kc�.[q=HLMe=HRcS��HSPNY=�?QLZ[�OJNPTI=HLMNY=J?}� ã C$L�TUREmoOJNPTI=HLZNP=@?���QM�
¸�RZ=K?PC$GILESPTIC$R�bHC$RZ?PTV?�SY=��\DEOHSP=JNPA%TIRM=HNnGI^�GUCT8^?QxkA%[ESPC$SPTVXcLM=KDE=

ln(− ln ŜKM (t))
lj[MLZTI?n��=JR�DEOJDMLMTUNY=�LZR

TIRSY=HNYe�^pGIGU=iDE=BbHC$RE��^$RZb0=n[qC$LMN
ST (t)

�

1



R S#4UT�TB/.1j´8;0(Bª,1
V LM=JGIXcLM=@?.?QLMzz$=@?�SYTUCRZ?`[�CLMN�SPNW^pTUSP=JN�b0=i?QLp��=0SJf
ã ��ó}OJA�CRcSPNY=HNhGU=#NYOJ?PLMGUSY^pS\� ã �0�5��R�[�CLMNPNW^,^pLZ?Y?QTgTIGIGULZ?QSPNY=HN�[Z^pNiGV^ ?QTIA�LMGV^�SYTUCR�GI=%m�^pTUS�XcLM=

Ŝn

R>a =J?QS
[Z^$?�LMR,=J?QSPTIA#^�SY=HLMN}?Y^�SYTI?Qm�^pTV?Y^pRcS�DM=

ST

�
ÿ �.§gdE[MGUTVXcLM=HN.GV^%DEO0��RMTuSYTUCRW1Z� ã �
�Z��ó}OJA�CRcSPNY=HN�GU=iNYOJ?PLMGUSY^pSi����0�
1���ì�C$RcSPNY=HN XcL>a =HRvG�a ^p~Z?P=HRZbH=sDM=sbH=HRZ?PLMNY=J?Jl}G�a =Hdk[ZNP=@?P?PTUCR ��c�\?P=sNY^$A�FJRM=���GV^{moCRZbrSYTUCRwDE=�?PLMNPekTI=
=HA%[MTINPTVXcLM=$�

IM�.é×GUGILZ?QSPNY=HN�[Z^pN.GV^%?QTIA�LZGI^pSPTIC$R,GI^#bHC$Rke$=JNPz=HRZbH=�DE=
ŜKM (t)

�
KZ��ì�C$RcSPNY=HNKXL|a =JR¢G�a ^$~Z?Q=JRZb0=5DE=5bH=HRZ?PLMNY=J?Jl

V 2(t)
?P=\NW^pA%FHRM=5�

FT (t)(1 − FT (t))
��§¥R ?QLZ[M[�Cc?P^$RcS

[Z^pN�=0dE=HA%[MGI=KXcLM=
T ∼ E(λ)

=0S
C ∼ E(γ)

�oCô E(λ)
DEOJ?PTIz$RM=BGV^�GIC$T8=0dE[qC$RM=JRcSPTI=HGIGU=�DM=K[Z^$NY^$A%F0SPNY=

λ > 0
�rl�C$R¢[qC$LZNPNW^�NY=H[ZNPO@?Q=JRSY=HN�z$NW^p[M]ZTIXcLM=JA�=JRcSKGI=,NW^p[Z[�CNQS#DE= GI^�e�^pNYTI^$RZb0= ^$?PxkA%[ESPC$SPTVXLZ=,DE=

√
n(ŜKM (t)−ST (t))

=JRB[MNYOJ?P=HRZbH=�DE=`b0=HR�?QLMNY=J?�=0SgDE=�GI^}e¡^$NPTV^pR�b0=¤^?QxkA%[ESPC$SPTVXcLM=�DE= √
n(ŜKM (t)−

ST (t))
=HR G�a ^$~Z?Q=JRZb0=iDE=BbH=HRZ?PLMNY=J?J�

X ��ó}OJA�CRcSPNY=HN}GI=�NYOJ?PLMGUSY^pS��Kc�r�hó}OHSP=JNPA%TIRM=HNn=HRZ?PLMTUSP=�LMR�TIRcSP=JNPe�^pGIGI=�DE=%b0C$RM��^pRZbH=�DE=KRMTUe=J^$L�^$?PxkA�[M�
SPCpSYTIXcLM=

1− α
[�CLMN

ST (t)
=JR,LMSPTIGUTV?P^$RcS�GV^�NP=JA#^pNWXLZ="IM� KZ�

I


