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- Historical roots

Random matrices

B Wishart ~ 1930
Empirical covariance matrices
Mathematical statistics
B von Neumann = 1940
Condition number of linear systems
Computer science and numerical analysis
B Wigner ~ 1950
Energy levels in atoms nuclei
Nuclear physics
B Voiculescu ~ 1990
Freeness as a high dimensional phenomenon
Operator algebra

3/28



About random matrices

|—High dimensional phenomena

QOutline

4/28

DA



5/28

About random matrices

[ High dimensional phenomena

Girko matrices

X11
X =

an

| X,'j independent copies of Xi1, E[Xll] =0, ]E[|X11|2] =1

Xln

Xnn



5/28

About random matrices

[ High dimensional phenomena

Girko matrices

X1 -+ Xin
X = :

an

Xnn
B Hermitization

| X,'j independent copies of Xi1, E[Xll] =0, ]E[|X11|2] =1

X+ X and
V2

Wigner and Marchenko —Pastur

vV XX*
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L High dimensional phenomena

Girko matrices

X1 - X
X = :
an e Xnn

[ | X,'J' independent copies of Xi1, E[Xll] =0, ]E[|X11‘2] =1
B Hermitization : Wigner and Marchenko —Pastur

X + X*
and v XX*
V2

B Spectrum multiset and empirical spectral distribution
{A(A), ..., An(A)} = {z € C : det(A — zl) = 0}

1 n
pa == 0xA)
ni=
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Unlversallty — (Girko)

Gauss dim=600 Rademacher dim=600

0.8

0.6

-0.2 4

See
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Gauss dim=600 Rademacher dim=600
0.3 [
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Universality —V\)/OE( (Marchenko — Pastur)

Gauss dim=600 Rademacher dim=600
s 064 | [TTTEs
06 - M TS
P
0.5 o N
0.5 4 HMN A
N
0.4 +
0.4
0.3 4 0.3 4
0.2 4 0.2 4
0.1 A 0.1
0 T 1 Y 1
0 0.5 1 15 2 0 0.5 1 15 2
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High dimensional phenomenon

Gauss dim=30 Gauss dim=120
0.6

B High dimensional phenomenon (NLLLN, here in Wigner case)

Gauss dim=600

03 03
0.4 02 02
0.2 01 0.1
0
1 0 1 2 1 0 1
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High dimensional phenomenon

B High dimensional phenomenon (NLLLN, here in Wigner case)

Gauss dim=30 Gauss dim=120 Gauss dim=600
0.

i s

.1 . .
B Why this 7 normalization? Law of large numbers!

X

SE
B

X
% = : ~ Unitary

<
2

S
B
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Basic theorems

B Wigner

4 — x2
x4 x* —

V2n n—oo

B Marchenko— Pastur

1,ci—221dx

—

R A

4 — x?

1X€[O,2]dx
B Girko (Tao—Vu ~ 2010)

Lz<
px o o— =
o

dz
n—o0 T
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Basic theorems

B Wigner

4 — x2
x4 x* —

/on n—oo

B Marchenko—Pastur

M vxx*
n

n—oo

B Girko (Tao—Vu ~ 2010)

Lz<
px o o— =
o

dz
n—o0 T

B O1 : Bai—Silverstein (1980-2010), O2 : Erdds—Yau (2005-)
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Tools

B Moments (Wigner)

/Adu

Trace(Ar)
B Resolvent (Marchenko— Pastur)
1 Trace((A — z)
= dua(N) =
/ (N p

__1)
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B Moments (Wigner)

/Adu

B Resolvent (Marchenko— Pastur)

/ o dia)) =

Trace((A — z)
B Potential (Girko)

n

log |det(A — z
[ tog 12~ Aldua(x) = E1HAZ2)

n
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Tools

B Moments (Wigner)

/ )\rduA

B Resolvent (Marchenko —Pastur)

[5

B Potential (Girko)

Trace(A’)

dNA()\ Trace((A — z)

n

[ 1081z = Adna(r)

» Inversion

_ log|det(A — z)|

n

_1)
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Tools

B Moments (Wigner)

/ A dpia

B Resolvent (Marchenko— Pastur)

/5

AN =
B Potential (Girko)

[ 1081z = Aldya()

» Inversion

2w

Trace((A — z)

_1)

n

_ log|det(A — z)|

n

A; log |det(A — 2)|

n

m]



About random matrices

L High dimensional phenomena

Tools
B Moments (Wigner)
Trace(A"
[ xanan = D
B Resolvent (Marchenko — Pastur)
1 Trace((A — z)71)
- A) =
/)\ — dua(N) p
B Potential (Girko)
log |det(A — z
[ tog12 ~ Aldza(y) = EIEAAZ2)

» Inversion and Hermitization
Az logdet /(A —z)(A—z)*
AT on n
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L High dimensional phenomena

Tools
B Moments (Wigner)

[ xdua) =

B Resolvent (Marchenko— Pastur)

/ dMA()\ Trace((A —z)™1)

Trace(A")
n

B Potential (Girko)

log |det(A — z
[ tog 12~ Aldua(n) = E1EHAZ 2]

n

» Inversion and Hermitization

A o0
A = Z/O log(s)dp (A_z)(A—z)*(S)
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LBeyond Girko matrices

B Heavy tailed entries P(| X11| > t) o tTY 0<a<?2
o0

H_x_

—
n n— o0

B New high dimensional universality phenomenon (2011)

N
o= 5 /0 log(s)dvz.a(5)
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LBeyond Girko matrices

B Heavy tailed entries P(|X11| > t) St 0<a<2
o0

B New high dimensional universality phenomenon (2011)

_A: C>OI d
by o He= o | og(s)dvea(s)
B ., isotropic and not heavy tailed with density 7,

-5z

2(a—1)

fa(z) ~ caolz| e
|z| > o0

Operator convergence to Poisson Weighted Infinite Tree (Aldous)
11/28
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B Oriented Kesten—McKay phenomenon (conjecture!)
d*(d —1) 1jzp<q
a (¢ [P

n—o0

™
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LBeyond Girko matrices

Random regular graphs and free probability
B Uniform law on {oriented (d, d)-regular n-vertices graphs}
B Random adjacency matrix X with {0, 1} entries
B Oriented Kesten—McKay phenomenon (conjecture!)

d?*(d —1) 1,p<q
S O CoR PO L

> X=Pi+- -+ Py = u1+---+ud~QEEd (free unitaries)
n

—r OO

Lz<1

B As d — co we recover, via v/d scaling, the circular law -

» Voiculescu Free Central Limit Theorem

up 44 Ug  law 1|z|§1
—

\/a d—oo ™

12/28



About random matrices

[ Spectrum edge

QOutline

13/28

DA



14/28

About random matrices

|—Spectrum edge

Girko matrices: spectrum edge

B Light tails and heavy tails, outliers and point processes



14/28

About random matrices

I—Spectrum edge

Girko matrices: spectrum edge

B Light tails and heavy tails, outliers and point processes
B Spectral radius and Gelfand formula

p(A) = max [Ai(A)] and  p(A)

lim 17| A¥||
k—00



14/28

About random matrices

LSpectrum edge

Girko matrices: spectrum edge

B Light tails and heavy tails, outliers and point processes
B Spectral radius and Gelfand formula

p(A) = max [Ai(A)] and  p(A)

lim
k—ro0
B Firedi—Komlés (1981), ..., Bai—Yin (1993)
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Girko matrices: spectrum edge

B Light tails and heavy tails, outliers and point processes

B Spectral radius and Gelfand formula
_ _ — i X1 Ak
p(A) = max [Ai(A)] and  p(A) = lim /[ A¥]

B Firedi—Komlés (1981), ..., Bai—Yin (1993)
» Moments/combinatorics : | M| = /Tr(MM*)
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Girko matrices: spectrum edge

B Light tails and heavy tails, outliers and point processes

B Spectral radius and Gelfand formula

— . — k
p(A) = max [Ai(A)] and  p(A) = 1A%]

lim A
k—00
B Firedi—Komlés (1981), ..., Bai—Yin (1993)

» Moments/combinatorics : | M| = /Tr(MM*)

> limpeo % =2 < E[Xul[*<ox
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Girko matrices: spectrum edge

B Light tails and heavy tails, outliers and point processes
B Spectral radius and Gelfand formula

_ . — k
p(A) = max [Ai(A)] and  p(A) = | AX]]

lim
k—ro0
B Firedi—Komlés (1981), ..., Bai—Yin (1993)

» Moments/combinatorics : | M| = /Tr(MM*)
b olimye 252 — 2 o E[IXy]Y] < oo

V2n
v =2 <& E[|X11|4] < 0

> lim,, ., 202X)
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LSpectrum edge

Girko matrices: spectrum edge

B Light tails and heavy tails, outliers and point processes

B Spectral radius and Gelfand formula
_ _ — i X1 Ak
p(A) = max [Ai(A)] and  p(A) = lim /[ A¥]

B Firedi—Komlés (1981), ..., Bai—Yin (1993)
» Moments/combinatorics : | M| = /Tr(MM*)

> limpsoo ()f/tx) 2 o E[Xulf <
b limp o X ;X*) 2 & E[|Xulf <o
S [T %’ 1 <« E[Xul <o
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LSpectrum edge

Girko matrices: spectrum edge

B Light tails and heavy tails, outliers and point processes
B Spectral radius and Gelfand formula

_ _ — im &l Ak
p(A) = max [Ai(A)] and  p(A) = lim /[ A¥]
B Firedi—Komlés (1981), ..., Bai—Yin (1993)

» Moments/combinatorics : | M| = /Tr(MM*)

PXEX) _ o

» lim,_ 2n <~ E[|X11|4] < 00
b limpeo & ‘fﬁx*) =2 & E[|Xul <o
> dlimee =1« E[Xulf < o0
» E[|X11]*] < 0o : uniform law of large numbers max; 3=, | X;i|?
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n
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LSpectrum edge

Girko matrices : spectral radius

im P

B Optimal theorem without any extra condition (2018, 2020)

n—oo

=1

Vn

B Reciprocal characteristic polynomial : on {z € C: |z| < 1}
X

er(1-2 %) I

vn

00 k
Vi-azZexp(-S 2 2
n—o00 az=exp I;l k\/E
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B Optimal theorem without any extra condition (2018, 2020)

im PX)

n—00 \/ﬁ

B Reciprocal characteristic polynomial : on {z € C: |z| < 1}

X law = zk
det(l — z%) o V1—az?exp —Z Zkﬁ
k=1

» Random analytic function involving a GAF
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Girko matrices : spectral radius

B Optimal theorem without any extra condition (2018, 2020)

im PX)

n—00 \/ﬁ

B Reciprocal characteristic polynomial : on {z € C: |z| < 1}

X law = zk
det(l — z%) o V1—az?exp —Z Zkﬁ
k=1

» Random analytic function involving a GAF
> Zi ~ Ne(0,%4), E[|Z*] = 1, E[ZF] = E[X{]*
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LSpectrum edge

Girko matrices : spectral radius

B Optimal theorem without any extra condition (2018, 2020)

im PX)

n—00 \/ﬁ

B Reciprocal characteristic polynomial : on {z € C: |z| < 1}

X law, = zk
det(l — z%) o V1 —az?exp —Z Zkﬁ
k=1

» Random analytic function involving a GAF
> Zi ~ Ne(0,%x), E[|Ze[*] = 1, E[ZF] = E[X]*
> a=E[XZ], |a] <E[|Xu|*] =1 thus no zeros on {z € C: |z| < 1}
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) X
|z||n<f1 det(l—z%)‘ >0 asn— oo

B Hurwitz phenomenon for zeros of random analytic functions
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Proof outline

B Hurwitz phenomenon for zeros of random analytic functions

inf
|z|<1

det(l—zi) >0 asn— oo

V/n
B Tightness via orthogonal decomposition (— Basak — Zeitouni)

X n det(X, /)
det(1-2z7-) =1+ 5 (~2)" cenA)
( ﬁ) kzzl /c{lz,;.,n} Vi

=k
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inf
|z|<1

det(l—zi) >0 asn— oo

V/n
B Tightness via orthogonal decomposition (— Basak — Zeitouni)

X n det(X,/)
det(1—z22) =1+ 5 (~2)" cenA)
=2 ) kz=1 Ic{lz,;.,n} Vi
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Proof outline

B Hurwitz phenomenon for zeros of random analytic functions

inf
|z|<1

det(l—zi) >0 asn— oo

V/n
B Tightness via orthogonal decomposition (— Basak — Zeitouni)

X n det(X,/)
det(1—z22) =1+ 5 (~2)" cenA)
=2 ) kz=1 Ic{lz,;.,n} G

1=K

B Reduction to bounded entries by truncation (!)
B Reduction to traces

X — ol = TTace(Xk)z_k
det(l—z%> = p( ; \/ﬁk k>
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LSpectrum edge

Proof outline

B Hurwitz phenomenon for zeros of random analytic functions

X
det(l — Z%)
B Tightness via orthogonal decomposition (— Basak — Zeitouni)
det(X
det(l—z )_1+Z ooy detlX)
lC{l,.‘.,n} ﬁ

[/1=k

inf
|z|<1

>0 asn—

B Reduction to bounded entries by truncation (!)
B Reduction to traces

X > Trace(Xk) z¥
det(l—z\ﬁ) :exp(—;\ﬁ(’()k)

B Joint CLT for fixed traces via moments (— Janson—Nowicki)
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LSpectrum edge

Proof outline

B Hurwitz phenomenon for zeros of random analytic functions

X
det(l — Z\ﬁ)

B Tightness via orthogonal decomposition (— Basak — Zeitouni)
det(X
det(l—z )_1+Z ooy detlX)
lC{l,.‘.,n} vn

[l|=k

inf
|z|<1

>0 asn—

B Reduction to bounded entries by truncation (!)
B Reduction to traces

X >, Trace(X*) z¥
det(1- 25 ) = exp( — 3 LeeXD) 2y
v =1 Vn k
B Joint CLT for fixed traces via moments (— Janson—Nowicki)
B Prefactor V1 — az? due to centering in CLT
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B Universality of high dimensional global asymptotics
» First order : E[|X11]2] = Trace(CovMatrix(R X1, $X11))
» Second order charpoly: full CovMatrix(RX11, 3X11)

B In particular and more precisely
E[[X11[%] = E[(RX11)?] + E[(3X11)?]
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LSpectrum edge

Universality and moments

B Universality of high dimensional global asymptotics
» First order : E[|X11[?] = Trace(CovMatrix(RX11, $X11))
» Second order charpoly: full CovMatrix(RXi1, 3X11)

B In particular and more precisely
E[|X11[?] = E[(RX11)?] + E[(SX11)°]
E[X%] = E[(RX11)?] — E[(SX11)?] + 2i E[RX113X11].

B Two examples with diagonal covariance E[RX113X11] =0
» Ginibrec matrices : Xy1 ~ N(0,3h)

a=E[X3]=0 and E[Xu]?]=1.
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LSpectrum edge

Universality and moments

B Universality of high dimensional global asymptotics
» First order : E[|X11[?] = Trace(CovMatrix(RX11, $X11))
» Second order charpoly: full CovMatrix(RXi1, 3X11)

B In particular and more precisely
E[|X11[?] = E[(RX11)?] + E[(SX11)°]
E[X%] = E[(RX11)?] — E[(SX11)?] + 2i E[RX113X11].

B Two examples with diagonal covariance E[RX113X11] =0
» Ginibrec matrices : Xy1 ~ N(0,3h)

a=E[X3]=0 and E[Xu|]=1.
» Ginibreg matrices : X113 ~ Ng(0,1)
a=E[X3]=1 and E[Xu|]=1.
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LSpectrum edge

Link with CLT for linear statistics 1/2
B Logarithmic potential of a probability measure at point z

U¥(z) = (—log -]  1)(2)
B Empirical spectral distribution and uniform law on unit disc

1 n
pa=— > 6x(a) and  pe =
i=1

L

™
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LSpectrum edge

Link with CLT for linear statistics 1/2

B Logarithmic potential of a probability measure at point z
UH(z) = (= log ||  1)(2)
B Empirical spectral distribution and uniform law on unit disc

L;i<1
T

1 n
HA = ; E 5)\'.(,4) and He = dz
i=1

B LLN = Circular Law Theorem A = %X (Tao—Vu)

UPA(z) — UM (2) 25 0

n—oo
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About random matrices

LSpe:ctrum edge

Link with CLT for linear statistics 1/2
B Logarithmic potential of a probability measure at point z
UH(z) = (—log || * p)(2)
B Empirical spectral distribution and uniform law on unit disc

L;i<1
T

1 n
= —ZéMA) and e = dz
n <

B LLN = Circular Law Theorem A = %X (Tao—Vu)
UFA(z) — UF*(2) njo 0
B CLT for linear statistics (Rider—Silverstein, Erdés et al)

n(UPA(z) — UP(2)) =% G(2)

18/28
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LSpectrum edge

Link with CLT for linear statistics 2/2
B Logarithmic potential and characteristic polynomial
1
U (2) = (~ log - * ja)(2) = — log | det(A - 2)|
B Logarithmic potential of uniform distribution on unit disc

e 1 B |Z|2
Ut (z) = (—log || * pe)(2) = > 1,<1 —log |Z|1|z|21-
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LSpectrum edge

Link with CLT for linear statistics 2/2

B Logarithmic potential and characteristic polynomial

UPA(2) = (~ log || * 1a)(2) =~ log] det(A — )

B Logarithmic potential of uniform distribution on unit disc
U (2) = (~loB [ # )(2) =~ 1,101 — log 2100

B Outside unit disc, |z| > 1, link with reciprocal polynomial

Ura(z) — UPe(z) = —% log | det(A — 2)| + log ||

1
=— log | det(1 — z7LA)|
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LSpectrum edge

Link with CLT for linear statistics 2/2
B Logarithmic potential and characteristic polynomial
1
U(z) = (~ log ||  na)(z) = ——log | det(A — z))|
B Logarithmic potential of uniform distribution on unit disc

e 1 B |Z|2
Ut (z) = (—log || * pe)(2) = Tl|z|§1 — log \Z’1|z|21-

B Outside unit disc, |z| > 1, link with reciprocal polynomial
1
UPA(z) — UP*(z) = —= log | det(A — z)| + log |z|
n

1
= ——log|det(1 — z7tA)|
n
B Convergence to Gaussian Analytic Function for |z| > 1
det(1 — 21 A)| = ¢nUAE-Ur (@) 4, (~6()

n—o0
19/28
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Complex analytic link with CLT for linear statistics
B f analytic in a neighborhood of closed unit disc

[ FOnatdz)

i

( 74 %dz) u(dN)

_ %ﬁff(z)(/‘z‘(%?)dz

_ 2% j'{ F(2)(log det(z — A))'dz.
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LSpectrum edge

Complex analytic link with CLT for linear statistics

B f analytic in a neighborhood of closed unit disc

/ F(Aua(dz) = 2i ( 7{ %dz),u(d)\)

i

1 dA
_ Tﬁff(z)(/%)dz
_ 2% j'{ f(z)(log det(z — A))'dz.

B Contour integral taken along centered circle of radius > 1
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1 dA
_ Tﬁj{f(z)(/%)dz
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B Any branch of the logarithm, only its derivative matters
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LSpe:ctrum edge

Complex analytic link with CLT for linear statistics

B f analytic in a neighborhood of closed unit disc

/ F(Aua(dz) = 2i ( ]{ %dz),u(d)\)

!

1 dA
_ Tﬁff(z)(/z(f)?)dz
_ 2%1 j'{ f(z)(log det(z — A))'dz.

B Contour integral taken along centered circle of radius > 1
B Any branch of the logarithm, only its derivative matters
B Purely complex analytic, Cauchy —Stieltjes, alt log-potential
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About random matrices

LSpectrum edge

Complex analytic link with CLT for linear statistics

B f analytic in a neighborhood of closed unit disc

/f(/\)ﬂA(dZ) = ;m/(j{zf(_z)/\dz)u(d)\)
- g ([ )
- zim j{ £(2)(log det(z — A)Ydz.

B Contour integral taken along centered circle of radius > 1
B Any branch of the logarithm, only its derivative matters

B Purely complex analytic, Cauchy—Stieltjes, alt log-potential
B Compare with usual approach

90(log |z| * p) = A(log |z| * p) = 27p
A *p) =mp

20/28
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B (Xik)1<jk<n (Xiks Xij)1<j< k<, identically distributed



About random matrices

LSpectrum edge

Elliptic ensemble and Girko—Wigner interpolation
j

B (Xik)1<jk<n (Xiks Xij)1<j< k<, identically distributed
B X independent of the others except possibly Xj;

E[| X Xij|*] < 00,  E[XuXy] = p € [-1,1],

j#k

21/28



About random matrices

LSpectrum edge

Elliptic ensemble and Girko—Wigner interpolation
| (ka)lﬁ k<nt ()<jk7ka)1§j<k<n identically distributed
B Xj. independent of the others except possibly X;

E[[XpXiy|’] < oo, EXyXgl=pe[-1,1],  j#k
M Elliptic law : convergence to uniform law /g on an ellipse

/L%X — e

n—oo

(R2)? (327

Elli =qzeC: <1
e ={r e C e e =

21/28



About random matrices

LSpectrum edge

Elliptic ensemble and Girko—Wigner interpolation
| (ka)lﬁ k<nt ()<jk7ka)1§j<k<n identically distributed
B Xj. independent of the others except possibly X;

E[[XpXiy|’] < oo, EXyXgl=pe[-1,1],  j#k
B Elliptic law : convergence to uniform law jg on an ellipse

n—oo

/L%X 7 He

Rz)? 3z)?
Ellipse ={z € C (f +;)2 - (f = 2)2 <1}

B Girko (p = 0) : Xjk, Xk; independent, E[|Xj|*] < cc.
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About random matrices

LSpe:ctrum edge

Elliptic ensemble and Girko—Wigner interpolation
B (Xi)1<jk<n (Xik: Xij)1<j< <, identically distributed
B Xj. independent of the others except possibly X;
E[[XuXigl’] < oo, EXuXgl=pe[-11],  j#k

B Elliptic law : convergence to uniform law jg on an ellipse

N%X — e

n—oo
. (Rz)? (S2)?
Ellipse =¢z € C: + <1
ipse {z E AR }
B Girko (p = 0) : Xjk, Xk; independent, E[|Xj|*] < cc.
B Wigner (p = 1) : Xjx = Xy, E[|Xji|*] < o0.
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LSpectrum edge

Elliptic ensemble and Girko—Wigner interpolation

21/28

| (ka)lsi wen (Xiks ij)19<k<n identically distributed
B Xj. independent of the others except possibly X;

E[[XpXig|"] < oo, E[XuXgl =pe[-1,1],  j#k
B Elliptic law : convergence to uniform law jg on an ellipse

—
lti%ﬁ)< n—00 le

Rz)? Jz)?
Ellipse :{z eC: (i n ;)2 + (i — 2))2 < 1}

B Girko (p = 0) : Xjk, Xk; independent, E[|Xj|*] < cc.
B Wigner (p =1) : Xjx = Xij, E[|Xi]*] < 0.
B Work in progress : characteristic polynomial convergence
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About random matrices
LGinibre

Ginibrec matrices : exactly solvable model

X1 -+ Xin
X = :

an e Xnn

B Xi1 ~ Ne(0,535), (Xik)1< s 1+1:0-

B Additive and multiplicative Hermitizations
X+ X* q

2 = GUE and

VXX* L LUE or Wishart



About random matrices
LGinibre

Ginibrec matrices : exactly solvable model

X1 - X
X = :
an e Xnn

B Xi1 ~ Ne(0, 55), (Xi)y<jpcn 100
B Additive and multiplicative Hermitizations

XTX 4 GUE and  VXX® L LUE or Wishart
V2
B Matrix real and imaginary parts are independent GUE
x4 G +1iGy
V2
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About random matrices

LGinibre

Ginibrec matrices : exactly solvable model

23/28

X1 - X
X = :
an e Xnn

B Xi1 ~ Ne(0, 55), (Xi)y<jpcn 100
B Additive and multiplicative Hermitizations

XTX 4 GUE and  vVXX* 2 LUE or Wishart
V2
B Matrix real and imaginary parts are independent GUE
% éi G +1Gy
V2
B Unitary invariance and Maxwell —Mehta characterization
x e—Trace(XX*)
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Ginibrec : spectrum density

B Schur unitary decomposition X = U(D + N)U* gives

Trace(XX*) = Trace(DD*) +Trace(NN*)
—_————
EZ:Z:1|AfP
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Ginibrec : spectrum density

B Schur unitary decomposition X = U(D + N)U* gives

Trace(XX*) = Trace(DD*) +Trace(NN*)
—_————

EZ:Z:1|AfP
B Density of eigenvalues of \/iEX in C"

o e~ iz il? IT 1% = Al

j<k



About random matrices
LGinibre

Ginibrec : spectrum density
B Schur unitary decomposition X = U(D + N)U* gives

Trace(XX*) = Trace(DD*) +Trace(NN*)
———
EZ:Z:1|AfP
B Density of eigenvalues of \/iEX in C"
o e~ iz il? IT 1% = Al
Jj<k
B Laughlin fractional quantum Hall effect 5 € {2,4,6,...}
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About random matrices
LGinibre

Ginibrec : spectrum density
B Schur unitary decomposition X = U(D + N)U* gives

Trace(XX*) = Trace(DD*) +Trace(NN*)
—_———
E::::l Iif2
B Density of eigenvalues of \/iEX in C"
e SV T Py — P
Jj<k
B Laughlin fractional quantum Hall effect 5 € {2,4,6,. }
B 3 =2: determinantal, kernel K,(x,y) =e™" 725 x y

Marginal,, 4(z1, ..., 2x) oc det ( Kn(v/nz, \/EZJ))lgiJgk
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About random matrices
LGinibre

Ginibrec : spectrum density
M Schur unitary decomposition X = U(D + N)U* gives

Trace(XX*) = Trace(DD*) +Trace( NN*)
—_———
2532:1 RYE
B Density of eigenvalues of %X in C"
oc e "2 N TT [y = Al
Jj<k
B Laughlin fractional quantum Hall effect 5 € {2,4,6,...}
B 3 =2: determinantal, kernel K,(x,y) =e™" 725 Xlé’!*g
Marginal, 4 (z1, ..., zx) o det (K,(v/nz;, ﬁzj))lgugk
B Planar Coulomb gas (two-dimensional one-component plasma)

_ n q2_1 1
x e ny i NP3 Z;;g log rx=x77

24/28
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Ginibrec : determinantal analysis

e—n|z|2 n—1 n£|z|2l
nm

B Mehta : Convergence of density of Eu, = IE% D ok=10x,

lz<1
|
7

n—oo T
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About random matrices
LGinibre

Ginibrec : determinantal analysis
B Mehta :

Convergence of density of Ep, = E= > 71 6y,
e—nlzl® 11 gt 72 1«1

| oo -
nmo = f nooo
B Rider-Virdag : CLT (D={z€ C:|z| <1})

n(n(f) = pe(£)) = N(O.

||f||H1(D) +5 ||f||H1/2(aD))



About random matrices
LGinibre

Ginibrec : determinantal analysis
B Mehta : Convergence of density of Eu, = IE% > k=10x,

2 n—
eIzl 2 |z lz<

| n—o0
nmo = 2 T

B Rider-Virdag : CLT (D={z€ C:|z| <1})

11o() — 1alF)) 5 MO o Fisoy + 21y
B Kostlan : moduli (here Z? ~ Gamma(/, 1) are independent)

d
{Ml, - Al ={4, ..., Zn}
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About random matrices
LGiniblre

Ginibrec : determinantal analysis
B Mehta : Convergence of density of Eu, = E% > k=10x,

— 2 n—1
e n|z| nllz|2i l\z\gl

| n—o0
nmo = 0! T

B Rider-Virdag : CLT (D={z€ C:|z| <1})

d 1 1
1)~ 1e(F)) 5 N0, 2= ooy + 2 1F1so)
B Kostlan : moduli (here Z? ~ Gamma(/, 1) are independent)

(Ml M} 2 {210, Z0)
B Rider : spectral radius (v, = log(n/(27)) — 2log(log(n)))

\/4n’Yn( max |Aj| —1— ﬁ) —4, Gumbel = — log Exp
1<i<n

4n/ n—oo
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Ginibrec : Coulomb gas point of view

B Coulomb gas encoded with empirical measure i,

x e—nzg# (kn)

1
n Z?:l 6>\i
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About random matrices
LGinibre

Ginibrec : Coulomb gas point of view

B Coulomb gas encoded with empirical measure p, =

x e_"zg#(ﬂn)
B Logarithmic energy (V(2)

= |z|?, W(z 7' =

—log|z — ')
/ Vdp + 3 / Wdp®?

n
i=1 5>\,-

Ex(p



About random matrices
LGinibre

Ginibrec : Coulomb gas point of view

B Coulomb gas encoded with empirical measure 1, = % i1 0
x e_”25#(ﬂn)

B Logarithmic energy (V(z) = |z|?, W(z Z'y=—log|z —Z|)

Ex(p / Vdp + 3 / Wdp®?

B Large Deviations and variational formula (Hiai— Petz)

lim log P(un € B) = —inf (E(p) — E(1e))

n—00 n2 ueB

26/28



About random matrices
LGinibre

Ginibrec : Coulomb gas point of view

B Coulomb gas encoded with empirical measure 1, = % i1 0
x e_”25#(ﬂn)

B Logarithmic energy (V(z) = |z|?, W(z Z'y=—log|z —Z|)

Ex(p / Vdp + 3 / Wdp®?

B Large Deviations and variational formula (Hiai— Petz)

lim log P(un € B) = —inf (E(p) — E(1e))

n—o00 n2 ueB

B CLT and Gaussian Free Field (GFF) (A1 = 'gl1)

(V) + m{=A7 )

xX e
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About random matrices
LGinibre

Ginibrec : Coulomb gas point of view

B Coulomb gas encoded with empirical measure p, = % i1 0

x e*”25;£(ﬂn)

B Logarithmic energy (V(z) = |z|?, W(z,Z) = —log |z — Z|)

Ex(p / Vdu + 3 / Wdp®?

B Large Deviations and variational formula (Hiai— Petz)
logP(un € B)

Jim = = f/ig;(é'(u) — E(He))
B CLT and Gaussian Free Field (GFF) (A1 = 0271")

(Ve AT )

B LDP—CLT linked by Hessian. Universality classes for LDP?
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Spectral radius fluctuations : universality conjecture

B Rider : Ginibrec with v, = log 5= — 2loglog n

2% Gumbel = — log(Expo)
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Spectral radius fluctuations : universality conjecture

B Rider : Ginibrec with v, = log 2= — 2loglog n

p(X) Tn\ law B
4nmyn (W -1- ”E) e Gumbel = — log(Expo)

B Rider—Sinclair : Ginibreg still with ~, = log 5~ — 2loglog n

X [Vn law
VAanyn (L\/ﬁ) -1- %) n%o Gumbel = — log(2Expo)
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B Rider—Sinclair : Ginibreg still with ~, = log 5~ — 2loglog n

X [Vn law
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B Universality conjecture beyond Ginibre
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Spectral radius fluctuations : universality conjecture

B Rider : Ginibrec with v, = log 2= — 2loglog n

p(X) Tn\ law B
4nmyn (W -1- ”E) e Gumbel = — log(Expo)

B Rider—Sinclair : Ginibreg still with ~, = log 5~ — 2loglog n

X [Vn law
VAanyn (L\/ﬁ) -1- %) n%o Gumbel = — log(2Expo)

B Universality conjecture beyond Ginibre

» Coulomb gases on C with V = Q(J-|) and general g
True for determinantal case 3 = 2 via Kostlan and Laplace
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About random matrices
LGinibre

Spectral radius fluctuations : universality conjecture

B Rider : Ginibrec with v, = log 2= — 2loglog n

p(X) [VYn\ law, -
4n’yn (\/E —1- 4.n> njo Gumbel = — IOg(EXpO)

B Rider—Sinclair : Ginibreg still with ~, = log 5~ — 2loglog n

X n aw
Vany, <P\(ﬁn) -1- \/Z) nﬁo Gumbel = — log(2Expo)

B Universality conjecture beyond Ginibre

» Coulomb gases on C with V = Q(|-]) and general 8
True for determinantal case 3 = 2 via Kostlan and Laplace
» Girko matrices with centered entries of unit variance
Completely open!
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Thank you!

28/28

DA



