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About random matrices
High dimensional phenomena

Girko matrices

X =

X11 · · · X1n
...

Xn1 · · · Xnn


� Xij independent copies of X11, E[X11] = 0, E[|X11|2] = 1

� Hermitization : Wigner and Marchenko –Pastur
X + X ∗√

2
and

√
XX ∗

� Spectrum multiset and empirical spectral distribution
{λ1(A), . . . , λn(A)} =

{
z ∈ C : det(A− zI) = 0

}
µA = 1

n

n∑
i=1

δλi (A)
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About random matrices
High dimensional phenomena

Universality X√
n (Girko)

�ul�a> eigvals(sign.(randn(dim,dim))/sqrt(dim))
Random but not independent - Collective phenomenon
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Universality X+X∗√
2n (Wigner)
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About random matrices
High dimensional phenomena

High dimensional phenomenon
� High dimensional phenomenon (NLLLN, here in Wigner case)

� Why this 1√
n normalization? Law of large numbers!

X√
n =


X11√

n · · · X1n√
n

...
Xn1√

n · · · Xnn√
n

 ≈ Unitary
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About random matrices
High dimensional phenomena

Basic theorems

� Wigner

µX+X∗√
2n

−→
n→∞

√
4− x2

2π 1x∈[−2,2]dx

� Marchenko –Pastur

µ√XX∗√
n

−→
n→∞

√
4− x2

π
1x∈[0,2]dx

� Girko (Tao –Vu ≈ 2010)

µ X√
n
−→
n→∞

1|z|≤1
π

dz

� O1 : Bai – Silverstein (1980 – 2010), O2 : Erdős –Yau (2005 –)
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About random matrices
High dimensional phenomena

Tools
� Moments (Wigner)∫

λr dµA(λ) = Trace(Ar )
n

� Resolvent (Marchenko –Pastur)∫ 1
λ− z dµA(λ) = Trace((A− z)−1)

n
� Potential (Girko)∫

log |z − λ|dµA(λ) = log |det(A− z)|
n

I Inversion
µA =
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About random matrices
Beyond Girko matrices

Girko – Lévy matrices : heavy tailed entries

� Heavy tailed entries P(|X11| > t) ∼
t→∞

t−α, 0 < α < 2

� New high dimensional universality phenomenon (2011)

µ X
α√n

−→
n→∞

µα = ∆z
2π

∫ ∞
0

log(s)dνz,α(s)

� µα isotropic and not heavy tailed with density fα
fα(z) ∼

|z|→∞
cα |z|2(α−1) e−

α
2 |z|

α

.

Operator convergence to Poisson Weighted Infinite Tree (Aldous)
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About random matrices
Beyond Girko matrices

Random regular graphs and free probability
� Uniform law on {oriented (d , d)-regular n-vertices graphs}

� Random adjacency matrix X with {0, 1} entries
� Oriented Kesten –McKay phenomenon (conjecture!)

µX −→
n→∞

d2(d − 1)
(d2 − |z |2)2

1|z|2<d
π

dz

I X ≈ P1 + · · ·+ Pd ≈
n→∞

u1 + · · ·+ ud ∼
⊙�d (free unitaries)

� As d →∞ we recover, via
√

d scaling, the circular law 1|z|≤1
π

I Voiculescu Free Central Limit Theorem

u1 + · · ·+ ud√
d

law−→
d→∞

1|z|≤1
π
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About random matrices
Spectrum edge

Girko matrices: spectrum edge

� Light tails and heavy tails, outliers and point processes

� Spectral radius and Gelfand formula

ρ(A) = max
1≤i≤n

|λi (A)| and ρ(A) = lim
k→∞

k
√
‖Ak‖

� Füredi –Komlós (1981), . . . , Bai – Yin (1993)

I Moments/combinatorics : ‖M‖ =
√

Tr(MM∗)
I limn→∞

ρ(X+X∗)√
2n = 2 ⇔ E[|X11|4] <∞

I limn→∞
ρ(
√

XX∗)√
n = 2 ⇔ E[|X11|4] <∞

I limn→∞
ρ(X)√

n = 1 ⇐ E[|X11|4] <∞
I E[|X11|4] <∞ : uniform law of large numbers maxi

∑
j |Xij |2
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About random matrices
Spectrum edge

Girko matrices : spectral radius

� Optimal theorem without any extra condition (2018, 2020)

lim
n→∞

ρ(X )√
n = 1

� Reciprocal characteristic polynomial : on {z ∈ C : |z | < 1}

det
(
1− z X√

n
) law−→

n→∞

√
1− αz2 exp

(
−
∞∑

k=1
Zk

zk
√

k

)

I Random analytic function involving a GAF
I Zk ∼ NC(0,Σk ), E[|Zk |2] = 1, E[Z 2

k ] = E[X 2
11]k

I α = E[X 2
11], |α| ≤ E[|X11|2] = 1 thus no zeros on {z ∈ C : |z| < 1}
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About random matrices
Spectrum edge

Proof outline
� Hurwitz phenomenon for zeros of random analytic functions

inf
|z|<1

∣∣∣∣det
(
1− z X√

n
)∣∣∣∣ > 0 as n→∞

� Tightness via orthogonal decomposition (→ Basak – Zeitouni)

det
(
1− z X√

n
)

= 1 +
n∑

k=1
(−z)n ∑

I⊂{1,...,n}
|I|=k

det(XI,I)
√

nk

� Reduction to bounded entries by truncation (!)
� Reduction to traces

det
(
1− z X√

n
)

= exp
(
−
∞∑

k=1

Trace(X k)
√

nk
zk

k
)

� Joint CLT for fixed traces via moments (→ Janson –Nowicki)
� Prefactor

√
1− αz2 due to centering in CLT
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About random matrices
Spectrum edge

Universality and moments
� Universality of high dimensional global asymptotics

I First order : E[|X11|2] = Trace(CovMatrix(<X11,=X11))
I Second order charpoly: full CovMatrix(<X11,=X11)

� In particular and more precisely

E[|X11|2] = E[(<X11)2] + E[(=X11)2]
E[X 2

11] = E[(<X11)2]− E[(=X11)2] + 2iE[<X11=X11].

� Two examples with diagonal covariance E[<X11=X11] = 0

I GinibreC matrices : X11 ∼ NC(0, 12 I2)

α = E[X 2
11] = 0 and E[|X11|2] = 1.

I GinibreR matrices : X11 ∼ NR(0, 1)

α = E[X 2
11] = 1 and E[|X11|2] = 1.
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About random matrices
Spectrum edge

Link with CLT for linear statistics 1/2
� Logarithmic potential of a probability measure at point z

Uµ(z) = (− log |·| ∗ µ)(z)

� Empirical spectral distribution and uniform law on unit disc

µA = 1
n

n∑
i=1

δλi (A) and µ• =
1|z|≤1
π

dz

� LLN = Circular Law Theorem A = 1√
nX (Tao –Vu)

UµA(z)− Uµ•(z) a.s.−→
n→∞

0

� CLT for linear statistics (Rider – Silverstein, Erdős et al)

n(UµA(z)− Uµ•(z)) d−→
n→∞

G(z)
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About random matrices
Spectrum edge

Link with CLT for linear statistics 2/2
� Logarithmic potential and characteristic polynomial

UµA(z) = (− log |·| ∗ µA)(z) = −1
n log | det(A− z)|

� Logarithmic potential of uniform distribution on unit disc

Uµ•(z) = (− log |·| ∗ µ•)(z) = 1− |z |2
2 1|z|≤1 − log |z |1|z|≥1.

� Outside unit disc, |z | > 1, link with reciprocal polynomial

UµA(z)− Uµ•(z) = −1
n log | det(A− z)|+ log |z |

= −1
n log | det(1− z−1A)|

� Convergence to Gaussian Analytic Function for |z | > 1

| det(1− z−1A)| = e−n(UµA (z)−Uµ• (z)) d−→
n→∞

e−G(z).
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About random matrices
Spectrum edge

Complex analytic link with CLT for linear statistics
� f analytic in a neighborhood of closed unit disc∫

f (λ)µA(dz) = 1
2πi

∫ ( ∮ f (z)
z − λdz

)
µ(dλ)

= 1
2πi

∮
f (z)

( ∫ µ(dλ)
z − λ

)
dz

= 1
2πi

∮
f (z)(log det(z − A))′dz .

� Contour integral taken along centered circle of radius > 1
� Any branch of the logarithm, only its derivative matters
� Purely complex analytic, Cauchy – Stieltjes, alt log-potential
� Compare with usual approach

∂∂(log |z | ∗ µ) = ∆(log |z | ∗ µ) = 2πµ
∂(1z ∗ µ) = πµ
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About random matrices
Spectrum edge

Elliptic ensemble and Girko –Wigner interpolation
� (Xjk)1≤j,k≤n, (Xjk ,Xkj)1≤j≤k≤n identically distributed

� Xjk independent of the others except possibly Xkj

E[|XjkXkj |2] <∞, E[XjkXkj ] = ρ ∈ [−1, 1], j 6= k

� Elliptic law : convergence to uniform law µ on an ellipse

µ 1√
n X −→n→∞

µ

Ellipse =
{

z ∈ C : (<z)2
(1 + ρ)2 + (=z)2

(1− ρ)2 ≤ 1
}

� Girko (ρ = 0) : Xjk ,Xkj independent, E[|Xjk |2] <∞.
� Wigner (ρ = 1) : Xjk = Xkj , E[|Xjk |4] <∞.
� Work in progress : characteristic polynomial convergence
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� Work in progress : characteristic polynomial convergence
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GinibreC matrices : exactly solvable model

X =

X11 · · · X1n
...

Xn1 · · · Xnn


� X11 ∼ NC(0, 12 In), (Xjk)1≤j,k≤n i.i.d.

� Additive and multiplicative Hermitizations
X + X ∗√

2
d= GUE and

√
XX ∗ d= LUE or Wishart

� Matrix real and imaginary parts are independent GUE

X d= G1 + iG2√
2

� Unitary invariance and Maxwell –Mehta characterization
∝ e−Trace(XX∗)
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GinibreC : spectrum density
� Schur unitary decomposition X = U(D + N)U∗ gives

Trace(XX ∗) = Trace(DD∗)︸ ︷︷ ︸∑n
i=1 |λi |2

+Trace(NN∗)

� Density of eigenvalues of 1√
nX in Cn

∝ e−n
∑n

i=1 |λi |2
∏
j<k
|λj − λk |2

� Laughlin fractional quantum Hall effect β ∈ {2, 4, 6, . . .}
� β = 2 : determinantal, kernel Kn(x , y) = e−xy∗∑n−1

`=0
x`y∗`
`!

Marginaln,k(z1, . . . , zk) ∝ det (Kn(
√

nzi ,
√

nzj))1≤i ,j≤k

� Planar Coulomb gas (two-dimensional one-component plasma)

∝ e−n
∑n

i=1 |λi |2− 1
2
∑

i 6=j log 1
|λi−λk |
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GinibreC : determinantal analysis
� Mehta : Convergence of density of Eµn = E 1

n
∑n

k=1 δλk

e−n|z|2

nπ

n−1∑
`=0

n`|z |2`
`! −→

n→∞

1|z|≤1
π

� Rider –Virág : CLT (D = {z ∈ C : |z | ≤ 1})

n(µn(f )− µ•(f )) d−→
n→∞

N (0, 1
4π‖f ‖

2
H1(D) + 1

2‖f ‖
2
H1/2(∂D))

� Kostlan : moduli (here Z 2
i ∼ Gamma(i , 1) are independent)

{|λ1|, . . . , |λn|}
d= {Z1, . . . ,Zn}

� Rider : spectral radius (γn = log(n/(2π))− 2 log(log(n)))√
4nγn

(
max
1≤i≤n

|λi | − 1−
√
γn
4n
) d−→

n→∞
Gumbel = − log Exp
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GinibreC : Coulomb gas point of view
� Coulomb gas encoded with empirical measure µn = 1

n
∑n

i=1 δλi

∝ e−n2E6=(µn)

� Logarithmic energy (V (z) = |z |2, W (z , z ′) = − log |z − z ′|)

E 6=(µ) =
∫

V dµ+ 1
2

∫∫
6=

W dµ⊗2

� Large Deviations and variational formula (Hiai – Petz)

lim
n→∞

logP(µn ∈ B)
n2 = − inf

µ∈B
(E(µ)− E(µ•))

� CLT and Gaussian Free Field (GFF) (∆−1 = log|·|
2π )

∝ e
−n2
(
〈V , µ〉+ π〈−∆−1µ, µ〉

)
� LDP–CLT linked by Hessian. Universality classes for LDP?
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Spectral radius fluctuations : universality conjecture
� Rider : GinibreC with γn = log n

2π − 2 log log n

√
4nγn

(
ρ(X )√

n − 1−
√
γn
4n

)
law−→

n→∞
Gumbel = − log(Expo)

� Rider – Sinclair : GinibreR still with γn = log n
2π − 2 log log n

√
4nγn

(
ρ(X )√

n − 1−
√
γn
4n

)
law−→

n→∞
Gumbel = − log(2Expo)

� Universality conjecture beyond Ginibre

I Coulomb gases on C with V = Q(|·|) and general β
True for determinantal case β = 2 via Kostlan and Laplace

I Girko matrices with centered entries of unit variance
Completely open!
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Thank you!
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