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where

_ Jlog(v/nlzgl) v 3 log(n) if dist € {x?, Entropy, TV, Hell.}
log(n|zdl) V % log(n) if dist = Fisher

M Bias versus variance
Hp3=0: M&=N(0>%In), Moo = Oo

B Wasserstein ?
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|—Non-in‘cerac‘ting case

Cutoff for OU : General case (Wasserstein)

B Theorem : if 3 =0 then for all ¢ € (0,1)
» if lim, o |2d'| = oo then cutoff with ¢, = log(|zfl) :

lim Wasserstein(Law(X/"), P") =

n—0o0

oo ift,=(1—¢)c,
0 ift,=(14+¢)cy
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Dyson Ornstein Uhlenbeck process

LNon-interacting case

Cutoff for OU : General case (Wasserstein)

B Theorem : if f = 0 then for all € € (0,1)

» if lim, o |2d'| = oo then cutoff with ¢, = log(|zfl) :

oo ift,=(1—¢)c,

lim Wasserstein(Law(X,"), P") = .
0 lftn=(1+8)cn

n—0o0

» if lim, . |zf| = « € [0,00) then no cutoff : for all ¢ > 0,

lim Wasserstein®(Law(X["), P") = 1+ (a®—1)e ' —\/1 —

n—oo
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Dyson Ornstein Uhlenbeck process

LNon-interacting case

Cutoff for OU : General case (Wasserstein)

B Theorem : if f = 0 then for all € € (0,1)

» if lim, o |2d'| = oo then cutoff with ¢, = log(|zfl) :

oo ift,=(1—¢)c,

lim Wasserstein(Law(X,"), P") = .
0 lftn=(1+8)cn

n—0o0

» if lim, . |zf| = « € [0,00) then no cutoff : for all ¢ > 0,

lim Wassersteinz(LaW(Xt:), P = 1+%(oc2—1)e*2t— 1—e 2
n—oo

B Reminds behavior of second moment my,
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Dyson Ornstein Uhlenbeck process

LNon-interacting case

Cutoff for OU : Proof 1/3
B OU :dY; = v20dB; — Y;dt, R%, n; = Law(Y%)

Nt t—>_o)o Noo :N(O) eId)
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|—Non-in‘cerac‘ting case

Cutoff for OU : Proof 1/3
B OU :dY; = v20dB; — Y;dt, R%, n; = Law(Y%)

Nt — Moo :N(O) eId)
t—o0
¢
B Mehler formula: Y =e 'Yy + V2GJ e’ "dB;

0

Nt = dﬂeftno * dﬂ\/m o
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Dyson Ornstein Uhlenbeck process

LNon-interacting case

Cutoff for OU : Proof 1/3
M OU:dY; =v20dB; — Yidt, R% n; = Law(Y?)

Nt t—>_o)o Noo :N(O) eId)

t
B Mehler formula: Y; =e 'Yy + V2GJ e’ "dB;
0

Nt = dﬂeftno * dﬂ\/m o

B In particular if ng = 64 then

ne =N (e 'y, 0(1—e ?)Iy)
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Dyson Ornstein Uhlenbeck process

|—Non-in';erac‘ting case

Cutoff for OU : Proof 2/3

If I =AN(w,Z1) and Iz = N(uz, X2) in R™ then with m = m; — may :

2 / X2l iy Y(Ip4257 s, -2 me
X(F1|rz)= mezz 1 2 2 mm_l
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Cutoff for OU : Proof 2/3

If I =AN(w,Z1) and Iz = N(uz, X2) in R™ then with m = m; — may :
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Cutoff for OU : Proof 2/3

If I =AN(w,Z1) and Iz = N(uz, X2) in R™ then with m = m; — may :

2 / X2l iy Y(Ip4257 s, -2 me
X(F1|]"2)= mezz 1 2 2 mm_l

2Entropy(Iy | T2) = Z3'm - m + Tr(Z5 21 — I,) + logdet (X227 1)
Fisher(I | o) = |£5 ' m> + Tr(£528, — 255 + 571)
=15 ' ml? + Tr(Z5% (22 — £1)°50 )
2Wasserstein? (I, ) = |m|? + 'n(zl 15,2 \/):1Z2\/Zl)
= mf + Tr(VZ1 — VZI2)?)

deb(z.2
Hellinger? (I, [y) = 1 — | V9ot E1Z2) (7

1 -1
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LNon-interaCting case

Cutoff for OU : Proof 2/3

If I =AN(w,Z1) and Iz = N(uz, X2) in R™ then with m = m; — may :

2 / X2l iy Y(Ip4257 s, -2 me
X(F1|]"2)= mezz 1 2 2 mm_l

2Entropy(Iy | T2) = Z3'm - m + Tr(Z5 21 — I,) + logdet (X227 1)
Fisher(I | o) = |£5 ' m> + Tr(£528, — 255 + 571)
=15 ' ml? + Tr(Z5% (22 — £1)°50 )
2Wasserstein? (I, ) = |m|? + 'n(zl 15,2 \/):1Z2\/Zl)
= mf + Tr(VZ1 — VZI2)?)

det(T.
Hellinger?(Iy, ) = 1 — et(Zila) (7

det(=1122)

lu—vlrv < +/2Entropy(v | p)

%(Zl + Zg)ilm . m)
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LNon-interaCting case

Cutoff for OU : Proof 2/3

If I =AN(w,Z1) and Iz = N(uz, X2) in R™ then with m = m; — may :

2 / X2l iy Y(Ip4257 s, -2 me
X(F1|]"z)= mezz 1 2 2 mm_l

2Entropy(Iy | T2) = Z3'm - m + Tr(Z5 21 — I,) + logdet (X227 1)
Fisher(I | o) = |£5 ' m> + Tr(£528, — 255 + 571)
=15 ' ml? + Tr(Z5% (22 — £1)°50 )
2Wasserstein? (I, ) = |m|? + 'n(zl 15,2 \/Z;LZz\/Zl)
= |mP + Tr(VZI — VI2)?)
det(}:l):z)e (
— < —€X
det(=1122)
[ —v[lrv < +/2Entropy(v | )

Hellinger® (u,v) < ||u — v||7v < Hellinger(u, v)+/2 — Hellinger(u, v)?

Hellinger? (I, ) = 1 — LEy 4+ 5) tm m)
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LNon-interacting case

Cutoff for OU : Proof 3/3

If =0 and X§ = zg then
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LNon-interacting case

Cutoff for OU : Proof 3/3

If =0 and X§ = zg then
1 —ot
2 n ny __
X (Law(X) | PY) = s exp(mlabl ) —
Entropy(Law(X;") | P") = (nlméllze_zt —ne % —nlog(l— e_2t))
—at

1— e—2t
. 2 n n ImO |2 -2t ’n 1— 6727&
Hellinger®(Law(X{"), P") =1 —exp( iy Z log(4m))

Wasserstein® (Law(X;*), P") = 1+ 3(|zf'1> —1)e ¥ —V1—e 2

Fisher(Law(X/[") | P") = n?|zd|Pe ' 4+ n?
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If =0 and X§ = zg then
1 —ot
2 n ny __
X (Law(X) | PY) = s exp(mlabl ) —
Entropy(Law(X;") | P") = (nlméllze_zt —ne % —nlog(l— e_2t))
—at

1— e—2t
. 2 n n ImO |2 -2t ’n 1— 6727&
Hellinger®(Law(X{"), P") =1 —exp( iy Z log(4m))

Wasserstein® (Law(X;*), P") = 1+ 3(|zf'1> —1)e ¥ —V1—e 2

Fisher(Law(X/[") | P") = n?|zd|Pe ' 4+ n?

Melted noise and dimension : dX;* = \/gdBt — X{'dt in R
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Dyson Ornstein Uhlenbeck process

LNon-interacting case

Cutoff for OU : Proof 3/3

If =0 and X§ = zg then
1 —ot
2 n ny __
X (Law(X) | PY) = s exp(mlabl ) —
Entropy(Law(X;") | P") = (nlméllze_zt —ne % —nlog(l— e_2t))
—at

1— e—2t
. 2 n n ImO ‘2 -2t ’n 1— 6727&
Hellinger®(Law(X{"), P") =1 —exp( iy Z log(4m))

Wasserstein® (Law(X;*), P") = 1+ 3(|zf'1> —1)e ¥ —V1—e 2

Fisher(Law(X/[") | P") = n?|zd|Pe ' 4+ n?

Melted noise and dimension : dX;* = \/gdBt — X{'dt in R
log(n) cutoff for dist(Law(X) | P") : n versus e '
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Plan

Random matrix case
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Dyson Ornstein Uhlenbeck process

I—Ranclom matrix case

Cutoff for DOU: Random matrix case

B Theorem : Assume that 3 € {1,2,4}. Let (a,) be such
that inf(a,) > 0. Then for all ¢ € (0,1)

lim  sup dist(Law(X[") | P") =

N0 gie[—an, an)

max ift, =(1—¢)cy
0  ift,=(1+elen

24/32



Dyson Ornstein Uhlenbeck process

LRandom matrix case

Cutoff for DOU: Random matrix case

B Theorem : Assume that 3 € {1,2,4}. Let (a,) be such
that inf(a,) > 0. Then for all ¢ € (0,1)

lim  sup dist(Law(X[") | P") =

N0 gie[—an, an)

max ift, =(1—¢)cy
0  ift,=(1+elen

where

Cp =

log(v/nay,) if dist = Wasserstein
log(nay,) if dist € {Entropy, TV, Hellinger}
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LRandom matrix case

Cutoff for DOU: Random matrix case

B Theorem : Assume that 3 € {1,2,4}. Let (a,) be such
that inf(a,) > 0. Then for all ¢ € (0,1)

lim  sup dist(Law(X[") | P") =

N0 gie[—an, an)

max ift, =(1—¢)cy
0  ift,=(1+elen

where

log(v/nay,) if dist = Wasserstein
Cpy —
" log(nay,) if dist € {Entropy, TV, Hellinger}

B Proof : OU sandwich (trace Z, matrix M) + dist contract.
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LRandorn matrix case

Cutoff for DOU: Random matrix case

B Theorem : Assume that 3 € {1,2,4}. Let (a,) be such
that inf(a,) > 0. Then for all ¢ € (0,1)

lim  sup dist(Law(X[") | P") =

N0 gie[—an, an)

max ift, =(1—¢)cy
0 ift,=(1+¢)cn

where

log(v/nay,) if dist = Wasserstein
Cpy —
" log(nay) if dist € {Entropy, TV, Hellinger}

B Proof : OU sandwich (trace Z, matrix M) + dist contract.
B Cutoff should be controlled by |z] — p”| instead of |z
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Plan

General interacting case
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I—General interacting case

Cutoff for DOU: general case

B Theorem : Assume that 3 =0 or p > 1. Let (a,) be such
that inf(a,) > 0. Then for all ¢ € (0,1)

max ift, =(1—¢)c,

lim sup dist(Law(X;*) | P") =
n 0  ifty=(1+¢)cy

N0 e ap,an)
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Cutoff for DOU: general case

B Theorem : Assume that f =0 or 3 > 1. Let (a,) be such
that inf(a,) > 0. Then for all ¢ € (0,1)

max ift, =(1—¢)c,

lim sup dist(Law(X;*) | P") =
n 0  ifty=(1+¢)cy

N0 e ap,an)
where

log(v/nay) if dist = Wasserstein
Cp =
log(nay,) if dist € {Entropy, TV, Hellinger}
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Cutoff for DOU: general case

B Theorem : Assume that f =0 or 3 > 1. Let (a,) be such
that inf(a,) > 0. Then for all ¢ € (0,1)

max ift, =(1—¢)c,

lim sup dist(Law(X;*) | P") =
fn 0 if t, = (14 ¢€)cy

N0 e ap,an)
where

log(v/nay) if dist = Wasserstein
Cp =
log(nay,) if dist € {Entropy, TV, Hellinger}

B Lower bound : Contraction to OU Z
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LGeneral interacting case

Cutoff for DOU: general case

B Theorem : Assume that f =0 or 3 > 1. Let (a,) be such
that inf(a,) > 0. Then for all ¢ € (0,1)

max ift, =(1—¢)c,

lim sup dist(Law(X;*) | P") =
fn 0 if t, = (14 ¢€)cy

N0 e ap,an)
where

log(v/nay) if dist = Wasserstein
Cp =
log(nay,) if dist € {Entropy, TV, Hellinger}

B Lower bound : Contraction to OU Z
B Upper bound : LSI, regularization, coupling (~ exclusion)
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Dyson Ornstein Uhlenbeck process

|—General interacting case

Cutoff for DOU : Proof for general case (1/2)
B Optimal log-Sobolev inequality

1
Entropy(v | P") < o Fisher(v | P™)
n
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LGeneral interacting case

Cutoff for DOU : Proof for general case (1/2)

B Optimal log-Sobolev inequality
1 1
Entropy(v | P") < %Fisher(v | P™) = 5 Jlog(f)LfdP”

B Exponential entropy decay

Entropy(Law(X;") | P") < e 2*Entropy(Law(X{') | P™)
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Dyson Ornstein Uhlenbeck process

LGeneral interacting case

Cutoff for DOU : Proof for general case (1/2)
B Optimal log-Sobolev inequality
Entropy(v | P") < %Fisher(v | P™) = —% Jlog(f)LfdPn

B Exponential entropy decay
Entropy(Law(X;") | P") < e 2*Entropy(Law(X{') | P™)
B Regularization Y™ of X™ (smoothed Y»* > XM = zf?)

Entropy (Law( ;") | P™) < C(nlag? + n?log(n))e 2
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|—Genera1 interacting case

Cutoff for DOU : Proof for general case (2/2)

B Coalescent coupling preserving order Y;,»* > X

[Law(¥7") — Law(X2)|lrv < P(Y] # X[')
< P(inf{s > 0: A7 =0} > t)
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Cutoff for DOU : Proof for general case (2/2)

B Coalescent coupling preserving order Y;»* > X

[Law(¥7") — Law(X2)|lrv < P(Y] # X[')
< P(inf{s > 0: A7 =0} > t)

W “Area” Ay =3 I (Y — X is an AR sort of OU

dA: = —Adt + d M,
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Dyson Ornstein Uhlenbeck process

LGeneral interacting case

Cutoff for DOU : Proof for general case (2/2)

B Coalescent coupling preserving order Y;»* > X

[Law(¥7") — Law(X2)|lrv < P(Y] # X[')
< P(inf{s > 0: A7 =0} > t)

W “Area” Ay =3 I (Y — X is an AR sort of OU
dA: = —Adt + d M,

2
B Submartingale in [0, 1] e M5 (4)
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|—General interacting case

Thank you for your attention!

-2
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Dyson Ornstein Uhlenbeck process
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Selected bibliography and open problems

B Bibliography
» Dyson, Anderson—-Guionnet—Zeitouni, Erdés—Yau
Voiculescu, Rogers—Shi, Biane
Lassalle, Baker—Forrester
Lachaud, Barrera—Jara
Ané et al, Bakry—Gentil-Ledoux, Villani
Saloff-Coste, Méliot, Lacoin
» C.-Lehec, Bolley—C.-Fontbona, Lu-Mattingly

B Problems

» V : Exactly solvable cases (Hermite/Laguerre/Jacobi)

» V : General strong convex case (Bakry—Emery or KLS)

» Better initial conditions (p™), other distances (Fisher, ...)
» Non-convex interactions (such as planar DOU dynamics)

VvVvVYyYVY
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Leonard Salomon Ornstein (1880 — 1941)
George Eugene Uhlenbeck (1900 — 1988)

On the theory of Brownian Motion
Physical Reviews 36 (5) 823-841 (1930)
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Paul Langevin (1872 — 1946)

Sur la théorie du mouvement brownien

Comptes-rendus de I'Académie des sciences (9 mars 1908)
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