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Marcel Riesz

(1886, Gyor, Hungary — 1969, Lund, Sweden)

B Intégrales de Riemann—-Liouville et potentiels
Acta Sci. Math. Szeged 9 (1938): 1-42, 116-118
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Riesz original problem (1931, 1938)
M Riesz s-kernel in R¢, —2< s < d
1
K, = S
—log|-| ifs=0

if s#0

B Riesz energy of probability measure pu

L) = H K (z — y)du(z)du(y) = j(Ks « wdu

B Potential U" := K *
B Equilibrium Measure on ball Bg :={z € R?%:|z| < R}

Meq =arg min  L;(p)
supp(K)CBr
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Marcel Riesz original problem (d > 2)
B Equilibrium Measure on Bg

oR if-2<s<d—2

Heq = r1+% 1
d( ) Pr___dz ifd—2<s<d
RsmaT (14 25%) (R? —|zf?) =

(og is uniform law on sphere of radius R)
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About Mellin transform and Riesz kernels

B Reciprocal pair of integral transform of f : (0, +00) — R

Mf(z) = J:of(x)xz_ldx, o< Rz < B,

1

flz) = ﬁLH]R Mf(z)z7?dz, a<c<}p.
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About Mellin transform and Riesz kernels
B Reciprocal pair of integral transform of f : (0, +0c0) — R
Mf(z) ::J flz)z tdz, o< Rz<B,

0
1

~ omi

flz) J .RMf(z)m_zdz, a<c<p.
c+1

B Riesz potential of radial function : if f(z) = ¢(|z|?) then
(Ksxf)(z) = w(jz’) where Mu(2) =ngs(2)M(@)(2+%2)
B Semigroup property of Riesz kernels :
Ksx Kt = cg st Ksit

B More on https://djalil.chafai.net/blog/2022/08/26/

mellin-transform-and-riesz-potentials/
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External Field Equilibrium Problem
B Energy with external field V on R?

Iv(n) = ” Ky(z —y) + V(z) + V(y)] du(z)du(y)

B Modified potential : Ut + V= Ksxpu+ V

B Equilibrium Measure
Heq = argmin I(p)
n
B Frostman or Euler - Lagrange characterization of peq

=c¢ q.e. on supp(p)

Kixp+V ]
> ¢ q.e. outside supp(u)
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Coulomb case: s =d —2
B Laplace fundamental solution
—AKq 5= cgdo, cq =[S

B Restricted to the interior of supp(fteq)

_AV
Heq = ca
BIfV =[] a>0,then
Meq = X[+ d —2) [1* 15, de
(with R =(3)777)
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Continuous case —2< s < 0and ox =2

Equilibrium problem :

argmin{ ﬂ 2 — ylldu(z)du(y) + 2J|w|2du(w)}

B Arises in steepest descent for halftoning functionals
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Equilibrium problem :

argmin{ ﬂ 2 — ylldu(z)du(y) + 2J|w|2du(x)}

B Arises in steepest descent for halftoning functionals

B Hertrich-Graf-Beinert-Steidl arXiv:2211.01804
Wasserstein Steepest Descent Flows
of Discrepancies with Riesz Kernels

B Explicit formulas for peq
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Iterated Coulomb case : s =d—2n,n=1,2,3,...

Proposition (CSW 2022)

If s = d — 2n then, restricted to the interior of Ueq,

A"V
ciCqn

Heq = where Cgp = (=)™ 1(2n —2)!!

B Key: —AKy = cguKui2, Cgu=d—2—1u

B In particular : if s=d —4 and V = |-[*, o > 2, then
Ciz <0 while AV = a(a+d —2)[[*2 >0
and thus peq is necessarily singular!
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Condensation phenomenon for s =d —4 7

=08, R=08679 =1, R=06667 =12 R = 05807 =18, R = 05050
8000 8000 8000 8000
6000 6000 6000 6000
4000 4000 4000 4000/
2000 2000 2000 2000
J ad ] al
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=2, R=0.5000 =3, R=05503 a=4, R=0596 a =5 R=06310

8000 8000 8000 8000
6000 6000 6000 6000
4000 4000 4000 4000
2000 2000 2000 2000
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Point norms histograms |z;],1 < 7 < N = 10* of a discrete
approximation of {leg, d =4, s =d—4=0, V =|[*, « > 0.
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B Letd>4 and s=d—4>0.
> If a > 2 then |eq = 0r where

2=(ram)

> If0< & <2 then peq = Bfmq + (1 — p)or where

2—« &+ s 2 s
B s+2’ f Rots[§d—1| " B» (c+ s+ 2)ay
B Let d =3 and s = d —4 = —1 (non-singular kernel!).
> If0< <1, then U does not exist
> Ifa=1andy >1, then teqg = O
> If a>1, then peq 15 as above
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B I[fs=d—3 and o =2 then

_ r(%) 1B, d
Heq = sta s+2 2 x
mz2 R R2— |

where
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B I[fs=d—3 and o =2 then

r(i%é) 1B,

l’leq _ s+4
mz RST2 /p2_

where

M(52)\ =2
RZ(%F(%Q

B This 1s also Weq for s = d —1 on Br with this R.
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Theorem (CSW JMAA 2022 : V =v/[[, y > 0)

B I[fs=d—3 and o =2 then

where

B This 1s also Weq for s = d —1 on Br with this R.
B Initial motivation : (d,s,«) = (3,0,2) and Gumbel at edge.
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B Fundamental solution (fractional Laplacian) :
—AsKs =00, Ks= (_As)_ly —AsU =y, U=Ks*xu

B Frostman or Euler — Lagrange characterization of peq

=c¢ onsu
Ut v pp(1)
> ¢ everywhere

B Obstacle problem :

—AsU >0 and =0 outside supp(u)
U > c— V (the obstacle)

B Dichotomy :
min(U — (¢ — V),—A;U) =0.

B Variational : convex duality for energies
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Selected Open Problems

B Full description of peq for all parameters d, s,
B Case s = d — 3 with o # 2 : dubious guess is

> ballif 0 < x < 2
» full dimensional shell (annulus) if « > 2
» in particular it is never a sphere

B Case s = d — 6 : disconnected support?

B Other norms in kernel and external field
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Radius R when support of eqilibrium measure is sphere Sg, d = 3

External field power

. | . . | . \
0

2 -18 -16 -14 -12 -1 08 -0.6 -04 02 0

Ries energy parameter s

[0 Radius R

by

A plot of the radius R when the support of the equilibrium
measure is the sphere Sy for d = 3 and various s and «.
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Point norms |a;|

03 Optimized points, d =5, s = —1, V(z) = |z[**, N = 100000
025 4
02r 4
T s el - 0.2631889
j=end
015} . Point nomms |z, j = 1.... |
01r 4

0 2 4 6 8 10
Point index 7, j =1,..., N <104

Point norms |zj|, 1 < j < N = 10°,
d=5s=d—6=—1, V =|¥2
More than 70% on outer boundary!
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Projection on z; = 0 of a numerical approximation of pegq,
N=10%d=4,s=d—4=0, V=,
2l 1= (2P + -+ |zal?) /7.
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Naoum Samoilovitch Landkof

(1915, Kharkov, Russian Empire — 2004, Israel)

B Foundations of Modern Potential Theory
Grundlehren der mathematischen Wissenschaften 180
Springer 1972 (translated from Russian, Moscow 1966)
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