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Program

1. Notation and motivation

2. Probability and moment inequalities

3. Empirical risk minimization over a finite class

4. Empirical risk minimization over an infinite

class

5. Symmetrization

6. Entropy

7. The expectation of the empirical process
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1. Notation and motivation

Let Z1, . . . , Zn be independent random variables in

Z .

Notation: for γ : Z → R,

the theoretical measure is

Pγ :=
1

n

n∑
i=1

Eγ(Zi),

and the empirical measure is

Pnγ :=
1

n

n∑
i=1

γ(Zi).
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We moreover write

νn(γ) :=
√
n(Pn − P )γ.

Consider a class Γ of functions γ on Z .

EPT (Empirical Process Theory) is about the study

of

νn := {
√
n(Pn − P )γ : γ ∈ Γ}

as process indexed by Γ.

In particular, the study of probability and moment

inequalities for

Vn := sup
γ∈Γ
|νn(γ)|.
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Statistical motivation:

We will consider empirical risk minimization

(M-estimation).

Let Γ be a class of loss functions, indexed by a pa-

rameter.

Parametric:

Γ = {γθ : θ ∈ Θ}, Θ ⊂ Rr.

Nonparametric:

Γ = {γf : f ∈ F},

with F some collection of functions.
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Empirical risk minimizer

f̂ := arg min
f∈F

Pnγf , γ̂ := γ
f̂
.

Let F ⊃ F . The target is

f0 := arg min
f∈F

Pγf , γ
0 := γf0.

Best approximation in the class

f∗ := arg min
f∈F

Pγf , γ
∗ := γf∗.
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Excess risk

E(γ) := P (γ − γ0).

Approximation error

E∗ := E(γ∗).

Basic inequality: For Ê = E(γ̂),

Ê ≤ −(Pn − P )(γ̂ − γ∗) + E∗.

Proof. . . .
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Define

σ2(γ) :=
1

n

n∑
i=1

E[γ(Zi)− Eγ(Zi)]
2.

Let σ̂ := σ(γ̂ − γ0), σ∗ := σ(γ∗ − γ0).
More generally, let d be some metric on F, and

d̂ := d(f̂ , f0), d∗ := d(f∗, f0).
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Let ψ(·) (some concave function) be the “modulus

of continuity” of the empirical process, that is, ψ is

such that

Vn := sup
γ∈Γ

|
√
n(Pn − P )(γ − γ∗)|
ψ(d(f, f0) ∨ d∗)

is a “bounded” random variable.

LetG(·) (some convex function) be the margin, i.e.,

E(γf ) ≥ G(d(f, f0)), ∀ f ∈ F .
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Example(Classification)

Suppose that Zi = (Xi, Yi), with Yi ∈ Y := {0, 1}
a label, i = 1, . . . , n. Let F be a class of functions

f : X → [0, 1]. We consider 0/1-loss

γf (x, y) = γ(f (x), y) := (1−y)f (x)+y(1−f (x)).

For a ∈ [0, 1], write

l(a, ·) := E(γ(a, Yi)|Xi = ·)

= (1− η)a + η(1− a) = a(1− 2η) + η ,

where η = E(Yi|Xi = ·).
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The target is the overall minimizer

f0 := arg min
a∈[0,1]

l(a, ·) .

It is clear that f0 is the Bayes rule

f0 = l{1− 2η < 0} + q{1− 2η = 0} ,

with q an arbitrary value in [0, 1].
We moreover have

P (γf − γf0) = P |(f − f0)(1− 2η)| .
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Consider the functions

H1(v) = vP l{|1− 2η| < v}, v ∈ [0, 1] ,

and

G1(u) = max
v
{uv −H1(v)}, u ∈ [0, 1]

(assuming the maximum exists).

Lemma The inequality

P (γf − γf0) ≥ G(σ(γf − γf0))

holds with G(u) = G1(u2), u ∈ [0, 1].
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Suppose that Gψ := G ◦ ψ−1 is strictly convex.

Definition The convex conjugate of Gψ is

Hψ(v) := sup
u

[uv −Gψ(u)].

Lemma For all 0 < λ2
n < 1,

(1− δ)Ê ≤ δHψ

(
Vn√
nδ

)
+ (1 + δ)E∗.

Proof. . . .
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Bernstein’s inequality

Let γj : Z → R, j = 1, . . . , p.
Assume that for all j, i and m ≥ 2,

Eγj(Zi) = 0, P |γj−γ∗|m ≤
m!

2
(2K)m−2d2(fj, f

∗).

Then for all m ≤ 1 + log p,

E1/m
(

max
1≤j≤p

|Pn(γj − γ∗)|
d(fj, f∗) ∨ τ

)m
≤ λn +

Kλ2
n

τ
,

where λ2
n :=

2 log(2p)
n .
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Moreover, for all t > 0,

P

[
max

1≤j≤p

|Pn(γj − γ∗)|
d(fj, f∗) ∨ τ

≥
√
λ2
n + 2t +

K(λ2
n + 2t)

τ

]
≤ exp[−nt].
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Bousquet’s inequality. Let γ : Z → R, γ ∈ Γ.

Assume that for all γ, i,

Eγ(Zi) = 0, |γ − γ∗| ≤ 2K.

Let

Z := sup
γ∈Γ

|Pn(γ − γ∗)|
σ(γ − γ∗) ∨ τ )

.

Then ∀ t > 0,

IP

(
Z ≥ EZ +

√
2t
√

1 + 4KEZ +
2tK

3

)
≤ e−nt.
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Hoeffding’s inequality

Suppose for 1 ≤ j ≤ p,

Eγj(Zi) = 0, |(γj − γ∗)(Zi)| ≤ ci,j ∀ i.

Let

d2(γj, γ
∗) :=

1

n

n∑
i=1

c2
i,j.

Then

E
(

max
1≤j≤p

|Pn(γj − γ∗)|
d(γj, γ∗)

)
≤ λn.
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Moreover, for all t > 0,

P

(
max

1≤j≤p

|Pn(γj − γ∗)|
d(γj, γ∗)

≥ λn +
√

2t

)
≤ exp [−nt] .
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3. Empirical risk minimization over a finite class

Let γj : Z → R, j = 1, . . . , p be given loss func-

tions in a class Γ ⊂ Γ. We define the model selec-

tion estimator

Pnγ̂ := min
1≤j≤p

Pnγj.

The target is

Pγ0 := arg min
γ∈Γ

Pγ.

The best approximation is

Pγ∗ := min
1≤j≤p

Pγj.
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We define the excess risks

Ê := P (γ̂ − γ0),

and

E∗ := P (γ∗ − γ0).

Moreover, we let

σ2(γ) :=
1

n

n∑
i=1

E[γ(Zi)− Eγ(Zi)]
2.
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3.1 Bounded loss, standard margin condition

Lemma. Suppose

P|γj − γ∗|m ≤
m!

2
Km−2d2(fj, f

∗),

and the standard margin condition

E(γj) ≥ d2(fj, f
∗)/C.

Then for E∗ ≥ λ2
n,

E1/m

√ Ê
E∗

m

≤ 1 +

√
Cλ2

n

E∗
+
Kλ2

n

E∗
.
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Remark. The result with m = 2 reads

E

[
Ê
E∗

]
≤

[
1 +

√
Cλ2

n

E∗
+
Kλ2

n

E∗

]2

.

Corollary. When

E∗� (K + C)λ2
n,

it holds that

E

√ Ê
E∗

m

→ 1.
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Example: density estimation.

Define

K̂ := P (γ
(f̂+f∗)/2

− γf0),

and

K∗ := P (γf∗ − γf0).

Lemma Suppose that√
f0

f∗
≤ C

8
.

Then

E1/m

(
K̂
K∗

)m/2

≤ 1 + C

√
λ2
n

K∗
+
λ2
n

K∗
.
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3.2 Bounded loss, general margin condition

Lemma Suppose that the margin condition holds,

with strictly convex margin function G. Let H be

the convex conjugate of G. Assume that for some

r ≤ 1 + log p, the function H(v
1
r), v > 0, is con-

cave. Assume moreover that the exponential mo-

ment condition holds for some K > 0.
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Then for all 0 < δ < 1, and ε > 0, we have

(1− δ)EÊ

≤ 2δH

(√
λ2
n

δ
+

Kλ2
n

2δG−1(E∗ ∨ ε)

)
+ (1 + δ)E∗ .
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Lemma.

Suppose

P|γj − γ∗|m ≤
m!

2
Km−2d2(fj, f

∗),

and the general margin condition

E(γj) ≥ d2κ(fj, f
0)/C.

Then,

E1/m

( ÊE∗
) 1

2κ


m

≤ 1
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+c̄κ


√√√√ C

1
κλ2
n

(E∗)
2κ−1
κ

+
Kλ2

n

E∗


1

2κ−1

,

where

c̄κ :=

1 + (2κ− 1)
1

2κ−1

(2κ)
1

2κ−1

 .
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3.3 Unbounded loss, under standard margin condi-

tion

Lemma. Suppose

|γj(·)− γl(·)| ≤ K(·), ∀(j, l),

and that for some s > 1,

‖K‖ss := PKs <∞.

Assume the standard margin condition

E(γj) ≥ σ2(γj − γ0)/C, ∀j.
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Then for log p ≥ 1,

E1/2

(
Ê
E∗

)
≤ 1 +

√
Cλ2

n

E∗

+cs(2‖K‖s)
s
s+1

(
λ2
n

)s−1
s+1

(E∗)−
s
s+1,



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

where

cs :=

(
s− 1

2

) 2
s+1

+

(
s− 1

2

)−s−1
s+1

.

Corollary. When

E∗� 2c
s+1
s
s ‖K‖s

(
λ2
n

)s−1
s

+ Cλ2
n,

it holds that

E
Ê
E∗
→ 1.
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4. Empirical risk minimization over an infinite class

Estimator

γ̂ := arg min
γ∈Γ

Pnγ

Target

γ0 := arg min
γ∈Γ

Pγ, Γ ⊃ Γ.

Best approximation

γ∗ := arg min
γ∈Γ

Pγ.

We assume ∀ γ ∈ Γ,

1. boundedness: ‖γ − γ∗‖ ≤ K,

2. margin condition: E(γ) ≥ G(σ(γ − γ0)).
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Recall: we sketched a result involving the weighted

empirical process

Vn := sup
γ∈Γ

√
n|(Pn − P )(γ − γ∗)|
ψ(σ(γ − γ0) ∨ σ∗)

.

We will now show how to obtain this from the un-

weighted process, using the peeling device.

Let for σ > 0,

Zn(σ) := sup
σ(γ−γ0)≤σ

|(Pn − P )(γ − γ∗)|.
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Assume that (for some σ0 and) all σ ≥ σ0, we have the

3. increments of the empirical process:

EZn(σ) ≤ ψ(σ),

where ψ(σ) ≥ σ.

Let (as before)

Gψ := G ◦ ψ−1,

so that

G−1
ψ = ψ ◦G−1.
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Assume the

4. decay condition: there is an 0 < α < 1 such

that,

G−1
ψ (ε)

εα
↓ in ε.

Peeling device. Let ε ≥ G(σ0). Then

E

(
sup
E(γ)>ε

√
n|(Pn − P )(γ − γ∗)|

E(γ)

)
≤ Cα

G−1
ψ (ε)

ε
,

where Cα := α−
α

1−α/(1− α).
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Theorem Let εt ≥ G(σ0) and

(1− δ)εt > δHψ

(
4Cα + 2

√
2t

δ
√
n

)
+

2Kt

3n
+ E∗,

where Hψ is the convex conjugate of Gψ. Then

P(Ê > εt) ≤ exp[−t].
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5. Symmetrization

Definition A Rademacher sequence is a sequence

of independent random variables {ξi}ni=1 with

P(ξi = +1) = P(ξi = −1) =
1

2
.

Notation

Let {Z ′i} be an independent copy of {Zi}, and let

{ξi} be a Rademacher sequence, independent of

{Zi} and {Z ′i}. Define

P ′n :=
1

n

n∑
i=1

γ(Z ′i),



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

P
ξ
n :=

1

n

n∑
i=1

ξiγ(Zi),

and write

‖Pn − P‖Γ := sup
γ∈Γ
|(Pn − P )γ|,

‖P ′n − P‖Γ := sup
γ∈Γ
|(P ′n − P )γ|,

‖P ξn‖Γ := sup
γ∈Γ
|P ξnγ|.

Lemma We have

E‖Pn − P‖Γ ≤ 2E‖P ξn‖Γ.
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6. Entropy

Let (Γ, d) be a subset of a metric space.

Definition

For u > 0, a u-covering of Γ is defined as a collec-

tion {γj}Nj=1 such that

∀γ there is a γj with d(γ, γj) ≤ u.

The covering number N(·,Γ, d) is defined for all

u > 0 as

N(u,Γ, d) := min{N : there is a u-covering

{γj}Nj=1}.
The entropy isH(·,Γ, d) := log(1 + N(·,Γ, d)).
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Example. Let

Γ = {γ : [0, 1]→ [0, 1] : ‖γ(m)‖∞ ≤ 1}.

Then

H(u,Γ, ‖ · ‖∞) ≤ Amu
− 1
m, u > 0.

Example. Let

Γ = {γ : R→ [0, 1] : γ ↑}.

Let Q be some probability measure and ‖ · ‖Q be

the L2(Q)-norm. Then

H(u,Γ, ‖ · ‖Q) ≤ Au−1, u > 0.
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7. Moment inequalities for an infinite class

Let Γ be some class of functions.

We assume

sup
prob. measures Q

H(·,Γ, ‖ · ‖Q) ≤ H(·),

and write

ψ(·) := 24

∫ ·
0

√
H(u)du.

Let ‖ · ‖ be the L2(P )-norm and ‖ · ‖n be the

L2(Pn)-norm.
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Define

σ := sup
γ∈Γ
‖γ‖, σ̂ := sup

γ∈Γ
‖γ‖n.

Lemma We have

E‖P ξn‖Γ ≤
Eψ(σ̂)

2
√
n
.

Proof. . . .
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Contraction principle (Ledoux and Talagrand

(1991)) (It holds more generally for Lipschitz func-

tions.) Suppose ‖γ‖∞ ≤ K for all γ ∈ Γ. Then

E

(
sup
γ∈Γ
|P ξnγ2|

)
≤ 2KE

(
sup
γ∈Γ
|P ξnγ|

)
.
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Lemma. Suppose ‖γ‖∞ ≤ K for all γ ∈ Γ. Let

H be the convex conjugate of Gψ = G ◦ ψ−1, with

G(u) = u2, u > 0. Then for all

σ2 ≥ δ

1− δ
H

(
2K√
nδ

)
,

we have

Eψ(σ̂) ≤ ψ
(
σ
√

2/1− δ
)
.

Proof. · · ·
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