Université Paris-Dauphine / PSL — M2 MASEF/MATH — Introduction to stochastic calculus

Exam 2019/2020

December 4, 2019, from 13:45 to 16:45
Documents allowed, Internet not allowed
Do what you can, and do not worry

We use the notations of the lecture notes.
B = (B}) ;>0 is a d-dimensional Brownian motion issued from the origin, d = 1.

Exercise 1. Assume thatd =1. Leto >0, p € R, and x € R be fixed parameters.
1. Solve the ODE X, = x and X'(f) = pX(¢) and discuss its sign depending on x.
2. Solve the SDE Xy = x and dX; = pX;dt + 0 X;dB; (existence, uniqueness, explicit formula).

Elements of solution for Exercise 1 (Geometric Brownian motion).

1. The unique solution of the ODE is X; = xef! for all ¢ > 0. It keeps for all times the sign of the initial

condition, namely if x = 0 (respectively < 0, > 0), then X; = 0 (respectively <0, > 0) forall £ = 0.

2. The coefficients of the SDE are Lipschitz: there exists a solution, which pathwise uniqueness. If x =0
then X = 0isasolution. If x < 0 then — X solves the SDE where X solves the SDE with initial condition
—x. We consider now the case x > 0. Suppose that X solves the SDE, with X; > 0 for all £ =0. Then

dX;
—— =pdt+o0dB;.
X, P odby

This suggests to use the Itd formula for log(X;). The semi-martingale X; has local martingale part

o fot X,dBg and finite variation part p fot X,ds. The It6 formula gives

LX EXs  o® [1XE o?
log(X;) —log(x =0[ SdB, + f —sds——f S ds=0B;+pot——t,
g(X;) —log(x) L X, 4B P e 2 ) x2 ttpt—=

hence

[os

X; = xe?Bt =3 4>,

>

We can check now by It6 formula that this well defined semi-martingale solves indeed the SDE, re-
gardless of x. The process X is known as geometric Brownian motion. This basic process is studied

in all courses and books about stochastic calculus, for instance in [2, Section 8.4.2 page 226].

Exercise 2. Let0 >0, p € R, ze R? be parameters, and let Z7 be the solution of
Z§=z, dZf=0dB,—pZ;dt

1. Why this SDE has a pathwise unique solution? What is the name of the process Z*?

t z
2. Show that the process W, = f ﬁst with the convention 0/0 = 1 is a Brownian motion.
0 s

3. Let us define x = |z|2. Show that the process X} = |ZtZ|2 solves the stochastic differential equation

Xy =x, dX}=0\/XFdW,+(a-bX})dt where o =20, a=0%d, b=2p.

4. Show thatifp>0 then! X7 tla—w> Gamma(d/2,2b/o?). What happens when b <0 ?
—00

5. From now on, we assume that X* solves the SDE above for x = 0 and an arbitrary real parameter
d > 0, without relation to Z%. Our goal is to evaluate [P(T(;‘ <o0), T} =inf{t 2 0: X; = c}. Show that

U _2a 2, . o? " ’
u€(0,+oo)»—>(p(u)=f v 2eos? 'dv satisfies ?utp (W) + (a—buw)p' (u) =0.
1

1. f G~ A4 (0,1;) then |GI% ~ )(z(d) = Gammal(d/2,1/2). The law Gamma(a, A) has density u — % u“‘le_luluzo.
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6. From now on, we take x >0 and 0 < € < x < R. Let us define Tng =TF A Té‘. Show that for all ¢ > 0,

INTY

"R
PXpps ) = 90 + fo @' (XPoy/ XFdW.

7. Show that [E(Tgx r) <00, which gives T, r < oo a.s. (hint: use an isometry, and a lower bound on ¢).
8. Show that
P(x) = pEP(T} < TR) + p(RP(T7 > Tj).
9. Show thatif a = %2 then P(T < oo) = 0 (hint: use limy o ¢(u) = —00).
10. Show thatif0< a <% and b= 0 then P(T{ < o00) = 1 (hint: use img_. oo (R) = +00).

11. Show thatif0<a< ‘772 and b <0 then [P’(T(j‘ < 00) = (o) —p(x))/ (p(o0) — ¢(0)) € (0,1).

Elements of solution for Exercise 2 (Cox—Ingersoll - Ross processes). CIR processes, see [1, Section 6.2.2].

1. The existence and pathwise uniqueness of the solution follows from the fact that we have here a
constant diffusion coefficient 61; and a non-random constant in time Lipschitz drift b(z) = —p=z.
From the lecture notes Z~ is an Ornstein — Uhlenbeck (OU) process.

2. The function z — z/|z| is a multivariate analogue of “sign”. Since Z* is an OU process, the process
(ZF11Z}) 15 is progressive and square integrable. Also W is a continuous local martingale, and since
|ZZ|?

W)y, = fot Wst = t, it follows by a famous criterion that W is a Brownian motion.
3. The semi-martingale Z* has local martingale part 6 B; and finite-variation part —p fot ZZds. The Itd
formula for the continuous semi-martingale Z* and the 62 function |-|? gives
1
dX*=d(z?) =22,dZ7 + 502 @d)dt
=207*dB,—2p| ZF)*dt +60%ddt

z

Z
=20\ 77| |zt dB, + (0°d —2p|Z71H)dt

z
t

=20/ X dW, + (0*d - 2pX})dt

We say that X* = | Z?|? is a Cox-Ingersoll-Ross (CIR) process. CIR processes are for OU processes
what square Bessel processes are for BM. They include square Bessel processes as special cases. They
are used in mathematical finance for the modeling of interest rates, see for instance [1, Section 6.2.2].

. . . _ _ _ 92 1— —2pt)
4. Since Z* is OU with Zj = z, by the Mehler formula, Z7 = ze Pt 4 \/%G, G~ A(0,1;). Now
|GI?> ~ ¥?(d) = Gamma(d/2,1/2) and r|G|*> ~ Gamma(d/2,1/(2r)). Now p > 0 gives lim;_.o, ze P! = 0
and lim;_. (1 —e~2P%) = 1, hence the result. When p < 0 then the law of X; degenerates as t — co.

5. These last questions are taken from [1, Proposition 6.2.3 and Exercise 37]. The result follows from

2a_q 2b, 2b  _2a 2b

_2a 2b 2a _2a 2b
(p,(u):u g2e¢72u and (p"(u):—ﬁu 02 Teo2 +;u 02ea2u'

6. The continuous semi-martingale X* haslocal martingale parto [y /XFdWs, thus (X*) = o2 [ X¥ds,
and finite variation process [ (a — bX7)ds. The It6 formula for X* and the 62 function ¢ gives

t t 2 t
710,69 :(p(x)+0/ @'(XH X;‘dWs+f @' (XH(a-bXHds+ %f @"(XH X ds
0 0 0

The desired result follows by stopping at T, ; and then using the ODE on ¢ (previous question).
7. By definition of Tgf R the random variable Y = cp(Téf R — @) is bounded. By using the It6 isometry,

t 2 t
[E(YZ):[E((f Loerr @' (X0 X-SxdWS) ):Uz[Ef Loere (' (X)X ds.
0 ! 0 !

Now on {s < T}, inf((¢' (X}))*X{) = ¢ > 0 for a deterministic ¢, thus +oo > E(Y?) = 0*CE(TY ).
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Let us consider the expression of ¢(X7.. ) obtained already. The stochastic integral in the result is
&R

centered because it is a martingale (put the stopping time inside or use the Doob stopping theorem)

issued from the origin. By taking the expectation, we get ¢(x) = E(@(X; ;. )). By the previous ques-
&R

¥ . )isbounded, we get, By dominated convergence

A T;R
as  — oo, that ¢(x) = E(@(X7. )). It remains to consider the partition {7 < Tg} U{T}" > Ty}
&R

tion, T;f g <ooalmost surely, and since t — ¢ (X

Ifa= %2 then (Riemann criterion) lim,_o ¢(u) = —oco. Now T grows if € decreases, thus P(T} < Tj?‘)

decreases when ¢ decreases, and from the previous question, we get lim,_.oP(T; < T3) = 0 (contra-
diction otherwise). Next T} < Té‘ gives IP(T(j‘ < Tj{) sP(T} < T}’{) =" 0. It remains to let R — oo to get
E—

the desired result by monotone or dominated convergence.

Since0<a< ‘72—2, then ¢(0) = lim,_. ¢(u) is finite. By monotone or dominated convergence,
P(x) = p(O)P(Ty < Tg) + p(RP(Ty > Tg).

Since b = 0 we get limp_. ;o @ (R) = +o0 and thus [P’(T(jc =00) =0 (contradiction otherwise).

Since0<a< %z we get that ¢(0) is finite. Moreover b < 0 gives ¢(o0) = limp_ 100 @(R) € (0, +00) and
we get @(x) = (p(O)IP(Té‘ < 00) + (p(oo)IP(T(;‘ = 00) hence the formula. Note: it is still valid when x = 0.

Note thatfor6 =1and p=0,wehaveo =2,a=d,b=0,and X =|z+ Bl?isa squared Bessel process
2

of dimension d started from z. The condition a > - reads d > 2, and it follows that almost surely

a Bessel process of dimension d hits the origin if d < 2 and never hits the origin if d = 2, and this

remains valid if we define the Bessel process with real dimension parameter d > 0 via an SDE.

Exercise 3. Let U € 6%(R%,R). In particular —VU is locally Lipschitz but is not globally Lipschitz in general.
Let us fix x € R?. From the lecture notes, we recall and admit that there exists an adapted process X with
values in R? U {oo} and a stopping time T with values in (0, +oo] such that

— X, eR%if t < T while X; =ocoif t= T, and lim;_._7 | X;| = co on {T < oo}
— te[0,T)— X; € R% is continuous
t

— X;=x+B; —f VU (X,)ds on the (maximal) time interval [0, T)

0
We study now a couple of sufficient criteria on U in order to get P(T < oo) = 0 (no explosion in finite time).

1.

Suppose that
1
lim Ux)=+oo and C,= sup(—AU— |VU|2) < oo.
xl—00 xeR4
(a) Showthat Tg=inf{r=0:U(X;) >R} / T.

R—o0

(b) Showthat Y = XTr = (XtaTy) 4= SOlves the following SDE
t t
Y, = x+f lssTRst—[ 1<, VU(X5)ds, t=0.
0 0

(c) Show thatforall R>0and >0,

tANTR

E(U(X¢n1,)) = U(x) +[E(f0 (EAU— |VU|2)(XS)ds).

(d) Show that Cy =infg« U > —oco and, forall R >0and ¢ >0,
Rlrp<: — G = U(XiaTy).
(e) Show thatforall R>0and >0,
E(R17,<:— |G- Ux) <=E(Ca(t A TR)) < .

(f) Show that P(T < oo0) =0.
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2. Suppose that for some a, b € R and all x € R,

(a)

(b)

(c)

(d)

(e)

(x,VU(x)) = —alx|* - b.

Show that
T,=inf{t=0:1X;>>n} / T.

n—oo

Show that Y = XTn = (X, T,) ;=0 Solves the following SDE
t t
Yt:x+/ ISSTndBS_/ lssTnVU(Xs)ds, r=0.
0 0
Show thatforall t=0and n =1,
2 2 ! 2
E(Xonr, ) < 12 +(1+2|b|)r+2|a|f E( Xonr, 2)ds.
0

Show thatforall t=0and n=>=1,
E(X¢at, 1) < (X2 + (1 +2|b)1)e?! 9",

Show that P(T < oc0) = 0.

— End of document —

Elements of solution for Exercise 3 (Non-explosion criteria for Kolmogorov diffusions). From [3, Th.2.2.19].

1. (a)

(b)

(9]

(d)

(e)

()

2. (a)

(b)

On {T = oo} we have limg_ TR = co = T since U(X;) takes then its values in R for all £. On
{T < oo} we have limg_.o, Tr = T since lim[iT U(X;) = +oo0.

Follows from the property of X, the fact that Tr < T, and the properties of the stochastic integral
and the Lebesgue - Stieltjes integral with respect to stopping times.

In the SDE in the previous question, by using cutoff and regularization, we could replace —VU by

a globally Lipschitz coefficient, because —VU is seen only on {U < R} and U is 62 and thus locally

Lipschitz. It follows that X% solves an SDE with globally Lipschitz coefficients, and is a continu-

ous semi-martingale, with local martingale and finite variations parts B, 1, and — fo rMreygy (X)ds
respectively. By the It6 formula and the properties of stopped integrals/brackets,

tATR tATR

tATR 9 1
UXinTy) = U(x)+f VU(XS)dBt—f IVU(X;)| dS+§f (AU)(Xy)ds.
0 0 0

By definition of Tk and the regularity of U the stochastic integral with respect to BM is a martin-
gale, and since it is issued from the origin, its has zero expectation, hence the desired result.

Since U € 62 (R4, R) and lim|y| ., U(x) = +oo it follows that C; = infgs U > —oo0.
Next, the inequality R17,<; —|C1| = U(X;a1,) holds because on {Tg > ¢}, it reads —|C;| = U(X),
while on {Tg < t}, itreads R~ |C1| = R= U(Xt,) = UX/aTs)-

The desired result follows by using the couple of previous questions.

From the previous question we get limp_ooP(Tr < t) = 0. The desired result follows from the
facts P(T < o0) =lim;_.oo P(T <) and P(T < t) <limgr_ oo P(Tr < 1) =0.

On {T = oo}, we have lim,_., T, = co = T thanks to the fact that X takes then its values in R?,
while on {T < oo}, we have lim,,_.o, T, = T since X is continuous on [0, T) and hm[iT | Xt = +00

Follows from the property of X, the fact that T, < T, and the properties of the stochastic integral
and the Lebesgue - Stieltjes integral with respect to stopping times.
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(c) In the SDE satisfies by X7, by using cutoff and regularization, we could replace —VU by a glob-
ally Lipschitz coefficient, because —VU is seen only on D(0, R) and U is €2 and thus locally Lip-
schitz. It follows that X7 solves an SDE with globally Lipschitz coefficients, and is a continuous
semi-martingale, with local martingale and finite variations parts B.,1, and — [; g (X)ds

respectively. By the It6 formula and the properties of stopped integrals/brackets,

tNT, tNT,

X,dB, - 2[ (X5, VU (X5))ds + (£ A Ty).

2 2
Xonz, 2 = || +2f
0

0

By definition of T, the stochastic integral with respect to BM is a martingale, and since it is issued

from zero, its has zero expectation. Taking expectations and using the assumption on U give
2 2 ! 2
E(XiaT,17) < 1x +2|61|f0 E(I XsaT,[)ds + (1 +2|D) (£ A Tp).

(d) The Gronwall lemma for f(£) = E(|X;1,|%) yields the desired result.

(e) We have lim;,_.o |Xt/\T,,|2 = | X;a7|? a.s. Moreover P(T < t) / ;oo P(T < 00), and thus if we have
P(T <o0) >0then P(T < t) > 0 for ¢ large enough, and for such a ¢, the Fatou lemma would gives

+00=E(Xiatl*17<p) SE(Xia7l?) = E(lim [X;a7,1%) < lim E(|X;a7, %) < c(x, 1) <00
n—o0 n—o0

where the last inequality follows from the previous question, which is impossible. Note that we
could replace the Fatou lemma by the dominated convergence theorem since the previous ques-

tions gives that for all ¢ > 0, the sequence (| X;a7,),,~, is bounded in [? and thus u.i.

References

(1]

(2]

(3]

Damien Lamberton and Bernard Lapeyre. Introduction to stochastic calculus applied to finance. Chapman & Hall/CRC Finan-

cial Mathematics Series. Chapman & Hall/CRC, second edition, 2008.

Jean-Francois Le Gall. Brownian motion, martingales, and stochastic calculus, volume 274 of Graduate Texts in Mathematics.

Springer, french edition, 2016.

Gilles Royer. An initiation to logarithmic Sobolev inequalities, volume 14 of SMF/AMS Texts and Monographs. AMS-SME, 2007.

Translated from the 1999 French original by Donald Babbitt.

5/5



