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Repulsive Particle Systems and GUE

Empirical evidence for "repulsive particle systems” in R
exhibiting GUE-spacing statistics?

@ Distances between parked cars. (Abul-Magd (2005))

@ Bus stop waiting times in certain cities.
(Krbalek, Seba (2000) , Beik,Borodin,Deift,Suidan (2006))

@ Spacings of zeros of the Riemann Zeta function on the critical line.

H. Montgomery, J. Keating, N. Snaith

All these particle systems show the phenomenon of repulsion.
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Suggestive to study repulsion models with relation to matrix ensembles:
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Suggestive to study repulsion models with relation to matrix ensembles:
For a "smooth” even function ¢ > 0 define a density of particles x;,1 <j < N
w.r.t. a potential Q by

1 ~NSY, Q)
- I I Xk — Xj)e =1 <),
ZNOj<k(p( ) l) /

Writing:  o(t) := t2e~ "), the non unitary invariant deformation of

1 N .
Pna(x) = mexp{ZZlogm—xj\—NZQ(X,-)}, is
j=1
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Class of Models for Repulsive Particle Systems

Suggestive to study repulsion models with relation to matrix ensembles:
For a "smooth” even function ¢ > 0 define a density of particles x;,1 <j < N
w.r.t. a potential Q by

H‘P X — x)e"NTHi Q).
Q j<k

Writing:  o(t) := t2e~ "), the non unitary invariant deformation of

1 N _
Pna(x) = ﬁaexp{QZIogm—xj\ -NY Q). is
’ j<k j=
1 N
Pro(x) = TeXP{22|OQ|Xk*X/ Zh Xk — Xj) — ZQ(X,)}
ZN.a j<k j<k =1
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Global Marginal Distributions

p,I:I,kO(X1 et ’Xk) = f]RN—k P/’\.'/7Q(X)ka+1 e dXN
the k-th correlation function of P,(’,,Q.
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Global Marginal Distributions

p',(,’”‘o(xh.. Xk) = fann PR.(X)dXki1 ... dXn :
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Thm (G.-Venker '12)
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there exists ug, p-measure with compact support s.th.
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Global Marginal Distributions

p’,Z;f(O(X1, o Xk) = oo PRo(X) Qg1 - dxy
the k-th correlation function of Py .

Thm (G.-Venker '12)
For all h above exist a;, > 0 s.th. for all Q above with min;cg Q" (t) > ap,
there exists Mg, p-measure with compact support s.th.

®k

(k-th correlation measure of Pkl,o) = (uh)"" as N — oo,

i.e. for g € Cp(R¥)

im_ [ ottt = [ a(t)* (.

N— oo

F. Gotze (Bielefeld) Local/Global Universality October 9, 2012 6/25



Local Correlations in the Bulk

Thm (G.-Venker 2012, arxiv:1205.0671)
Above assumptions on Q, h and ap > 0:
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Local Correlations in the Bulk

Thm (G.-Venker 2012, arxiv:1205.0671)

Above assumptions on Q, h and ap > 0:

For k > 1 and a € supp(uf)°

density ug(a) > 0, uniformly on compacts in t, ...,

. 1 t; t
lim p a+———,...,a+
N=oo pl(@)k "4 < Nud(a) Nu’é(é’))
et [sin ((t = t,-))] |
m(ti—4)  Jicijex
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Let ¢ be an even, smooth, nonnegative function with ©(0) = 0 and ¢(f) > 0
fort £ 0.
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for t # 0. Assume that for some 5 >0and c >0

Let Q be a strictly convex function of sufficient growth at infinity and define
P,ﬁ:g as the probability measure on RN with density

1 _NSW .
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Extensions to S-Ensembles

Let ¢ be an even, smooth, nonnegative function with ¢(0) = 0 and ¢(f) >0
for t # 0. Assume that for some 5 >0and c >0

ple) _
e=0 |g|?

Let Q be a strictly convex function of sufficient growth at infinity and define
Pﬁ:g as the probability measure on RV with density

1 _NSW .

Phiox) = o5 [T ot — x)e™" =5 @ax.

N,Q i<j
We conjecture that Pﬁ:g has the same bulk local k-correlation, say pg, as the
Gaussian-3 ensemble

1 NSV 2
Pﬁ(x) ::?H|Xk_xj|ﬁe NZ/:1X/.
N j<k
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B-Ensembles

Theorem (venker 2012)
Write o(x) := |x|® exp{h}, h real analytic and even Schwartz function,
o > 0 s. th. for all real analytic, strongly convex and even Q with

ag > al:
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1 hok t t
——POp a+———...,a+—m—1, (1
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Theorem (venker 2012)

Write (x) := |x|? exp{h}, h real analytic and even Schwartz function,
ol > 0 s. th. for all real analytic, strongly convex and even Q with
aq > a':The correlation measure p’,(,’jo’ 5 converges weakly to a compactly

supported p.m. pg) .

Conditions on Q as above, there is 1.q 3 of compact support, semicircular for
Q(x) = x*> and a scaled deformed correlation function

1 hok t t
——POp a+———...,a+—m—1, (1
M’ég(a)k N.G.6 ( Nﬂg’ﬁ(a) Nﬂ'&g(@)

)

where a € supp(ug 4(a))°. For h=0and Q = x2, the limit N — oo exists for
Q(x) = G(x) := x2 and h = 0 by Valko-Virag (09).
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Universality of Deformed (Averaged) Local Correlations of 5-Ensembles
Compare local correlations of PN,,,g with those of the Gaussian 3-Ensemble
PN,G,B:
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Theorem (Venker 2012, arxiv 1209.317)
hand Q as above. Let0 < £ < 1/2 and sy := N=1+¢.
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h and Q as above. Let0 < ¢ < 1/2 and sy := N~1+¢.,
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Compare local correlations of PN»W with those of the Gaussian 3-Ensemble
PN,G,B:

Theorem (Venker 2012, arxiv 1209.317)

hand Q as above. Let0 < £ < 1/2 and sy := N=1+¢.
Fork=1,2,...,anyac supp(ugﬁ)", any & supp(ug,z)°, any smooth
function f : RX — R with compact support

f k
Jim / dtk£(t)

/a+sN 1 ik Ut t o tk
a—sy ﬂ'c’;,,;(a)k Qs N!"’(’)ﬂ(a)’ ’ N/t'é,g(a)
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Universality of Deformed (Averaged) Local Correlations of 5-Ensembles
Compare local correlations of PN»W with those of the Gaussian 3-Ensemble
PN,G,ﬁ:

Theorem (venker 2012, arxiv 1209.317)

hand Q as above. Let0 < £ < 1/2 and sy := N=1+¢.
Fork=1,2,...,anyac supp(ugﬁ)", any & supp(ug,z)°, any smooth
function f : RX — R with compact support

: k
Jim / (1)
a+sy 1 hk 4 b
L N Ut ———— U+ —
[/a_SN 1 (@)K N*Q*B< Npf, 5(a) Nud, 5(2)

/a’+5~ I (u Lt uy ot ) du
— ————p —_ .., —— | [ —
a—sy Hap(@)k Ner Nug,s(@') Nugp(@)/ | 2sn

= 0.
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Universality of Deformed (Averaged) Local Correlations of 5-Ensembles
Compare local correlations of PNth;I with those of the Gaussian 3-Ensemble
PN,G,ﬁ:

Theorem (venker 2012, arxiv 1209.317)

hand Q as above. Let0 < £ < 1/2 and sy := N=1+¢.

Fork=1,2,..., any a € supp(ug 4)°, any & supp(ua,s)°, any smooth
function f : RX — R with compact support

Jim / itk f(1)
a sy ﬂo B(a k NQB N#’c’),ﬂ(a)’”.’ Nﬂ’c’)ﬁ(a)

_ /* ( . Htik)ﬂ
o ueﬂ(a')k”““ Nugs@) " Nucp(@)) | 2s

Local correlation limits using relaxation flow methods of Bourgade, Erdés,

B. Schlein, and H.-T. Yau (2011,2012) instead of potential theory.
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h(x) := —x?and v > 0

PlaX) = Zyl PRIE(x) exp{y > (%

i<j

1
PRYE(x) = > II ]x/—)(jjzexp{—aNZ)(]?}’
j

Ny cicien
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Proof:  Simple Example

h(x) := —x?and v > 0

PlaX) = Zyl PRIE(x) exp{y > (% 1,
i<j

PRYE(x) = 1 II ]x/—)(jjzexp{—aNZ)(]?},
J

Ny cicien

exp{y > (X —x)?} = exp{—yNMa(x)} exp{yM;(x)},

i<j
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h(x) := —x?and v > 0

PlaX) = Zyl PRIE(x) exp{y > (% 1,

i<j

1
PRYE(x) = > II ]x/—)(jjzexp{—aNZ)(]?}’
j

Ny cicien

exp{yY_(xi— %)’} = exp{—yNMa(x)} exp{yM;(x)?}, where

i<j
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Proof:  Simple Example

h(x) := —x?and v > 0

Pha(®) = Zyg.Pha () exp{y ) (xi |2

i<j

1
PRYE(x) = > II ]x/—)(jjzexp{—aNZ)(]?}’
j

Ny cicien

exp{yY_(xi— %)’} = exp{—yNMa(x)} exp{yM;(x)?}, where

i<j

N
MP(X) = ijpﬂ p = 1727
j=1
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Proof:  Simple Example

h(x) := —x?and v > 0

Pla(X) = Zyl PRYE(x)exp{y > (% — x)°},
i<j

PRYE(x) = 1 II ]x/—)(jjzexp{—aNZ)(/?},
J

Ny cicien

exp{yY_(xi— %)’} = exp{—yNMa(x)} exp{yM;(x)?}, where

i<j
N
Mp(x) = > xF, p=1,2
j=1

exp{ /M (x)?} = ¢ /R exp{e /7 M (x)} exp{—<2/4} de.

F. Gotze (Bielefeld) Local/Global Universality October 9, 2012
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Orthogonal Polynomials
PR, (%)

Zn

R 2N

° Py o(x) exp{—e?/4}dk,

= & - = DA
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Orthogonal Polynomials

Pt = ¢ L Pu () exp{—< /4}de,
Ax)? S 2
Prt) = S ep(- 3 (NG + 97 + viox))

J=1
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Orthogonal Polynomials

Pt = ¢ %PNﬁ(x)exp{—aZM}da,

Pu.(x) = A(X) exp{— ZN(a—l—fy)X b VAex)}

Zn./Z 1 1e”
R *a‘*x"{m}-
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Orthogonal Polynomials

Pt = ¢ %PN,E(x)exp{—gm}da,

Pru(x) = A(X) exp{ ZN(aﬂ)x +VAex)}

Zn./Z, 1 e’
neln =y *aex"{m}-

Orthogonal polynomials w.r.t. the kernel — exp{—N(a + )2 + e,/7t}
are shifted Hermite polynomials.
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v ve
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Orthogonal polynomials w.r.t. the kernel — exp{—N(a + )2 + e,/7t}
are shifted Hermite polynomials.
The ensemble Py, is determinantal with kernel:

/2 2
& ’
Kr(t,s) = exp{ }KN( — “’—N s—%x), W= el
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Orthogonal Polynomials

PLal) = ¢ [ S Pumeml-c/ade,
AR)? 3 2
Pucx) = FLep(= Y (N +2) + vien)

=

2

i e
In:/In = 4J1+-— — .
Ne/ 2N anp{4(a+7)}

Orthogonal polynomials w.r.t. the kernel — exp{—N(a + )2 + e,/7t}
are shifted Hermite polynomials.
The ensemble Py, is determinantal with kernel:

2 2
* w/ 6 (.«)/E w's ’Y
Kr(t, s) = exp{ AN FRN(t— S5.8 — S ) " il

where Ky is the kernel of rescaled GUE,,.
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wi= (o)
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foralle cR:  py° = o and

F. Gotze (Bielefeld) Local/Global Universality

1 t t B
N o (2)k PN <a+ No(a) 27 Na(a)> = det(

sin(w(t — t,-))
m(t — t) 1§i,j§k’

October 9, 2012 13/25



Universality
pf\;k: k-th correlation function of Pg,,
o Wigner density on [-w,w], w:=(a+7)""/?,

1,e

foralle cR:  py° = o and

, T ok < t i ) <Sin(7f(ti - zLj))
lim “la+ ——,...,a+ =det( ——~1 1 ,
N=voo a(@)F N No(a) No(a) R

locally uniformly in t;,... &, and ain compact subsets of (—w,w).
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pka. k-th correlation function of Py,

o Wigner density on [-w,w], w:=(a+7)""/?,

1,e

foralle cR:  py° = o and
, T ok < t i ) <Sin(7f(ti - zLj))
lim “la+ ——,...,a+ =det( ——~1 1 ,
N=voo a(@)F N No(a) No(a) R

locally uniformly in t;,... &, and ain compact subsets of (—w,w).

Thm (Venker '11)
pN ,» kth correlation function of Py

1 ty tk sin(r(t—t)
lim = am b
M, @R e (‘” No(a) 2" Na(a)> det (*55 5 )19;/5k
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Sketch of Proof: Recentering

@ Hoeffding type decomposition of interaction
Sicih(Xi=x) =3, h(x = x) + N2, [ h(x; — s)dul(s) + const.
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Sketch of Proof: Recentering

@ Hoeffding type decomposition of interaction

Sicih(Xi=x) =3, h(x = x) + N2, [ h(x; — s)dul(s) + const.
into centered fluctuation (w.r.t to ug) and additional potential h * MC’,
Ensemble P}, !

N
Plo() = = Bx2exp{-NS Q(x)} exp{— 3" h(x - x)}

zZh -
N,Q j=1 j<k
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Sketch of Proof: Recentering

@ Hoeffding type decomposition of interaction
Dlicih(Xi=X) =221 h(xi = x) + N3, [ h(x; — s)dup(s) + const.
into centered fluctuation (w.r.t to ufc’,) and additional potential h * MC’,

ho .
Ensemble Py ,:

N
A(x)Pexp{—N>_Q(x)} exp{— > _ h(x — x)}

Pl = o
N,a(X) Zh o = o
1 ! ;
= AR exp{—N>_ V(x)} exp{—>_ h(x — X))},
N,Q j=1 J<k
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Sketch of Proof: Recentering

@ Hoeffding type decomposition of interaction
Dlicih(Xi=X) =221 h(xi = x) + N3, [ h(x; — s)dup(s) + const.
into centered fluctuation (w.r.t to u’&;) and additional potential h u’c’,
Ensemble P}, !

N
Plo() = = Bx2exp{-NS Q(x)} exp{— 3" h(x - x)}

h
ZN,O =1 j<k

N
= S AXPep(-N> Vi) expl— Y F(w —x)),

W,Q j=1 j<k
V(t) = Q(t)+/h(t—s)du’c’,(s)

@ Claim:  Correlation-Fct. of Py , equivalent to Py v as N — oo, where
N
1
Pny(X) i=5—AX)?exp{-N> V(x
N,V (X) Zny () exp{ ; (%)}
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say  p=T(V)
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For v € M'(R) (Q, h as above) consider potential

V,.o(t) := Q(t) + / h(t — s)du(s).
Equilibrium measure for potential V (like V, g above) is the unique solution,

say  p=T(V),
to the minimization problem

min /V )du(t) //Iog|t—s| du(t)du(s).

peEM(R)

By Schauder let ;i = 1}, be a fixed pointof v — T(V, q), i.e.
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Equilibrium Measure

For v € M'(R) (Q, h as above) consider potential
V,.o(t) := Q(t) + / h(t — s)du(s).
Equilibrium measure for potential V (like V, g above) is the unique solution,

say  p=T(V),
to the minimization problem

min [ Viodutt)+ [ [1og]t— s~ du(t)dus)

By Schauder let ;i = 1}, be a fixed pointof v — T(V, q), i.e.

Selfconsistency: w=T(V.a)
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Equilibrium Measure

For v € M'(R) (Q, h as above) consider potential

V,olt) = Q1) +/h(t— s)du(s).
Equilibrium measure for potential V (like V, g above) is the unique solution,

say pu=T(V),

to the minimization problem
min V(t)du( log |t —s|” du(t)d
min [ Viodutt)+ [ [1og]t— s~ du(t)dus)
By Schauder let ;i = 1}, be a fixed pointof v — T(V, q), i.e.

Selfconsistency: w=T(V.a)

with continuous density ug(x) and compact support.
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Fourier Representation of h

@ Fourier representation, hreal, pu= u’c’,,

=Y h(x - x) /h ’ZGIXI “‘/')uzdt,

Ik
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@ Fourier representation, hreal, pu= u’c’,,

—th, Xk) /h ’ZGIXI ey 2dl‘,

Ik

@ Lete.g. S(t) =3, sin(tx;).
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Fourier Representation of h

@ Fourier representation, hreal, pu= u’c’,,

—th, Xk) /h ’ZGIXI ey 2dl‘,

Ik

@ Leteg. S(t) =3 sin(tx). Ifg(t) = ~h>0
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Fourier Representation of h

@ Fourier representation, hreal, pu= u’c’,,

=Y h(x - x) /h ’ZGIXI "X/'M‘zdt,

Ik
® Leteg. S(t) = Y, sin(tx). Ifg(t)=-h>0
exp / g(t t)2dt Eexp{/ 9'/2(t)S(t)dB;}

=E, eXp{Z f(xj,w)},
i
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and one may linearize Z,# (X1 — Xx) -
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=Y h(x - x) /h ’ZGIXI "X/'M‘zdt,

Ik

® Leteg. S(t) = Y, sin(tx). Ifg(t)=-h>0
exp / g(t t)2dt Eexp{/ 9'/2(t)S(t)dB;}

=E, eXp{Z f(xj,w)},
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and one may linearize Z,# (X1 — Xx) -

@ Needreal f: extend limitresultsto g(t) = —E(t) <0:
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Fourier Representation of h

@ Fourier representation, hreal, pu= u’c’,,

=Y h(x - x) /h ’ZGIXI "X/'M‘zdt,

£k
® Leteg. S(t) = Y, sin(tx). Ifg(t)=-h>0
exp / g(t t)zdt Eexp{/ 9'/2(t)S(t)dB;}

=E, eXp{Z f(xj,w)},
i

and one may linearize Z,# (X1 — Xx) -

@ Needreal f: extend limitresultsto g(t) = —E(t) <0:
to family: g,:=g,+2z9- >0, z>0
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Fourier Representation of h

@ Fourier representation, hreal, pu= p,’c’,,

=Y h(x - x) /h ’ZGIXI "X/'M‘zdt,

Ik

® Leteg. S(t) = Y, sin(tx). Ifg(t)=-h>0
exp / g(t = Eexp{ / g'3(t)S(t)dB:}
=:E, eXp{Zf Xj, W)}
)

and one may linearize Z,# (X1 — Xx) -

@ Needreal f: extend limitresultsto g(t) = —E(t) <0:
to family: g,:=g,+2z9- >0, z>0
Analytical extension of limitsto Re(z) <0: get g_;=—-h
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Concentration Inequalities

@ For equivalence use concentration inequalities:

For f Lipschitz, some ¢, C > 0,
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@ For equivalence use concentration inequalities:

For f Lipschitz, some ¢, C > 0,

N N
PN’Q Z f(X]) — EN,Q Z f(X]) >n < Ce*sz.
j=1 j=1
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Concentration Inequalities

@ For equivalence use concentration inequalities:

For f Lipschitz, some ¢, C > 0,

N N
PN’Q Z f(X]) — EN,Q Z f(Xj) >n < Ce*sz.
j=1 j=1

@ Truncation of x; to range [—-L,L]:  s.th. ¢ is bounded a.s.
for f(x;) = f(xj,w) Gaussian process in CK[—L, L].
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@ For equivalence use concentration inequalities:

For f Lipschitz, some ¢, C > 0,

N N
PN’Q Z f(X]) — EN,Q Z f(Xj) >n < Ce*Cfnz.
j=1 j=1

@ Truncation of x; to range [—-L,L]:  s.th. ¢ is bounded a.s.
for f(x;) = f(x;,w) Gaussian process in Cf[—L, L].
@ Approximate P,’(,’Q by a mixture of asymptotic unitary invariant

ensembles w.r.t. the Wiener measure.
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Concentration Inequalities

@ For equivalence use concentration inequalities:

For f Lipschitz, some ¢, C > 0,
N N ,
Prna | D f(x) —Eng Y f(x)|>n| < Ce o,
j=1 j=1
@ Truncation of x; to range [—-L,L]:  s.th. ¢ is bounded a.s.
for f(x;) = f(x;,w) Gaussian process in Cf[—L, L].
@ Approximate P,’(,’Q by a mixture of asymptotic unitary invariant
ensembles w.r.t. the Wiener measure. Show

Prvi = 7o Tl = 2 exp{= o[y (NV(x) + f(x;,w)) }
= (ug)®k (1}, equilibrium measure of V):
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Concentration Inequalities

@ For equivalence use concentration inequalities:

For f Lipschitz, some ¢, C > 0,

N N
PN’Q Z f(X]) — EN,Q Z f(Xj) >n < Ce*Cm2.
j=1 j=1

@ Truncation of x; to range [—-L,L]:  s.th. ¢ is bounded a.s.
for f(x;) = f(x;,w) Gaussian process in Cf[—L, L].
@ Approximate P,’\’,’Q by a mixture of asymptotic unitary invariant
ensembles w.r.t. the Wiener measure. Show
Prv.s =z T = %P exp{= 514 (NV(x) + f(x;,w)) }
= (ug)®k (1}, equilibrium measure of V):
(Johansson '98):  Independence of f in the global limits.
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Asymptotic Approximations

@ Compare Ey g Zj’\; f(x;) with N [ fdugq:
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Asymptotic Approximations
@ Compare Ey g Zj’\; f(x;) with N [ fdugq:

1
[fdpn.g = [fduq+ O (W) for real analytic Q, f.
(Kriecherbauer, Shcherbina ’10).
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@ Compare Ey g Z/’L f(x;) with N [ fdugq:
1
[fdpn.g = [fduq+ O <W) for real analytic Q, f.
(Kriecherbauer, Shcherbina ’10).

@ Uniform convergence of py g r to the density of 1q
on compacts in supp(uq)°. (Totik '00).
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Asymptotic Approximations

e Compare Eyq >N, f(x)) with N [ fdjug:
1 .
[fdpn.g = [fduq+ O <N2> for real analytic Q, f.
(Kriecherbauer, Shcherbina ’10).

@ Uniform convergence of py g r to the density of 1q
on compacts in supp(uq)°. (Totik '00).

@ Local bulk universality of correlation functions of ensembles of the
form Py q¢. (Levin, Lubinsky '08).
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Asymptotic Approximations

e Compare Eyq >N, f(x)) with N [ fdjug:
1 .
[fdpn.g = [fduq+ O <N2> for real analytic Q, f.
(Kriecherbauer, Shcherbina ’10).

@ Uniform convergence of py g r to the density of 1q
on compacts in supp(uq)°. (Totik '00).

@ Local bulk universality of correlation functions of ensembles of the
form Py q¢. (Levin, Lubinsky '08).

@ For 8 # 2 M. Venker used relaxation flow techniques of Bourgade,
Erdos, B. Schlein, and H.-T. Yau (2011,2012).
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Semicircle Law
Let Xx,1 <j < k < oo triangular array, s.th.
EXx=0and EXZ =

Xk = X for 1 < j < k < oo.
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Semicircle Law

Let Xx,1 <j < k < oo triangular array, s.th.
EX,k_OandEXk_a Xk = X for1 <j < k <oo. Let

Xp = {Xjk}/qk:1 .

M <...< )\, eigenvalues of n—'/2X, with spectral distr.
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Semicircle Law

Let Xx,1 <j < k < oo triangular array, s.th.
EX,k_OandEXk_a Xk = X for1 <j < k <oo. Let

Xp = {Xjk}ffkﬂ .

A

IN

. < An eigenvalues of n—1/2X, with spectral distr.

FXo(x Zn (N < x),
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Semicircle Law

Let Xx,1 <j < k < oo triangular array, s.th.
EX,k_OandEXk_a Xk = X for1 <j < k <oo. Let

Xp = {Xjk}ffkﬂ .

M <...< )\, eigenvalues of n—'/2X, with spectral distr.
FXo(x Z 1(N < Xx),

Let FX(x) := EF*(x) and G(x) d.f. of standard semicircle law.
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Semicircle Law

Let Xx,1 <j < k < oo triangular array, s.th.
EX,-k:OandEXj,z(:szk, X = Xigfor1 <j< k <oo. Let

Xp = {Xjk}/(Zk:T
M <...< )\, eigenvalues of n—'/2X, with spectral distr.

1 n
FXo(x) = - > 1N < x),
e

Let FX(x) := EF*(x) and G(x) d.f. of standard semicircle law.

o-algebras

) =o{Xg:1<k<I<n(k1)#(i,j)}, 1<i<j<n.
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Semicircle Law for Martingale Ensembles
Forany 7 > 0 matricial Lindeberg:

= & - = DA
F. Gotze (Bielefeld) Local/Global Universality



Semicircle Law for Martingale Ensembles

Forany 7 >0 matricial Lindeberg:
La(7) = 15 ZE|X//|21[(|)C/| >r/n) —0 as n-ooco. (1)

ij=1
In addition:
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Semicircle Law for Martingale Ensembles

Forany 7 > 0 matricial Lindeberg:
Ln(7) ZE|X,,|2]I(|X,,| >rvn) —0 as n-— oo (1)

ij=1
In addition: E(X;|5)) =0; and (2
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Semicircle Law for Martingale Ensembles

Forany 7 > 0 matricial Lindeberg:

Lo(7) : ZE|X,,|2 (1Xjl >7vn) —0 as n— oo
ij=1
In addition: E(X;|5)) =0; and

1 & ”
EZHE(X;,?I%(”’) of] —0 as N — oo;
i1

October 9, 2012
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Semicircle Law for Martingale Ensembles

Forany 7 > 0 matricial Lindeberg:

Ln(7) : ZE|X,,|2 (1Xjl >7vn) —0 as n— oo (1)
ij=1
In addition: E(X;|5)) =0; and (2

1 )
2 Z E| E(X,/?|§(”/ ) — U,/| -0 as n— oo; (3)
i =1

Forall1 <i<n: average column-variances

F. Gotze (Bielefeld) Local/Global Universality October 9, 2012 20/25



Martingale Wigner Law
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Martingale Wigner Law
1527:1 |Bi2_1| =0

as n— oo,

= & - = DA
F. Gotze (Bielefeld) Local/Global Universality



Martingale Wigner Law
1527:1 |Bi2_1| -0

as
MmaXi<j<n B < C < 0,

n— oo; (4)
absolute constant

()
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Martingale Wigner Law
IS |B2—1—0 as n— oo; (4)

maxi<j<p Bi < C < oo, absolute constant.  (5)

Theorem (G.-Naumov-Tikhomirov 2012)
Let X, satisfy conditions (1)—(5). Then

sup |[FX(x) - G(x)| =0 as n— oo
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Martingale Wigner Law
IS |B2—1—0 as n— oo; (4)
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Martingale Wigner Law
IS |B2—1—0 as n— oo; (4)

maxi<j<p Bi < C < oo, absolute constant. (5)

Theorem (G.—Naumov—Tikhomirov 2012)
Let X, satisfy conditions (1)—(5). Then

sup |[F¥(x) - G(x)] =0 as n— co.

Previous results with o = const.:  Wigner (1958), Arnold (1971), Pastur (1973),
G.-Tikhomirov (2006). extensions o;;: Erdés, Yau and Yin (2010) used max; ; of .
Note that (4)-(5) is implied by

max
1<i<n

B,»271‘a0 as n— oco.

Marcenko-Pastur laws for martingale ensembles: ~ G.-Tikhomirov (2004/6), Adamczak (2011)
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B: mxm

symmetric N(0, 1),
D:

Counterexamples |
A B

X, = , n=2m, m=500 even

A: mxm

i.id. N(0,1).
mx m:

N(0, 1) diagonal matrix
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Counterexamples I

A B
X, = , n=4000, m=1000 even
B” D

A: 1000 x 1000 symmetric N(0,10)
B: 1000 x 3000: i.i.d. N(0,1).
D: 3000 x 3000: N(0,10)
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Counterexamples I

A B

X, = , n=4000, m=1000 even
B” D

A: 1000 x 1000 symmetric N(0,10)

1000 x 3000: i.i.d. N(0,1).

D: 3000 x 3000: N(0,10)

(4) does not hold:  Simulated density of FX»:

Can be proved via asymptotic freeness of blocks or Lenczewski (arxiv 2012).
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Steps of Proof

@ Lindeberg-type universality:
Replacing Xj; by Gaussian Yj using Stieltjes-transforms and conditional
moments

@ Graph summation using moment methods for non identical Gaussian

entries
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Thank Youl!
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