1. Introduction

Let (X; : i € IN) be a sequence of independent and identically distributed (i.i.d.)
real-valued random variables. We assume that IEX exists. In this section, we will be
interested in the behaviour of the empirical mean X,, := n~! Yo, X; wr.t. the actual
mean IEX;. We will call this behaviour concentration of X,, around its mean.

The first “level” of concentration is given by the Law of Large Number (LLN) saying
that, almost surely,

(0.1) X, — EX] when n — oo.

Note that this result is very sharp, in the sens that, if X,, converges a.s. then IEX] is finite
and X,, converges a.s. to IEX].

For the second “level” of concentration, we need to assume that IEX? exists. Then,
the behaviour of X, — FX is provided by the Central Limit Theorem (CLT) which says
that, after renormalizing, v/n(X,, — IEX1) behaves asymptotically like a Gaussian variable:

(0.2) Vn(X, —IEX]) ~ /V(X])G when n — oo,
where V(X1) is the variance of X1, G ~ N(0,1) is a standard Gaussian random variable
and the symbol ~» stands for the convergence in probability.

The two first level of concentration are asymptotic (n has to tend to infinity to make
these results relevant). In general, we have at hand only a finite number of random
variables. Nevertheless, we still want to know how behaves X,, around its mean. We thus
need non-asymptotic concentration results (results which hold for any n). The first result
going into that direction is the classical Berry-Essen’s theorem (cf.[I5]), which yields

clE| X
(0.3) sup |P[vn(X, — EX1) > t] - P[ V(X)) G>t]‘ Bty
teR \/ﬁ
provided that IE| X1 |> < co. Other Berry-Essen type of results can be found in the Section
Berry-Essen theorem provides a non-asymptotic concentration result for the empir-
ical mean under the only assumption that a third moment exists. It leads to the first
concentration’s inequality of the type, for every ¢t > 0,
cE| X3

(0.4) P[X, - EX; > t] <P[\/V(X1)G > Vnt] + v

Concentration’s inequalities of the form of Equation are one of the main tools of
empirical processes theory. Nevertheless, the one obtained here, using Berry-Essen theorem
is too weak to be interesting. Indeed, the upper bound of Equation behaves like the
second term which is of the order of n=/2. Berry-Essen’s theorem is too general (only a
third moment is needed) to be applicable in many other setup where we have more than a
finite third moment. In some cases (cf. Exercise , we can even have an exponential
decrease (in function of n and ¢) of the tail P[X,, — IEX; > t], which then, behaves like
the term P[\/V(X;)G > /nt]. In the following section, we will explore some special
cases (finite Orlicz’s norm, self-bounded, conditions on the moment, assumption on the
Legendre’s transform,..) which can lead to such exponential decay of the tail behaviour of
X, — EX;.

,¥n € IN,

2. Orlicz spaces

Definition 0.1 (cf. [4,[18]). A Young-Orlicz modulus is a convex increasing function
Y from [0,00) onto [0,00) (in particular 1(0) = 0 and ¢(z) — oo when © — o). Let
(X, 7, 1) be a measure space and 1 be a Young-Orlicz modulus. Denote by Ly (X, T, 1) the
space of all real-valued measurable functions f onto X such that

£l := inf (¢ > 0: B (| f]/c) <1) < oo



Define Ly (X, T, ) to be the set of all the equivalence classes of functions in Ly(X, T, 1)
for the almost everywhere equality w.r.t. p. Ly(X, T, 1) is called an Orlicz space.

Classical examples of Young-Orlicz moduli are
(0.5) ¢p(x) == 2P, p > 1 and Y (x) :=exp(z®) — 1, > 1,
we can also define Young-Orlicz modulus 1), for 0 < a < 1 by ¢, (z) = exp(z®) — 1 for

x > x4 large enough and take 1), to be linear on [0, z,].

Theorem 0.1 ([4]). For any space (X, T, 1) and any Young-Orlicz modulus 1, the space
Ly (X, 7T, 1t) is a Banach space.

Let v be a convex function. We define the convex conjugate of 1 by

¢(y) :=sup (zy — ¥(z) : 2 > 0),Vy > 0.
Note that the convex conjugate of a Young-Orlicz modulus is also a Young-Orlicz modulus.

Theorem 0.2. Let ¢ be a Young-Orlicz modulus and ¢ be its convex conjugate. Let
feLly(X,m,n) and g € Lo(X, T, 1) then fg € L1(X, T, 1) and

Eulfal <20l llglly -

Proof.By homogeneity, we can assume || f||,, = [|g[l, = 1. By definition of the convex
conjugate, we have, for any z € X,

[f(@)g(2)] < ¢(1f(@)]) + o(lg(x)]).
Taking the expectation and using that IE¢(|f(z)]),Ed(|g(x)|) < 1 leads to the result. =

In particular, ¢, is an Orlicz modulus with convex conjugate c,¢,, where pl4qg =1
In this case, Theorem is, up to a multiplying constant, Holder’s inequality.

For our concentration purpose of this section, we will restrict ourselves to the study of
the Ly (€2, 0,P) Orlicz spaces. We will denote these spaces by L. These spaces are set of
equivalence classes of random variables defined on an abstract probability space (2, o, P).
For instance, given is a real-valued random variable X and « > 1, the ©¥,-norm of X is
defined by

1 X1l,, = inf (c>0:Eexp (|X|*/c*) <2).

We first start with a maximal inequality.

Proposition 0.1 ([I8]). There ezists an absolute constant cy such that the following holds.
Let ¢ be Young-Orlicz modulus such that there exists an absolute constant ¢ > 0 such that

) _

lim sup
Then, for any real-valued random variables X1, ..., X,,
1 < -1 )
max X; = co™ (n) Joax. 1l

Orlicz-spaces Ly, are very useful to characterize the tail behavior of random variables.
For instance, we say that X has a sub-gaussian behavior when || X||,,, < oo, we say that X
has a sub-exponential behavior when || X||,, < co and in general, we say that X has a ¢q
behavior when [|X|[,, < oo. It is easy to get Loo C Ly, C Ly, C L2 when o/ < .

Proposition 0.2. Let X be a real-valued random variable and o > 1. All the following
points are equivalent:

(1) 3K1 >0 || X||,, < Ki;
(2) 3K2 > 0: Eexp (| X|*/Kg) < 2;
(3) AKs > 0: [B|X[P]"? < Kap/e ¥p € N;
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(4) 3K4, Ky > 0: P[|X| > t] < Kjexp (—t*/K§),Vt > 0;
(5) there exists ¢ > 0 such that IK5, K > 0 : P[|X| > t] < Kl exp (—t*/Kg),Vt > ¢;
(6) 3Ke, K§ > 0,9\ > 0, Eexp (A X]) < K§exp ((AKg)*/(@~b).
Moreover, all the constants K1, ..., Kg are proportional, up to some multiplying constants
which depend only on «.

Proof.(1) <= (2): Assume (1). By monotone convergence, it is easy to check that
Eexp (] X]|*/K¢) < 2. Point (2) follows easily. By definition of the Orlicz norm, (2) implies
(1).

(4) implies (3): Let p € IN.

o0

E|X|P = / ptPTIP[|X| > t]dt < 2p/ t?Lexp (—t*/K§)dt
0 0

p—1

opKP1 2K
_ piélp(p/a) < p74(p/a)p/a*17
8]

where T'(u) = [ t"“ Texp(—t)dt satisfies I'(u + 1) = ul'(u). Thus, (]E|X|p)1/p <
(2K4) 1/a l/a
(3) implies (1): Let ¢ > 0.

Kg k

ak

Eexp (|X]*/c%) k:' —E||X]| ] < E k:'( ak:) .
k>0 k>0

k
. T o 1 (K¢ k 1 aeK$
Now, using the Stirling’s formula it is easy to get z; (c%ak) ~ \/ﬂ( s ) . Thus, there
exists an absolute constant ¢q such that for ¢ > coa''/*K3, we have IE exp (|X|*/c*) < 2.
This implies that [|X||,, < coa /K.

(1) implies (4): Let ¢t > 0. By Markov’s inequality:
P[X|>1] = ]P’[exp (1 X[*/K®) > exp (ta/Kf)}
< IE[eXp (|X|O‘/K1°‘)] exp (— t*/K{') < 2exp < - to‘/Kla).
(4) <= (5): (4) implies (5) is trivial. Assume (5), for K4 > (c(log2)/*) A K3, (4) is

satisfied.
(3) implies (6): Let A > 0. We have

k/o
(0.6) Eexp (A X|) < Z(M@,)kkkl :
k>0 ’

Now, we use the following approximation

=/ k 1 o
(0.7) k! 2k (k/e)" exp(\;) where Bh 1 <A < T2k

in Equation , to get, for iy, := [w-‘ (the integer part of k(a — 1)/a),
[()\K?))a/a—l] i

i

Eexp (MX[) <ca) < cyexp ()@ D).

k>0
(6) implies (4): Let ¢ > 0. For every A > 0, by Markov’s inequality,
P[|X] > t] = P[exp(A|X]) > exp(At)] < exp(—At)Eexp (A X])
< Kgexp ((MKg)™ (@71 — \t).
We obtain (4) by optimizing A in the last inequality. [ |



In particular, moments and concentration properties of a random variable are closely
related:

Corollary 0.1. Let a > 1 and X € Ly, , we have

X1,

1/a ”

X ~ su
X, sup

Now, we take a look of sums of 1, random variables.

Proposition 0.3. There exists an absolute constant ¢ > 0 such that the following holds. Let

X, X1,..., X, be i.i.d. mean-zero random variables. Then, for every a = (ay,...,a,)" €
R",

< cl[X|ly, lally-
P2

Proof.

Lemma 0.1 (cf.[I7]). Let X be a 12 mean zero random variable. Then,

IE exp(A|X]) < exp (8A*[| X |3, ), VA > 0.

Proof.For every ¢t > 0, P(|X| > ¢) < 2exp ( —t2/ ”X”?p ). Thus, for any integer k > 2,

E|X|F <2 HXHZZ2 I'(k/2 + 1), where we set I'(u) := [;°¢“" T exp(—u)du for any u > 1.
Using the last inequality, the fact that [EX = O that I" is a non-decreasing function and
that Vk > 2,I'(k 4+ 1) = kI'(k) = k!, we obtain, for every A > 0,

NE k 2+1 k
Eexp(A\X[) =1+» =——— ‘ < 1+2)° I/H 5 (MXIly, )
k>2 k>2
2k 2k+1
X A|IX
<1+22 H@) B 22 (AMIXly,) +( 11, )
=~ k/z — T(k+1) T(k+3/2)

201 x)2 V(14 (A2 x]2 )2
§1+2Z (A1 ||w2) 1+ (W XTy,) ")

= I'k+1)
if \2 ||X||12p2 > 1, the sumand is smaller than 2(2)\? HXHiQ)kH/[(k: + 1)!] otherwise, it is
smaller than 2(A\? || X \@2)’“ /k!. The claim follows by summing. |

To prove Proposition it suffices to upper bound the Legendre transform of ‘ > ai X }
Indeed, by independence, for every A > 0,

IE exp ()\ZaiXi) = HECXP()\GiXi) < exp (8>\2 ”X”ZQ Hallg )

For the same reason, Eexp (— A, a;X;) < exp (8A ”X”z@ all3 ). Thus,

IE exp ()\‘ Z a; X;

We conclude with Proposition |

) < 2exp (8)\2 ||X||12¢,2 HaHg )-

Now, we turn on p-th moment of sum of independent v, r.v.. It appears that the
behavior of a general centred v, r.v. can be easily reduced to the symmetric Weibull
variable. Meaning that, when considering p-th moments of sum of independent r.v. with a
given 1, tail decay, the worst case scenario is when these r.v. are the symmetric Weibull
variables (the one which are exactly ¢, (and not 1,4 for all € > 0). We first recalll the
definition of Weibull and symmetric Weibull variables.
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A Weibull random variable with shape parameter o > 0 and scale parameter A > 0 is a
r.v. with probability density function

a—1 .
far(z) = { %(%) exp ((— (x/A)%) if x>0
0

otherwise.

It is easy to see that P[X > t] = exp (— (¢/\)®) for allt > 0 and P[X >¢] =1 for all t < 0.
A symmetric Weibull r.v. with shape o > 0 and scale A > 0 X is a variable satisfying
P X| > t] =exp (— (¢/A)*) for all t € RR.

Theorem 0.3. There exists an absolute constant C' > 0 such that the following holds. Let
1<a<2and X4,...,X, be independent mean zero random variables with HXin <1,Vi.

Then, for every a = (ay,...,a,)' € R" and p > 1,

n
E a; X;
i=1

< C(vplaly+p* ||
p

a*)’

where o™t + (a*)71 = 1.

Proof.Let p > 1. We first start with a symmetrization argument. For that we
introduce a ghost sample X1, ..., X/, (that is n independent r.v., independent of X1,..., X,
and such that X/ has the same distribution as X; for every i = 1,...,n) and €y, ..., €, n i.i.d.
Rademacher variables independent of X,..., X, and X{,..., X). The symmetrization
argument is based on the fact that (X! — X;) and ¢;(X] — X;) have the same distribution.
Indeed, for any measurable function f, we have

Ef(ei(X{—X;)) = EE[f (e:(Xi—X]))| X, X{] = %E[f(Xi—Xf)Jrf(Xi—Xf)] = Ef(X;—Xi).

Using this fact, the fact that Xi,..., X,, have mean zero and Jensen’s inequality, we get
i=1 P i=1 i=1 i=1
& . P\ 1/p
—(E E[ZaiXi -3 ax! X{,...,X,g} )
i=1 i=1

p) 1/p

(
< (IE En:aiXi — iaiXZ( p) Hp = (IE‘ Zn:ai(Xz’ - X))
i=1 i=1 =1
(

p) 1/p

IE Z CLZ‘EZ'(Xi — Xl/)
=1

p\1/p - ,|P\ /P -
=1 =1

Now, we turn to a contraction principle (cf.[I2] p.95). We use the first version of
this principle saying that if («;) and (3;) are two sequences of real numbers such that
|| < |5, Vi and (¢;) is a sequence of i.i.d. Rademacher variables then, for every p > 1,

p) 1/p

n
(0.8) < (IE 3w X
i=1

n

g 2187

i=1

n

> ebi

i=1

(0.9) <

p p

Before using the contraction principle, we have to “pre-conditioned” the variables in such
a way that we can compare them. Let 3 := (log 2)//® and set U; := (|X;|—8)4,Vi=1,...,n.



Let Y1,...,Y, be niid. Weibull r.v. with shape o and scale 1. Let : = 1,...,n. For every
t>0,

PlU; > t] =P[|Z;] > t + B] < 2exp(—(t + B)*) < 2exp ( —t* — %) = PlY; > t].
Using the last inequality, we can construct Ui,...,U, independent r.v. and Y1, e Y,
independent random variables such that for every ¢ = 1,....,n, U; ~ U;, Y; ~ Y; and

U; <Y;. Indeed, for any random variable X we define the cumulative distribution function
and its generalized inverse by

Fx(t) :=P[X <t],vt € R and Fy'(y) :=inf (t € R: Fx(t) > y), ¥y € [0,1].

Now, take U, ...,U, n independent random variable uniformly distributed on [0, 1]. Then,
set for every i =1,...,n, U; := F[jil(l/{i) and Y; := FY_;I(L{,)
We are now in position to apply the contraction principle (conditionally to Ui,...,U0,
and Y7,...,Y},):
n ~ 1P\ 1/p i 1o\ 1/p
(0.10) (IE€ ZaifiUi > < (IE6 ZaieiY; ) .
i=1 i=1

Taking the last inequality to the power p, then the expectation, and using the fact that
Ui~U;and Y; ~ Y] for every i = 1,...,n, we get

n n
g aie;U; g a;€;Y;
i=1 i=1

Now, we combine the symmetrization argument of , the contraction principle of
(0.11]) and the fact that €; X; and ¢;|X;| have the same probability distribution for every
i=1,...,n: for every p > 1,

n n
ZaiXi S 2 ZaieiXi
=1 =1

n
i=1

(0.11) <

p p

(symmetrization)

p p

(Vi, 6, X; ~ €]X;|)
p

(the contraction principle)

<2 Zaiei(ﬁ + Ui)

i=1

n
<2(> aiei
=1

p

n
Z aie;U;
i1

n
Z a;€;Y;

=1

+ 2
p

p

<Cyplally+2 (the contraction principle),

p

where in the last inequality, we used Khintchine’s inequality.
To finish the proof, we use the fact that ¢;Y; is distributed like a symmetric Weibull
r.v. with shape « and scaling parameter A = 1. Thus,

n n
g a;€;Y; g a;Z;
i—1 i=1

and to compute the p-th moment of > a;Z; where Z1, ..., Z, are n i.i.d. symmetric Weibull
variables we refer to Corollaries 2.9 and 2.10 of [16]. |

p p
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Thanks to the upper estimate on the p-th moments of the sum ) a;X; obtained in
Theorem for every p > 1, we can obtain a deviation result for > a; Xj.

Theorem 0.4 ([16]). There exists an absolute constant ¢ > 0 such that the following holds.
Let 1 <a <2 and Xq,...,X, be independent random variables such that \|X¢||¢a < A, Vi.

Then, for every a = (a1, ...,a,)" € R"™ and every t > 0,

a VA
IP’H;(J,ZXZ ztA} SQexp(—cmm <7 7)),

lallz" lalla.
where o™t 4 (a*)7 = 1.

Proof.Without loss of generality, we can assume that || X;|, =1foralli=1,...,n.
Take a = (a1,...,a,)" € R™ and set Z := ‘ S aiXZ-|. Using Chebitchev’s inequality, we
obtain for every p > 1,

P

(0.12) PIZ > |Z||, €] <
2l er

= exp(—p).

Take 1 < p < ([lally / [lal] .- )2a/(2_a). Then, using Theorem |0.3] and (0.12]), we obtain
P[Z = cp!/* |all,.] < exp(—p)

o Y 1/(2—«
and thus, for ¢ = p/ |la|| .. € [llall. , (lal2/lla)2. ) *],

(0.13) PIZ > ef] < exp e ).

~lally
a*

200/ (2—a)

For every p > (|lally / [lall,« ) , Theorem m and (0.12) yield P[Z > c\/p|lally] <

exp(—p) and thus, for t = \/p|lall, > (HGHS/HG\ o )1/(27(1 7
t2
(0.14) P[Z > ct] < exp ( . HaH2)
2

The claim follows by combining the results of (0.13) and (0.14) for the case t > ||a||,.. The
case 0 <t < |a|,- follows by chosing the absolute constant ¢ in a convenient way. ]

Theorem 0.5 (cf.[14]). Let X be a nonnegative random variable satisfying
Eexp (X®) < 0o, for some a € (0,1).

Let Xq,...,X,, ben iid. copies of X. There exists tg > 0 depending only on o and IEX
and ¢ > 0 depending only on « such that, for all t > tg,

P[% Zn;X ~BX > EX | < exp (— c(ntEX)").

Now, we take a particular look to Rademacher series:

Proposition 0.4 ([12]). Let ay,...,a, be n real numbers, €,...,€e, be n independent
Rademacher variable and 0 < p < co. There exists some constants Ap; < Bp;:j=1,2,3
such that the following holds:

n
E a;€;

n
Apillally < Y aiei| < Bpallally and = llall; -
i1 » i1 0
If 0 < p <2 then,
n
Apalally <[ aie|| < Bpalally,
=1 Py




and for p > 2,
n
AP=3 ||qu,oo < Z i€ < Bp,3 Hqu,oo ’
i=1 Up
where |lall, o = supyso tl{i : a;| > tHY and p~' + ¢ = 1.

The first inequality is the called Khintchin’s inequality. The best possible constants
Ay, 1 and By, 1 are known (cf.[7]). We retain that B),; < K,/p (p > 1) for some numerical
constant K.

One drawback of the Orlicz norms for the characterization of concentration’s properties
of a random variable is that it only allows one type of “concentration behavior”. In the
sens that, saying that Z € Ly, tells that the tail decay of Z behaves like exp(—ct®),Vt > 0.
Whereas some variables have more subtle behavior depending on the level of deviation t.
For instance, a Rademacher series Z = 3, a;¢; satisfies ||Z]|,,, ~ [[al[,. Thus, we can think
that Rademacher series and Gaussian series Y =) . a;¢; have the same tail behavior (since
[Yll,,, ~ llally). Nevertheless, there is a gap between Rademacher series and Gaussian
series and the tail behavior of Rademacher series is "level dependent’, the ||al|,-behavior
being the worse gaussian case. To describe the exact tail behavior of Rademacher series we
introduce the following interpolated norm

K 2(z,t) := inf ( Ha:'Hl +1 Hx”H2 ca' e 2 ely,x =2 +2" =2 +2").

Theorem 0.6 ([13]). There exists an absolute constant ¢ > 0 such that the following holds.
For every vector a = (ax,...,a,)" € R™ and every t > 0,

P[Zaiei > Kl,g(a,t)} < exp ( — t2/2)
i=1

and
n
IP’[Z a;€; > c_lKl’g(a, t)} > ¢ lexp ( — tQC).
i=1
Note that this result has been extended to Banach-valued Rademacher chaos in [3]. We

can also obtain precise estimates of the L, norms of Rademacher sums.

Theorem 0.7 (cf.[I1,8]). Let p > 1, ay,...,a, be real numbers and €y, . .., €, be indepen-
dent Rademacher random wvariables. We have

Zaiei Nza:—l—\/i)(Za;&)l/Q NKLQ(G,\/E),
i=1

p 1<p i>p
where (af : i = 1,...,n) is the non-increasing rearrangement of the absolute values of

(aty...,ap).

Note that Theorem is stronger than the result on the L, moments of Rademacher
sums of Theorem [0.5] because the equivalence in Theorem [0.7]is up to an absolute constant
whereas, in Theorem the multiplying constant depend on p. Moreover, it is obvious

that ¢, all, < K1 2(a, vB) < v llall,.Va € R
Proof.

3. Bernstein’s inequalities

We first start with bounded random variables.
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Theorem 0.8 (Prokhorov-Bennett’s inequality). Let Xl, ..., Xp ben independent mean-
zero random variables such that | X;| < ¢ a.s.. Set 0% :=n~1 Z V(X;). For any t > 0, we

have
[z <o )

where h(u) := (1 + u)log(1l + u) — u, Yu > 0.
Proof.Let t > 0. For every A > 0,

[ ZX >t}<exp( At]Eexp( ZX)—eXp Atf[l[HZAZIEgk]

Sexp(—)\t) exp <n02§/\;,iljj> < exp (Tl:;(exp (%) —1- %) —)\t).

The claim follows by optimizing in A in the last inequality. |

The most famous corollary of Prokhorov-Bennett’s inequality is Bernstein’s inequality
for bounded variables which follows since h(u) > u?/(2 + 2u/3),Vu > 0.

Theorem 0.9 (Bernstein’s inequality). There exists an absolute constant ¢ > 0 for which
the following holds. Let X1,..., X, be n independent mean-zero random variables such
that X; € Loo,Vi. Then, for everyt > 0,

— 1 ex —cnmin |\ —&, —
T A o2 M)

where M := max; | X;||, and 0 :=n"1>. V(X;).

From Bernstein’s inequality, we can deduce that the concentration behavior of a mean
of bounded variable has two regimes. On one hand, there is a subexponential regime w.r.t.
M for large values of ¢t (¢t > 0?/M). On the other hand, the mean has a subgaussian
concentration behaviour w.r.t. 2. Bernstein’s inequality can be compared with Hoeffding’s
inequality (cf. Exercise which provides a subgaussian concentration with respect to
M.

Now, we turn on to the “i,” version of Bernstein’s inequality.

Theorem 0.10 (Bernstein’s inequality for sub-exponential r.v.). There exists an absolute
constant ¢ > 0 for which the following holds. Let X1,..., X, be n independent mean-zero
and 1 random variables. Then, for everyt > 0,

1o 2t
PH% 1 i Zt} SQexp(—cnmin<j,M)),
1=

v
where M := max; || X[, and v := n~ty, ||XlH12¢1

Proof.Let X € Ly,. Using that for every integer k > 2, the following decomposition
E[X[* < Kkle® | X2, [1X[52 (cf. Equation combined with Proposition [0.2), it is
easy to get, for every A > 0 such that e[| X[, <1,

2
(0.15) E(exp(AX) — 1 — AX) < w
T 1-e)[|X]ly,

We denote by X,, the empirical mean n~t >; Xi. The Legendre’s transform of X, is defined
by 9%, (A) :=log Eexp(AX,) for every A > 0. Using Equation (0.15) and independence,
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we obtain, for every A > 0 such that el || Xf|,, <1,Vi=1,...,n,

n 12
(0.16) vx,(N) < KX [l 3 Il

n -
=1

o(1%l,,)]

where ¢(z) := (1 —eXz)™1,Va € [0, (eX)™1). Since ¢ is convex, we get, for every 0 < A <
(eM)~! where M := max; 1 Xl »

K(e\)?u? < K(eN)?v

v—e\i ~ 1—e\M’

(0.17) Vg, (A) <
where i :=n"1)", ||Xl||f;1 < M@v. We denote by ¢% the convex conjugate of 15, defined
by

W% (1) :=sup (EA — g, (A) : A€ [0,A71)), vt >0,
Using Markov’s inequality and Equation (0.17)), it is easy to get

P[X >t} <exp(—tvg (1) <e (_Cnt2>
n= b= PN = SR )
We obtain the same result for —X,, and then, the claim follows. [

4. Self-bounded variables

Now, we come to another type of concentration’s inequalities obtained using logarithmic
Sobolev inequalities. We will restrict ourselves to recall the results from [1].

We begin by introducing some notation that is used throughout this section. We assume
that Xy,..., X,, are independent r.v. taking values in a measurable space X. Denote by
X7 the vector of these n random variables. Let f : X" —— IR be some measurable function.
We are concerned with the concentration of

7= f(X1,..., Xy).
Throughout, X1, ..., X/, denote independent copies of X1, ..., X,, and we write
ZW = (X1, Xie1, X0, Xig1s -, Xn).
Define the random variables V; and V_ by

V= ]E[Z(Z —ZN21, 0 !Xﬂ and V_ = IE[Z(Z ~ 21, g0 \X?]-

3 (2

Theorem 0.11. For all 0 >0 and X € (0,1/6),

log IE exp ()\(Z — ]EZ)) <

1— 0 IOgE[eXp (%ﬂ

and

log IE exp ( — )\(Z—IEZ)) < 1 ii\e log]E{exp (%)}

Corollary 0.2. Assume that there exists a positive constant ¢ such that Vi < ¢ a.s.. Then,
for allt >0,

P[Z > EZ + t] < exp(—t*/(4c)).
Moreover, if V_ < ¢ a.s. then, for all t > 0,

P[Z < EZ —t] < exp(—t*/(4c)).
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Corollary 0.3. Assume the random wvariable Vi to be such that there exists a positive
constant ¢ such that for all A\ € (0,¢71),

\2clE
log B[ exp (A(V} — EV;))] < 16_76‘/;
Then,
—t2
P[Z>EZ +1] < .
2> B2 +1] < exp (41131/+ T 2let 1)t/3)

The same result holds for the lower tail when the Legendre transform of V_ satisfies
the same type of inequality.

Theorem 0.12. Assume that there exist positive constants a and b such that

Vi<aZ+b.
Then, for allt > 0,
—42
B2 > B2+ < o (1o T 3at)
Theorem 0.13. Assume that for some non-decreasing function g,
V_ < g(2Z).

Then, for allt > 0,

—t2
P[Z < EZ —t] < exp (W).

Theorem 0.14. Assume that for some non-decreasing function g, V_ < g(Z) and for
any value of X7 and X[, |Z — ZW| <1 for alli =1,...,n. Then, for all t > 0, with
t <(e—1)Eg(Z) we have

42
P[Z < EZ —t] < exp (LHE;(Z)).

Theorem 0.15. Assume that f is nonnegative. Assume that there exists a random variable
W, such that
Vi <WZ.
Then, for all >0 and X € (0,1/6),
A0 AW
= g oeexp (T)

Bounds for the upper tail probability of Z may be derived using Theorem since
for any A > 0,

log IE exp (/\(\/E - IE\/Z)) <

P[Z > EZ + 1] < Eexp (AVZ — EVZ)) exp(—z),

for  :=IEZ +t —VIEZ.
An immediate application of Corollary is the well known McDiarmind inequality.

Theorem 0.16 (Bounded difference inequality). Assume that for alli =1,... n, there
exists a constant c; such that

sup  |f(z1,. o xn) — f(@1, 0 T, T T, )| < g
ml»"'yxnvm;;

Then, for allt > 0,

2
i G

—2t2
P[Z > EZ +1],P[Z < EZ — ] < exp <Z )
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5. Martingale inequalities

In this section, we recall three useful results of [I2]. Recall that L1 = L1(,A,P) is
the space of all measurable functions f on €2 such that IE|f| < co. Assume that we are
given a filtration

{0,y =Agc A C---CA,=A

of sub-c-algebras of A. The symbol IEA denotes the conditional operator w.r.t. A;. Given
f € Ly, we set, foreach i =1,...,n,

di:=TFAf —EA-f

so that f —IEf = > .d;. (d; : i < n) defines a so-called martingale difference sequence
characterized by the property IEAid; = 0,7 < n.

One of the typical martingale difference that we have in mind is a sequence (X; : i < n)
of independent mean zero random variables for the filtration (A; : ¢ < n) defined by
A; == 0(X1,...,X;). Hence, all the results present for f —IEf = ) d; can be applied to
the sum ) Xj.

Theorem 0.17. Assume that ||d;|| ., < oo and let a := (31, ||di||io)1/2. Then, for every
t>0,

Pf —Ef > t] < exp (—t*/(24?)).

Theorem 0.18. Set a := max; ||d;||, and b > (> H]EAZ‘—Id? )1/2

. Then, for everyt >0,

Plf —IEf >t] <exp [%22( exp(at/bQ))}

Theorem 0.19. Let 1 < p < 2 and denote by q its conjugate (p~' +q~' = 1). There exists
a constant ¢, depending only on q such that for a := max; il/p |dil and anyt >0

Plf —IEf > t] < exp (— cqgt?/af).

6. Talagrand’s concentration inequalities

In this section, we recall the very useful results on the concentration of supremum of
sum of independent random variables due to M.Talagrand.

Theorem 0.20. There exists an absolute constant K > 0 such that the following holds.
Let (X,0) be a measurable space, F be a set of real-valued functions defined on X and
X, X1,..., X, be n+1 ii.d. X-valued random variables. Assume that Ef(X) =0,Vf € F,
that | F| o = sup ([|f(X)|l : f € F) and oc*(F) := sup (V(f(X)) : f € F) are finite.

Denote

Z = sup — Zf X;) and Z := sup —Zf

fer i feF'n

For every x > 0 and o« > 0, with probability greater than 1 —exp(—x),

Z<(1 +04)IEZ—|-KU(.7:)\/§+K(1 +a_1)W

For every x, with probability greater than 1 — exp(—z),

Z>(1-a)EZ-Ko(F \f K(14a )=

The same inequalities hold for Z.

IIfH
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7. Exercises and related results

Exercise 0.1 (Stein’s approximation method for Berry-Essen type theorem). Let (X; :
i > 1) be a sequence of i.i.d. mean zero random variables with variance 1. Let dy, denote
the Lipschitz distance for probability distribution defined by dr,(P, Q) := sup (\Ph —Qh| :
h € Lip) for any probability distribution P and Q, where Lip is the set of all Lipschitz
functions with Lipschitz constant 1. We have

523 2 %) M0.0) = PR v e

Proof.The proof is based on Stein’s method which is at the heart of the approximation
theory in probability. We present here the general scheme of this method together with
the proof of the exercise (cf. Wikipedia article).

Stein’s method is a way to bound the distance of two probability distributions in a
specific probability metric. To be tractable with the method, the metric must be given in
the form
(0.18) d(P,Q) := sup |Ph — Qh| = sup |ER(W) — IEA(Y)],

heH heH

where P and @ are two probability distributions on the measurable space (X, o), W and
Y are random variables with probability distribution P and @ respectively and H is a set
of functions from X to IR. This set has to be large enough, so that the above definition
indeed yields a metric. Important examples are the total variation metric, where H
consists of all the indicator functions of measurable sets, the Kolmogorov (uniform)
metric, where H is the set of all the half-line indicator functions, and the Lipschitz (first
order Wasserstein; Kantorovich) metric, where H is itself a metric space made of all
Lipschitz-continuous functions with Lipschitz-constant 1. However, note that not every
metric can be represented in the form ([0.18)).

In what follows we think of P as a complicated distribution (e.g. a sum of dependent
random variables), which we want to approximate by a much simpler and tractable
distribution @ (e.g. the standard normal distribution to obtain a central limit theorem).

The Stein operator: We assume now that the distribution @ is a fixed distribution;
in what follows we shall in particular consider the case where () is the standard normal
distribution, which serves as a classical example of the application of Stein’s method.

First of all, we need an operator A which acts on a class C of functions f from X to IR,
and which ’characterizes’ the distribution @ in the sense that the following equivalence
holds:

(0.19) E(Af)(Y)=0,Vf € C <= Y has probability distribution Q.

Such an operator is called the Stein operator. For the standard normal distribution
(N(0,1)), Stein’s lemma exactly yields such an operator:

(0.20) E(Yf(Y) - f/(Y))=0,YVf €C} <Y ~ N(0,1)

where Cl} is the set of all continuously differentiable functions with bounded derivative.
Thus, for the standard Gaussian probability distribution we can take

(0.21) Af(z) = 2f(z) — f'(x),Vf € C},Vz € R

as a Stein Operator.

There are different ways to find Stein operators. But by far the most important one
is via generators (cf. works of Barbour and Gotze). Assume that Z := (Z)>0 is a
(homogeneous) continuous time Markov process taking values in X. If Z has the stationary
distribution @ it is easy to see that, if A is the generator of Z, we have IE(Af)(Y) = 0 for
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a large set of functions f. Thus, generators are natural candidates for Stein operators and
this approach will also help us for later computations.

Setting up the Stein equation: Observe now that saying that P is close to @) with
respect to d is equivalent to saying that the difference of expectations in (0.18)) is close
to 0, and indeed if P = Q it is equal to 0. We hope now that the operator exhibits the
same behavior: clearly if P = @ we have IE(Af)(W) = 0 and hopefully if P ~ @ we have
E(Af)(W) = 0.

To make this statement rigorous we could find a function f, such that, for a given
function h,

(0.22) E(Af)(W) = EL(W) — EA(Y)

so that the behavior of the right hand side is reproduced by the operator A and f. However,
this equation is too general. We solve instead the more specific equation

(Af)(z) = h(z) — EL(Y),Vz

which is called the Stein equation. Replacing x by W and taking expectation with
respect to W, we are back to , which is what we effectively want. Now all the effort
is worth only if the left hand side of is easier to bound than the right hand side.
This is, surprisingly, often the case.
If ) is the standard normal distribution and we use , the corresponding Stein
equation is
zf(z) = f'(z) = h(z) — EL(Y),Vz € R,

which is just an ordinary differential equation having for solution

T

(0.23) fz) = exp(m2/2)/ [h(s) — IEA(Y)] exp(—s°/2)ds.

—00

In particular, this solution satisfies

(0.24) oo ([ Nl o - (157 ] < emax{linfl g [|27]] 3

where this bound is of course only applicable if h is differentiable (or at least Lipschitz-
continuous, which, for example, is not the case if we regard the total variation metric of
the Kolmogorov metric). As the standard normal distribution has no extra parameters, in
this specific case, the constants are free of additional parameters.

Note that, up to this point, we did not make use of the random variable W. So,
the steps up to here in general have to be calculated only once for a specific probability
distribution @, metric d and Stein operator A.

Now, we turn to the proof of the Berry-Essen type of result for the Lipschitz distance.
We set W :=>"" | X;. By a Taylor expansion, we get

B W) = WHW)] < n || [1/2EG] + BIXPE X
We conclude with Equation . [ |

Exercise 0.2 (cf. [4]). Let ¢ be a Young-Orlicz modulus. By convezity, 1 has a right
derivative in every point x > 0, we set U(x) :='(x1). Assume that ¥ is unbounded and
WU(z) tends to zero when x tends to zero. Denote ®(y) := inf (z > 0 : ¥(z) > y) and

$(y) = [y ©(t)dt.
(1) ¢ is a Young-Orlicz modulus;
(2) Yo,y > 0,2y < P(z) + ¢(y).
In particular, for all z,y > 0,

wy < exp (¢%/5%) — 1+ Bylog'/? (1 +y).
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Exercise 0.3. Let X € Ly,. We have HX2
X ~N(0,1) then [ X, < /8/3.

Exercise 0.4 (Bernoulli estimate and Chernoft’s bound). Let d1, ..., 0, ben i.i.d. Bernoulli
random variables with mean § (also called selectors). Chernoff’s bound says that for
every t > 0,

le = HXHw2 and HXH@ < Eexp(X?). If

1@[% zn:(si —6> t],P[% anéi -6 < —t} < exp(—nhs(t)),
i=1 1=1

where hg(t) := (1 — 9§ —t)log <II + (6 +1t)log <5+t)
Let (A; 11> 1) be a sequence of independent sets such that a := ), P(A;) < co. For
every n, the Bernoulli estimate says that

[ZHA >n] < 7< (ea) .
n
Proof.We use the classical Cramer-Chernoff method to obtain, for all ¢ > 0,

P[i;@-—5> t} <exp (— 95 (1)),

where 95 is the convex conjugate of the Legendre transform of 6y i=n"1t Yo 0 —0
defined by 95 (\) := log IE exp(\d,,). Using independence, we have V5 (A) = nps, —5(\/n)
and so ¥ = nyy _s(A), for all A > 0. It is easy to get, for every A > 0,
Ys,—5(A) =log (§exp(A) + 1 —6) — Ad
and, for every 0 <t <1 -9,
) B 1—6—t §+1
Wi () = (1— 86— t)log (ﬁ) + (6 +1)log <T>

We also have, for every § <t <1,

vi (1) =(1 —t)log(i 5) —l—tlog(;)

Now, we turn to the proof of the Bernoulli estimate. Using the union-bound and the
independence, we get

IP’[ZIIAiZn]:P[Ui1<_._<inAi1m...ﬂAin} < ¥ ﬁIP’(A)

11<...<ip j=1
1 a”
LI O | (ORI Sl | CINELH
Zl#"'#ln J (Zh 77’71)
We conclude with Stirling’s formula. ]

Exercise 0.5 (Borell’s inequality). Let (X;:t € T) be a centered Gaussian process then,
for every x > 0,
P[supXt > Med(supXt> +x} < P[G > z],
teT teT
where G is a standard Gaussian variable and Med denotes the median.

Exercise 0.6. Letaq,...,a, ben real numbers and €y, . . ., €, ben independent Rademacher.

Then,
n
> aieil| < V6|all,
i=1

P2
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Proof.First, note that for every = € R, exp(z) + exp(—z) < 2exp(z?/2). Now, using
the symmetry of ). aje;, we have, for every A > 0,

IE exp (/\| Z aiei\) < 2[E exp (/\ Z aiei) <2 H exp(Aa;) + exp(=Aa;)

2
< 2exp (A2 |lalf3)-

We finish the proof with Proposition [0.2] u

Exercise 0.7. Let Z be a nonnegative random wariable such that there exists ¢ > 0
satisfying
P[Z —EZ > mEZ] < ¢! exp(—cm).

Then, for every 1 < p < oo, there exists ¢, such that
o (BZP)'P < Bz < (Ez7)"/7.

Proof.Let 1 < p < oo. Jensen inequality yields [EZ < (IEZP) P Set a:= EZ. We
have

EZP = BZPz<q + Y B2 e z< (et 1)
k=1
<aP + Z(k +1)Pa’P[Z > kal
k>1
<aP + c_lapZ(k + 1)Pexp(—c(k — 1)) < ¢,a”.
k>1

Exercise 0.8 (Rosenthal’s inequality, cf. [9]). Let p > 1 and Xi,..., X, be independent
random variables with finite p-th moment. There exists constants A, and B, that grow like
p/logp as p — oo such that:

if X1,...,X, are symmetric then, for p > 2,

n
max ( ZXi , (Z ||Xi\|g)1/p> < ZXz‘
i 9 i i=1

if the X1, ..., X, are nonnegative then,

max( 2K ’(Z”Xi”i)l/p>§ 2 X ngmax< >x ,(ZHXAIi)”p).
1 ? = i 1 P

Let p > 1 and Y1,...,Y, be random wvariables such that IEYl-p = 1,Vi. There exists
constants C, and Dy, that grow like p/logp as p — oo such that:

ifY1,..., Y, are symmetrically exchangeable (i.e. the vectors (Y1,...,Yyn) and (€1Yr(1ys - -+ €nYr(n))
have the same probability distribution for every permutation m) then, for p > 2 and every
vector a = (ay,...,a,)" € R", then,

< Apmax< ZXZ' ,(Z ||Xi||§)1/p> ;
D 7 2 7

p

max (Cn~"?[[all,, [lall} ) <

n
E a;Y;
i=1

< Gymax (Cn~ 2 lally, |all}),

p

where C' := H(Z’ |YZ|2)2H

P
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if the X1,..., X, are nonnegative exchangeable then, for every vector of nonnegative
scalars a = (ay,...,a,) € RY,

max (Cn~ 2 ], la]?) < < Cpmax (Cn~ "2 |laly, [lal2),

p

n
E a;Y;
=1

where C = ||}, Yil| -

Exercise 0.9 (Paley-Zygmund, cf.[2]). Let X be a nonnegative random variable such that
0 < EX? < oo for some g > 0. Then, for any 0 < A <1 and 0 < p < g < 0o, we have

rlozanx,) = (0-n(fpe) )™

Proof.Let 0 < A < 1. By Holder inequality, we have

a—p
]EZP == ]EZp]IZS)\HZHp + ]EZP]IZ>)\||Z||p S ()\ ”Z”p)p + (]EZq)p/q]P)[Z > A ”Z”p] p
The claim follows easily. ]

Exercise 0.10 (Hoffmann-J¢rgensen, cf.[I12]). Let (B, |-||) be separable Banach space,
0 < p < oo andlet Xy,...,X, be independent random variables in L,(B). Set S, =

Zle Xi,k <n. Then, for

to := inf{t > 0 : P[max ||Sg|| > t] <2721}
k<n

we have
IE max || Sg||P < 22T E max || X; ||P + 2(4t0)P.
k<n i<n

If, moreover, the X;’s are symmetric and to := inf{t > 0: P[||S,|| > t] < (8-3P)~1}, then
E|S,|F<2- 3P1Em<ax | X [P + 2(3to)P.
i<n

Exercise 0.11 (Khintchine’s inequality by the hyper-contractivity argument, cf. [2]). Let

Z1,...,Ty be n real numbers and €1, ..., €, be independent Rademacher variables. Then,
n n
Z aril| <3 Z €T
=1 2 i=1 1

Proof.Set Z = > ¢;z;. We have, for every oo = 2/3,
EZ> = |2 27 < 112110 127N 00
(0.25) _ [IE|ZHQ[IE|Z‘%]1—& _ [IE’ZH2/3 [IE|Z|4] 1/3.

A simple computation yields IEZ* < 3(IEZ?)2. The claim follows by plugging the last
inequality in Equation (0.25)). |

Exercise 0.12 (Khintchine’s inequality, cf. [2]). Let F' be vector space endowed with a
norm. Let {z;} be a countable set of elements in F' and {¢; : i € IN} be a set of independent
Rademacher variables. Then, for any 1 < p < q < 00,

el < el = (220" o

where || X{], :== (IE | X|[PYYE for any F-value random variable X .

p
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Exercise 0.13 (Latala’s results on the L, moments of sum of independent r.v., cf. [II]).
Let Xy,..., X, be a sequence of independent real random variables and let S = X;. We

want precise bound on [|S|[, := (Y, XilP) /p for every p > 0. We introduce the following

Orlicz-norm )
X 2= inf {1 > 03 log (0,(51)) <),
=1

where ¢p(x) = Ep,(X) and pp(z) := |1+ z|P.
If the X;’s are nonnegative then,
e—1
|

Xlllp < IS1, < el [(X) | |p, forp=>1
and

(e —1)/p

Tl Xl s < IS, < el [(Xi) [l |p, forp < 1.

If the X;’s are symmetric then, for p > 2,
e—1
2e2

If X, Xq,..., X, are i.i.d. and nonnegative then, for p > 1,

151~ sup {2 (%) 1], 5w (1./0) < 5 < ).

(0.26) XD < 151, < el [(Xll |, forp <1.

s
If X, Xq,...,X, are i.i.d. and symmetric then, for p > 2,

I~ sup {2 ()" 1), 5w (1./0) < 5 < ).

s
Note that for X1,...,X, independent, mean zero random variables and e1,..., €,
independent Rademacher random variables independent of the X;’s, we have

), <[], <2

Hence, we obtain Result for mean zero r.v. by setting ¢p(X;) = ¢p(eiX;) = EP,(X;)
where gp(x) := (1/2)(pp(x) + @p(—1)).

Finally, Result can be obtained for p < 2 thanks to Khintchine inequality saying
that, for symmetric r.v. Xq,...,X,,

(50" <[5, <] (20

Exercise 0.14 (norms in IR™). interpolated norms, ¥2-norm,

p

1/2

Cp

p

Exercise 0.15 ([10]). Let o > 1 and p > «. There exists a constant cqp > 0, depending
only on a and p, such that the following holds. Let Xy,...,X, be ¥, random variables

and let X7, ..., X be the non-increasing rearrangement of the absolute values of the X;’s.
Then,

1 k o\ 1/P 1/a { Caph
(35w < (2.
=1

Proof.Since the X;’s are 9, r.v. then,

E(% i exp(X;%)) < JE(% z exp(1 X)) < T
=1 i=1
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p/o

For every ay,...,a, real numbers such that a; > (p/a - 1) := ¢g, Vi. Since x ——

exp(z®/P) is convex on [cg, 50), we have

exp [(% i af) a/p} < % Z exp(a’).

=1 =1

Repacing X by max(X, cp), we get

s [( o 5) "] < B} et s ) <
=1 =1

The claim follows by using the concavity of the logarithm, the convexity of x — |z|* and

Jensen’s inequality. [ |
Exercise 0.16 (Gaussian variables). Let g1,...,gn be standard Gaussian variables N'(0,1)
and let g7,...,qg; be the non-increasing rearrangement of the absolute values of the g;’s.
Then,

Emaxi<i<n Z25 < co, Egy, 9711y, l9711,,

Let X ~ Ny (0,1,) be a standard Gaussian variable with values in R™. (IE|X|P) N
(]E\X\Q)l/2 if p<mn and (]E|X|p)1/p ~p2 if p>n.

Counter-ezample of a 11 vector which is not a ........... ¢ Take g ~ N(0,1) and
X ~ Np(0,1) and set Y := gX. Then (]E\Y\p)Up/(]E\Y\Q)l/2

Moreover, if the g;’s are independent then,

Eg; > coy/log ((2k)/i),Vi <n/2 and Eg; > 1 — %H,Vn/Q <i<n

this result can be found in [6].

tends to infinity.

Exercise 0.17. For all integers D and N with 1 < D < N, the following inequality holds

D N eN\D
(0.27) 3 ( Z. ) < (3) .
i=1
Proof.The right-hand side being increasing with respect to D, it is larger than (v/2e)" >
2" when D > n/2. Thus Equation is trivial whenever D > n/2. We assume now
that D < n/2. Take S to be a r.v. with Binomial distribution Bin(N,1/2). Chernoff’s
inequality (cf. Exercise implies that

D
> < ];f > = 2VP[S < D] < exp (Nlog2 — Nhy o(D/N —§))
=1

< exp (N(D/N — (D/N)log(D/N))).

where h; /5 is defined in Exercise and satisfies hy/o(1 — ) > log2 + 2z — zlogz, Vo < 1.
This concludes the proof. [ |

Exercise 0.18 (Hoeffding’s inequality). Let Xi,...,X,, be independent random variables
such that a; < X; < b;,Vi. Then, for everyt >0,

—2n?2t? )

1 & 1<
IP’{— X, — EX; zt},IP’[— EX; — X; Zt} < exp (n—
"2 > S
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Proof.Let Y be a mean zero random variable such that ¢ <Y < b a.s. and A > 0. By
convexity, for any x € [a, b], exp(Az) < Z=% exp(Ab) + =L exp(Aa). Thus,

Eexp(AY) < 2 b exp(Aa) — 2 a

exp(Ab) < exp(@(A(b — a))),

where ¢(u) := —pu + log(1 — p + pexp(u)) for p = —a/(b — a). It is easy to see that
¢'(0) = 0 and ¢"(u) < 1/4. By a Taylor expansion, we get, for some 0 € [0, \(b — a)],
d(A(b—a)) = ¢(0) + A(b—a)¢'(0) + (A2(b—a)?/2)¢" (0) < A\2(b— a)?/8. We conclude with

the classical Cramer-Chernoff method. [ ]

Exercise 0.19 (Hoeffding-Azuma’s inequality). Let (X, )n,>1 be a martingale with bounded
differences (| Xy — Xk—1| < ¢, Vk). Then, for any integer n and any real number t > 0,

—t2
P X, - Xo > t] <exp (5o ).
noY =Pz > G
Exercise 0.20 (Einmahl and Masson, cf.[5]). Let X1,..., X, be independent nonnegative
random variables such that ]EXi2 < o? then, for anyt > 0,

1 — —t2
IP’[E Ez: (EX; - X;) > t] < exp (Tc?)

Proof.For any z > 0,exp(—z) < 1 —x +2%/2. Thus, for any i = 1,...,n and t > 0,
Eexp(—tX;) < E(1 —tX; + t°X7/2) < exp ( — tEX; + t)IEX7/2).
Thus, for every A > 0,
]P’[l Zn: (EX;—X;) > t} < exp(—At) ﬁ]Eexp ((A/n)(EX;—X;)) < exp (—)\t+()\2/2n)02).

n - .
=1 =1

The claim follows by optimizing the last equation in A. |

Exercise 0.21 (Maximal inequality for 9 r.v.). There exists an absolute constant ¢ > 0
such that the following holds. Let X1, ..., X, be s random variables such that max; HXZ-||¢2 <

o. Then,
E max |X;| <cov/log(n).
1= n

=1,...,

Proof.By Jensen, for any A > 0,
exp (AEmax |X;|) < Eexp (Amax|X;|) < IEZexp(MXi\) < cinexp (Co)\202>‘

Thus, Emax; | X;| < w + coAo?. The claim follows by optimizing in . ]

Exercise 0.22. Let X € Ly, and Xq,...,X, ben i.i.d. copies of X. Then, w.h.p.
(X7 Ny < o IXMly, -

Exercise 0.23 (cf. [1]). Let (B,|||) be a separable Banach space and let Xi,...,X,
be i.i.d. B-valued random variables such that || X1|| < 1 almost surely. Let €y, ..., €, be
independent Rademacher variables. Set

‘X{‘] .

n
ZQ’Xl

=1

Z::]E[

For any t > 0,
2

_ —t2
— ' ) andP[Z<EZ -1 < <7)
4IEZ—|-2t) and P12 < < exp

P[Z > EZ +t] <exp ( 4(e—1)EZ
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Proof.We consider the function f : B"™ —— IR defined by f(z7) := IE|>_, ezl
We have Z = f(X7). Let X/,...,X] be n independent copies of Xi,...,X,, and set
70 = f(Xy,..., Xi 1, X}, Xit1,. .., Xp)for every i = 1,...,n.

Lemma 0.2. Let (x,)n>1 be a sequence in B and (€,)n>1 be a sequence of independent
Rademacher random variables. Then, the sequence (IE||Y7 | €z : n > 1) is non-
decreasing.

Proof.Let n be an integer. Let (e1,...,€,) € {—1,1}". By convexity of the norm, we
have
Z €iTi|| < 5 Z CiTi T Tnt1 | T 5 Z €% — Tppa|| = Be, iy Z €i%i + Ent1Tnt1|| -
i=1 =1 =1 =1
The claim follows by taking the expectation in the last equation w.r.t. (e,...,€,). |

Using Lemma [0.2, we have

n
20>k (| Y x| |xr
j=1.j
and, since the X;’s are bounded, Z — Z() < 1.
Moreover, let D denote a dense countable set in the unit ball of the dual B* of B. For

every choice of € = (e1,...,€,) € {—1,1}", the Hahn-Banach theorem implies that there
exists some element v, € D such that

n n
Zéij = <UG’Z€ij>
Jj=1 Jj=1
and for the same realization of the Rademacher variables,
n n
Z éij > <U€, Z 6]'Xj>
J=1j#i J=1,j#1

Hence, conditionally to X7, we have

n n n n
D2 =2 Uy 0 <Y B X —Ee|| Y X
i—1 i—1 j=1 j=1,ji
n n
< IE Z (ve, €, X;) = IE, Z €X;
i=1 i=1

The first part of the claim follows by applying Theorem with a =1 and b = 0. The
proof of the second part of the claim follows the same line as the first part together with
Theorem [0.13 n
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